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Asietic components, Components are called astatis if in them a 
cungtant input signal determines the rate of increase of the output 
signal and, consequently, at an unchanged (but ant mali.) input the 
output vaiue is eontinuously changing. Such a dependence ccrresponds 
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eontrol cireuit only when connected up in parallel with ether compone 
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Chapter 4 





FREQUENCY ANALYSIS | 


i. 


Hei, Forms of Frequency Characteristics and Their 
Analytical Calculation’ 


A. Terminology 


The frequency characteristic of a compcenent is an analog of its 
transfer function for the particular case of a forced regime in the 
presence of harmonic input action. As was sheen in the preceding 
chapter, in the output reaction of a linear system there always is { 
a constituent the representation of which contains the poles cf the 
input action, that is, a so-called forced constituent. Conseauent- 

lv. for a harmenic astion the forced reaction will also be harsonic. | 


The conditicne of excitation of the forced reaction on harmonic ( 
control action in a linear component are shown in Figure 4-1. Let 
uS récail that besides this reaction the output precess can contain 
ail the partial constituents of the proper motion of the componsnt: 
the damping, increasing and neutrai, determinable by the character 
of the poies of the transfer function of the component itself. ! 


If all the partial constituents of the proper motion have a 
Gamping charactes, then for a certain interval of time in the regims 
tring @Staciisnec on the cutpyt of the component there remaing only 
the forced harmcnie constituent. Thus the lower graoh in Figure +-1 
Poras Without any iimitations a single forced partial constituent of 
the cutput process, or the complete output reaction but with the 
tcoilewing limitations: the component has damping proper motion, and 
the time of observation is greater than the time of damping cf the | 
proper motion. 


=~ 


Soecial frequency characteristics are introduced for evaiuation 
, of the transfer properties of the component. 


ee a ge 





The amplitude-frequency characteristic (AFC) of the component a 
Automatic, control system 4s the name given to the analytically or 
graphically given function ef the frequency A(@), which equals the 
ratio of the amplitude of the forced harmonic oscillations that have 
pean established on the output of the systen Aan +6) to the ampli- 
tude of the input oscillations Ay. i Ws 


A (o) 
| A(wyn He. (4-1) 


Tf the input oscillations have a single amplitude, oa A(W) = 
e! {a) and the amplitude-frequency characteriati¢c is nothing but 
dependence of the amplitude of the output oscillations on the free 
peneg: The frequency, as a rule, is expressed in control theory in 


radians per second, more rarely in cycles per second (periods per sece 
ond}. 


: 


It 48 also convenient to consider the amplitude-frequency characa & 


teristic as the amplification factor of the amplitude of oscillations 
or amplification in modulus in the regime of the harmonic oScilla- 


tions. 
a. 
I, 





Fig 4o1, Linear component with constant parameters under 
conditions of harmonic action. 1 = Input; 2 = Output; 
3 =~ Component. 


The phaseefrequency characteristic (PFC) 4s the difference be- 
| tween the phases of the output @ age ee and input @, (0) harmonic aa 


hae, Serr} 
| oselilatione that have teen established: | 
rc a Bs da Fy (o). (4-2) 
For ilinstratic fe phase shift, markings have been made on 


Figures 4-4 on the re and output at the idents cal moment of time 

t,. Ia the input cscillations the marking fell on the start of ths 
wave, and in the output osciliations at the moment t, there already 
is ovserved, not a zero, but a certain pesitive value of tne output. 


In Figure 4-1 the shift between the input and output oscillations 
is measured by the interval o. time +At. Fer transition from the 
time shift to the phage, tne known relation 





2 wht 
{= "7" = wf, 
is used. 
The amplitudeephase characteristic. The change in the amplitude ' 
and chanze in the phase of the cutput oscillations in cerresnondence 





with APC aA(@) and tha PPC @(q@) can be given in the form cf the | 
general compiex cunctien: 
WE fea) = A fos) ef #3, (4-3) 


Ag 


me presenting for tna given frequensy @ vector on a complex plans, the 
more lus cf which corresponds to the amplituce characteristic and ths 
mant of which correspends to tne phase charactaristic of the syse 
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feed and imaginary fyeqyency characver’ ee The ecmoies amcli- 
fAeation actor ACe jer ee like every comolex mowcer, ein £4 exe 
pances into a real and an imaginary or mee 
6 je (ep Pe 
Adtea) el (9) ss P (02) 4 JQ 100), 
| winich ave ealled tne real J 


e 
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P (w) = A (w) cos 9 (ea) 


and the real 





Q (a) = A (a) sin ¢ (w) 


frequency chiracteristics respectively. 





Fig 4-2. Amplitude-phase frequency characteristic <- 
hodograph of the vector W(jW). 


The modulus of the complex amplification factor equals the gece 
metric sum of the real and imaginary constituents: 


i 


A(#) =V Prey +O (a). (46) | 


B. Calculation of the Frequency Characteristics 
by the OFT of the Component 


ea al 
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| Let the OFT of a component be given in the form: 7 


Wij= a. o) 


Tran to obtain the frequency charactertatios 4t is sufficient. to 
tern to bug general fowwila (4.374), having a3aun ed in it that &= o, 
This powlactment, and ilkewisa the entire eonelusion given in Seetion 
See, vein gin ing etriat analytics] expressions for determination cf 
the varloue types of Trequency ehiracterieaties. 


The anciltudeephase characterLatic, or somplex amplification face 
OI, iio the transfer functicn of the gsveten upon substitution of 
p i a 
yr w? A - 
DY ponjen = W (fea) ox 4 tea) off (?, 
whe CE ag aT el onergeteriatie oe the nndalus of tre conte 


plex avuplification factor -- can be exprossed in the form of the reat 
ef the oreducst of the conjugate functions; 


Aken) => |W Gea) | WW Gay FC Jas). (4-45 
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at 
lof the ratio of the polynomials from p, the frequency characteristics | 
can also be expressed by the coefficients of the same Polynomials. 


In the first place, the substitution of jw instead of p gives 
the expanded expression for the amplitude-phase characteristic: 
bm (fay +...+b,jo+5, 
a, ({9)" +... + af + a, 
In addition, if we have joined in the numerator and denominator 
the real and imaginary terms, we have 


Bunt j Quam. 
Bent } Open. 


W (joa) = (4-11) 


W (ja) = (4-12) 


where 
Fur, 9 — 6,04 + b,0' —...; Qe Oe bo? -++b,05 — 


Bex, aga + aot —...; Qex 210— 2,*?-+-2,0°— 


In the second place, multiplication of the “spare of the ob- 
tained fraction by the conjugate complex number Py, gives 
the possibility of separating the real and imaginkty OB eq ee ote Gharac- 
teristics 


W (ja) = ReW + jim, 
each of which can be expressed in the following manner: 


P.P,+QQ.. 
She i 
P? a Q?, P (@); (4-13a) 


QP,— P,Q 
ImW = Tg, Tee (4-13b) 


ReV = 


In the third place, expanded expressions for the amplitude-fre- 
quency characteristic can be obtained from the preceding formulas: 


A(o) = V PTT OR Vea 
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Tp. Regimes of Harmonic Oscillations in Automatic Control Fecnitus 1 


Automatic control systems and their components can in a number 
of cases be in regimes of harmonic osoiliations. 


Firstly, the regime of harmonic oscillations can be the basic 
operating regime of the control system, for example the regime of 
operation of the gear of a stabilizing platform on the deck of a ship 
in a period of rolling. In that case the automatio control system «<= 
the stabilization gear of the platform -- must compensate as accur- 
ately as possible (must exhaust) for these oscillations. 


Secondly, the harmonic oscillations often penetrate the main and 
auxiliary channels of the control system in the form of a noise signal 
and are superposed on the relatively smooth, regularly varying working 
Signal. In that case the automatic control system will obviously .be 
all the better the less the harmonic noises are asserted on the output 
value. 


Trirdly, the harmonic oscillations can not only be introduced 
from without but also can arise within the system itself as a result 
of complex internal and external connections, mainly feedbacks. In 
that case, for such a system inclined toward the oscillations, its 
components are presented the problem of modifying in a corresponding 
manner the amplitude and phase of those oscillations for their com- 
plete liquidation. 


Fourthly, the regime of harmonic oscillations can serve as a 
checking regime which can be given to a system being tested in an 
adequately simple way and by means of which it is possible to show 
a number of important properties of any complex automatic control 
system. ; 


Fifthly, investigation of the regimes of harmonic oscillations 
of a system at all frequencies, mainly analytical, provides an exhaus- 
tive representation of all the dynamic properties of a linear systen 
on the basis of use of a Fourier transformation, to a great extent 
analogous in its pessibilities to the Laplace transform examined in 
Chapter 3. 


From all that has been said it follows that knowledge of the 
transfer properties of an automatic control system, and above all of 
its components in a regime of forced harmonic oscillations is very 
important and necessary. 

4o2, Experimental Methods of Taking Down the Frequency Characteristics 


A. Harmonic Oscillation Pickups 


Le ae 


=r. 226) ay 


| Various designs of harmonic oscillations pickups, alfo called | 
Sine picicaps, axe used for experimental investigetion of automatic 
contrcl systems cr their components. 


Teo types ef sine mechanical piokups are shown in Figure 4.3, 
type a is the ordinary eccentric with constant secentrieity treat can 
be joined to a spring piston pressed against it. The eccentric is 
brought into retation from the gear with the controllable rate JL, 
The votation of the accentrice at the given rate 4& is transformed inte 
backeand-forth motion of the piston. The pligsten rod completes the 
harmonic oscillation with the frequency w. The linear oscillations 
of the rod «an be supplied directly te the input of the mechantcal 
elements of the automatic sontrol system; for example, the rod is cone 
nected to tha piston of an automatic control system, ete. However, in 
ease of naed the linear mecharical displacement can be transformed in» 
to electric voltage by means of cormection of the rot with Lhe brush 
of a lingar potentiometer, as shown in the upper part of diagram a. 
In that case the voltage between the brush is the nidpoint of the 
potentionet ter will alse vary sinusoi dally 6 and gan be supplied to the 
input of the elecurte slements of the automatic contrel system. 

: The sine pickup (Figure 4.3b) differs from plan a by & device for 
the creation of a variable eccentriol’ by means of a serew pair which 
provides cisplacenent o the cam couneected with the piston alonz the 
Giameter of the diga. The starting scale of the ofeillatiors, suite 
able from tne pea et viex of connection of the pickup to the 2nput 
elersnie of tha automatic contre) syatam being investigated, is sub. 
dected to chanze of eccentricity and consequently of amplitude of the 
hermonic oseiliatiors. Additional features et design b ara dilateral 
connection of the oam to the oiston, climinating the need for Spring 
cenpregsion, 47a 4 rack and pinion gears in the upper pert of the vod, 
whieh transforus tte linear oscillations into harmonic rotary cucile 
dations of the piekup 2D. 
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Phe pickup of type a sreates harmonic oselliations of dirtet cure 
rent voltage, meme precissly, cSciliations of infrziow fregueney fron 
fiactions of & tyele per sacond to wens of cysues per BECO es 
nade to the forn of tWo plate potentiometers with two end Smushes. 

The brusnes couphete a uniform rotery motion at a e@ivan rate, but the 
veltaes taken fron tne brushes is varied sinusoidally, sinee it is 
propoctional not to the angie of the rotation tut to Lhe gins (Figure 
Gaba), 
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Sine mechanisms with electric signal pickups. 





Fig 44. 


Electromechanical sine eerees 


ei 


eae 0 Oe ied 






fa, & 
ay kt 
eS @ iG 
3 22 
13-4 Doe > 
re oe wt 
be he : ty 


Pec 


3 


Lita 
# 


tite 
a 


18 dings, 
ibe 
oe Ye 
rrveLone 


Be 
a 
ae NS ae 


a“ 


us 


ine 


wensy & 
a 





ia} 
4 




















.o7 
he lee i 
aa ,O8- £ sn = mM + 
y at  $. > .ss fe) 
a ls 9 Tee - o 8 
g ord ns 40 5 
Ww Sari G oh at 2 3 
iho mR & a. > feord 
Sa 43 84 x of 4? 
4 tt fa ug * SS 
as FS eS od oy 43 
s# WO » wt Gy O 
wt HT te ; 2x, 
eS oe g hid » @ 
nen GA £ 336 Ss a 
we tbe & UW oS fC 
4 BW O ¥} aa 
Sp Bs as mae 
ca > oF is &. ee) 
Mo RS 2.2 = 
_ — os @ 13 <i a 
: a & a: a 
od aivxt & 
% 2d coe ot 
cs eS & 
1s of z 
es a AG wo 
eS. re i 
a p et 
hal Ss. he 

















Lente SP a he 








sa By 

te a 

Or vw 

= a 

Q os, 

> a3 

R ot 
a 

"es 

i 

be 

ty 


APS TAG € 


rs 


p 








any) 





EF 9B 






f 





404 
ae 






ty 


+ 






* 






2 


ce 






“ 
i 
wn 






fae 








A ¥ 





“ 





At 


Bie 


Me be 


wr 





Bier 
PA5t 
fy 

ak. 





a 


3 
3 


er 


; 
rt 
Lc be 
’ 


= 
8 
x 


a 


Ve 





td 


ide 


yee 

Min ny yar, 

wei dla, & 
* 


% 


we 


be 


Med 


gba 
Phd k” 


tre 


deg 


ud. 


xy : 







4 






tee MUP A pe 
AU CHOR 


aGoure 





a) 





| 
Fig 4-25, Direct and compensated methods of taking off 
frequency charactssistica., 1 - Mechanical sine winding; 
2 = Inpet signal pickup; 3 = System being tested; 4 » 
Output signa). pickup; 5 =~ Oseillograph; 6 = Scale of 
phases; 7 ~ System seing tested; & ~ Seale of ampli- 
tudes; 9 - Second scale of amplitudes. 


Similar type with utilization of an electric registering instrument, 
for example, an oscillograph. The system being tested has an elec- 
trical input and mechanical output, for example, and electric motor, 
controllable by an amplifier. An electrical pickup of harmonie os- 
cillations is connected up with the inpet of the system. The input 
oscillations not oniy enter the system, but at tha same tine are fed 
to one loop of the oscillegrapn. Since the system depicted in the 
figure has a mechanical output, for registration of the output oscil. 
lations it is necessary to transfrom them into electrical voltage. 
This transformation is readily aceomplishad, for examplo, by 8 po@ 
tentiometric linear pickur. 


The joint registration of the input and output oscillations at 
previously set scales and agreed starts of reading of the processes 
permits later on readily determining the phase and amplitude-fre- 
quency characteristics. These characteristics can be taken off with 


po scanning of a loop oscillograph or from the screen of a two-gun a 
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Control cf the phage by rotation of the body of the pickup unti2 | 
it coincides with the zaro points of the input and output sinusoids 
oy, the soreen of the ogcillograph;: 


Control of the amplitude by the input potentiometer at A <1 
ard output potentiomater at A >1 until the apexes of the half-waves 
of the input and output sinusoids are equated; 


neearding the readings according to the scales of phase and ame 
plitude for the given fraquency. 


Sines the reading is done according to mechanical scales, its 
acvaraoy ia much higher than in the case of the direct mathod of 
measursment, ail the more se that the mechanical scales can be pro= 
vided with so-called varniers or devices for rough and precise reade 
ing of the type of varnier. Even in this case, however, accuracy of 
the order of 1% ie attainable with diffieulty, sinea a cathode oscil- 
iggtipn itself has limited accuracy as an indicator of compartson and, 
moreover, the output oscillations, besides the basia frequency, can 
oontain the highest narmonies, which makes comparison of the output 
avd input oscillations difficult. For practical purposes the accur= 
acy mentioned 1a completely adequate. 


if desired, the oscillograph in that cireuit can be replaced by 
two indicating instruments -- zero wattmeters, if the pickup with the 
rotating body is provided with two mitually perpendicular networks or 
winds ngs . 


Tha first zero Wwattmeter in this case is connected to a single 
pair of networks or to a aingle winding of the pickup of input escile 
lations and to the plckup of output oscillations, ‘ne mean deviation 
or the pointer of the 72ro0 wattmeter will be Gropertional to the 
eosine of the difference of the phases of the input and output oscil- 
lations; ov ratation of the body of the pickup it is possible to dise 
place it to zero at a difference in phages eoual to 90°, The second 
were wattmeter ie connected on with the difference in voltages formed 
on the second cail of the pickup with the rotating body and on tne 
autput plecup, Thais difference, since the compared volteges are in 
phase, is reduced te cero oy displacement of the networks of the poe 
zontiometers (see Chacter 14), 


The reading of ohass and amplituds «ftar adjustment of both zero 
Wettmeters to 26ro 1s done by the mechanical scales, just 25 in the 
Givcait with the oscillograph. 


Tae realization ef the indicated circuit en sercewattincters, 
model TkstZ, has shown satisfactcry results at elevated frecuencias. 
At fraguencics baiow § ¢ o 8 the secord harnorac is inadequetely 
jaesecned oot by the mosile syetem of the wattmeter and ths readings | 
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QD. Infralow Frenuency Registering Apparat wus 


at is ineonrerient to record frequencies measured in cycles oer 
second or fractions of cycles osr aecond on a loop oseilicgrapn or te 
axeuwine them on a ecathede oscillograon due to the necessity of very 
vlew tame seanning. This compels the use of epecial infralow frecasn. 
ey apparatus -=- a phasometer and peak voltmeter, 


A phasometor, of type NF-1 for example, is based en the prin- 
ciple of measuranent of the interval of time between the moments of 
passage of the input and output sinusoid through zero, The time ine 

terval in turn is estimated by a digital computer, whien registers 
na member or waves of oscillations of a stable frequency cf 100 sps 
ir the measurec interval of tine. 


The amplitude is measured, for example, by a peak voltmeter of 
Lvpe DYPet, In the English elactronie instrament -- ths "Solartron' 
precess analyzer, the real and imaginary characteristics are moasured 


separitely by beak voltmeters, 


- 


2) 


. indirect Methods of Determining the Phase-Frequency Charscterclutic 


In the Simplest cases the amplitude-freqvency characteristic san 
be taken oy means of a sinzise indicating instrument; far taking the 
phase characteristic a more compleM avparatus usually 13 required. 

Ir it is assirable te avela this, the mathod of teking two amplituds- 
frequency shsracteristies of the given and of an additional system is 
used, 


Usually elenentary complements are used; the most extensive of 
then are ziven tn Figure 4.6, 


Tn diasrarn eo, fir 
2 is tacon, whieh upon 
oe epee eta a 

O3¢ 


stly, the amplitude of the cutnur sseillaticns 
comparison with the ingut osehllations 1 gives 
o, and, secondly, the ampiitude of the sum of 
pe mate 3 is taken. Since the total ampli- 
Sitnent amplitudes + and 2, put also 
As ¢asy to make the latter mani- 
breil tideate é avi 3, The anasytical eszloulse 
the calculation are given in Figure +-6, 





F. Pascing the seal and imaginary Frsaueacy Characteristics 
of &@ Component oy Haens of Elements of an Electronic Model 
or an agtive Methoc 


Tue esrense cf the active method Ly is that se component being 
tefted lisaif pertieipates in the seneration of eselilations of a 


- 





A) 


Fig 4-6. Diagrams for experimental determination of tvo 
* amplitude-frequency characteristics with subsequent cal- 

culation of the phese-frequency characteristic by 4 

nomogram. A - Automatic control system peing tested. 


closed system, by forcing them to dampen or diverge. The pehavior of 
the circuit in a stable state with established oscillations permits 
determining the unknown frequency characteristics of the component 
point by point. 

Ragimes of damping, divergent and stable oscillations are attained 
in a second-order component in the structural cireuit of which (Figure 
1-16) the damping ccefficient a, is assumed to be negative, positive or 
equal to zero respectively. For the latter case the structural circuit 
becomes very simple; it is given in Figure 4.7a,b in the form afcontours 
containing the components K, 1/T4p and 1/T,p. 


The general function of transfer of the open contour is: 
nee 
Ti" : 
and the operator equation of connection has the form: 
a(p) X .(p) = 6(P) X,, (P) 
or 
T,T,p*X (Pp) = KX, (P) 


Upon clesing of the contour the left side of the new operator 
equation, in accordance with equation (1-77), is: 


M (p) == a (p) + 6(p) = T Tp? + K. 
ia el 


— 269 —_— 











Fig. k«7. Structural circuit and adjustment 
circuit of an experinantal arrenge- 
ment for taking the frequency 
characteristics by an active method. 


Key: 1) component 
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| The equation {2} = 0 permite determing the poles of the OFf of 
the closed system, 2, 5 = 4 jw and sxpregsing tha eens of its 
‘ A : & es Fi 

dasping oSclilations "through the general anplification factor of the 
open contour K/T,T : 


Ae we 
& ss Senge (4-18) 


Ths system under consideration wee realized on elements of an 
electronic model shown in Figure 4~7?¢ (amplifiers 1, 2 and 3). 


Ey changing the rasistances of the clreult it is pessibie te 
generate ogeillations of a cifferent frequency necessary for taking 
the frequency characteristics of the tested component point oy point. 


“iog amplifier 4, a compensating potentiometer P and 

ehes, vhe Lanations of ieee 3 ard b, are in agreement with 

imation of the structural diagrams a and 5 sf tne sare 

ss we will consider the cperation of the circuit of 
r means of the structural cireuits a and b. 


It is assumed that the tested component has an input anc output 

in the form of an electric voltage, ar the study is sade, not of the 

component itself, but of its electronic model. Connecting up the 

component te civeuit ¢ requires a relatively small munber of addit. 

tonal elarénts: two circuits with resistances on the summing ampiie 
bt 
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+. The talking ef the ima aginary frequency cnaracteristic of the 

somponent Ciw>, Let the elosed conteur of the ucdel be constructed 
the frequency W. Then cn the input cf the integrating component 
eillations are shifted by + 96° jn phese and inereesed in 
uds by wT. times relative to the eutput. In symbolic form the 

dations on ve input are writtan by us as jar? pests; ant on 
@ cutpat as Aa’, After the tested component, gonne 
rouit with the geale coefficient m, the harmonic eseilasticons will 
ro 1 write i 
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sine and scsine constituenta which we aiso wil 
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nai Jowat, ai® is suprited on 
ai om tne pobantloneter Foot ha 
structural cireuit a oy the led componsni 2. Phe enperle 
ter, observing the amplitude the escdliations, gelects a value 
32) the compensating voltage at wees the precess 15 atahie, that ri 
at Waich there is no darping or inere: : in amplitude. Tihs in 


The compensating cosinuse 
nput ef the sumaing amp meee 
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; Seton is wery tensitive, since with the courte of time the ds-rerg 
ence cr damping besemes very notiae@ably apparent, peel 
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After attainment of stability of the oscillations on the basis 
of the equality 


the point of the imaginary characteristic is found 


of 
Q (a) = a (4- 19a) 


. The uncompensated sine constituent of the output osciilations of 
the investigated component is summed with the sine constituent that 
has passed through the amplifying element K, and the total amplifica-- 
tion factor becomes equal to 


[& + mP (oN re 


Hence the frequency of the cScillations of the closed system de-~ 
parts somewhat from the value of (4-18): 


= ke mP (a') 
ty’ 
yf ene rr (4-19) 


The difference between the frequencies @ and w!' can be made so 
conveniently small on account of lowering of the scale m and increase 
by the same token of the active role of the tested component in the 
generation of oscillations. 


2. Taking the real frequency characteristic of the component 
P(@). In the structure b, which corresponds to the position » of the 
switches of circuit c, two cosine harmonics from the component and the 
potentiometer are compensated: 


“fooT Ae! = JoT mP (w} Ae!™. 


After stabilization of the oscillations this equalits is used for 
determination of the point of the real characteristic 


P (w) = g/m. (4-20a) 
The branch parallel to the components k/T,p with respect to the 


uncompensated sine constituent of the tested component increases the 
total amplification factor of ths open contour to the value 
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dbrating the model in advance by frequency, taking 
saline Ry, at Ag Selected time conctants of the 
re T, and nd by the values of the charactor. 
the second geale with the potantiomerer FP. Far 
of the potentiouster at different positions of 
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ieee 4 ia vsed not only as inverting but also as 
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4a3, Ganeral Prepewties of the hodographe on a Complex Plane 


Aw Direet and Inverse Frecuency Characteristic 


The rule of inversion, The inverse eaplitudeepnase characte ristic 
is the name given to the characteristic ‘Anverse to ‘toe casie amplitude. 
PHESe cneractecissic: 


j 
Wi, Ue) = Gay (4-21 


gt 


i the genera. proverties of couples munbers it is 
easy ta esnelude thet the nodulus of the inverse cnaractertis g 





; epee) 
Sta 4's 
a A be 4 Dears sens i) 

oyuAL te the modulus of the basic cngractematie 
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4 Lope Tiare (4-22) 
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i ts@ GFT given in Table 3-7: 
OW? Cpa) se RL be fej (4-242) 
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The volyeraph of the amplitude-phase characteristic has been 
plotted on Pigure 4.2 (F-1) and contains tae constant veal constituent 


= 


| P= k (4-24) 
and the imaginary constituent, linearly varying with rise in the fre. 
quency 5 
Pee 
iQ (w} = kTw. (4-24¢) 
It is not difficult also to obtain the two remaining characteris- 
tics: 
AUX Ao) =k V1 + ort, (4-24d) 
\b4X ¢ (} == arety wT. (4-246) 
(AHX = amplitude-frequeney characteristic) 


(PYX = phase-frequency characteristic) 


Tne aperiodic component has the following amplitude-phase charac. 
teristic, determinable from the transfer function from Table 3-1: 


[WF (Ja) = a (4-251) 


Fron that we get: 


AFC F AQ)= es ; (4-256) 
PRO 9 (a) = — arctg a7; (4-250) 
the real freavency characteristic 
P (a) = moar : (4-25) 
and the imaginary eregueney characteristic 
Q Ce wien (4-25.¢) 


In constrv.cting hedograph A (Figure 4~5) of the amplitude-phase 
characteristic of the aperiodic component it was eonvenient te form it 
as the inverse charac teristic of the boesting component by superin- 
posing the phas¢ in reverse direction and by taxing the reverse values 
of the modulus, Tne geometric place of the points of the inverse ohar4 
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pip eed. k 1 aes 
The wodkilus of tha ontainsd difference vector i¢ constant and 
equal to tne radius 


|: We al 
2 jar |Z: 


Congequantly the hudograph of the toss 4s a circle with its 
eonter on the raal axis at the point k/2. The angle of rotation of 
the radius of the vactor of this circle is 


ae oa ee 


uz mm 2 arcig al. 


Second ordsr boosting and oselllating components, A second-order ® 
boosting eomponent, in accordance with Table 3.1, has the amplitudes 
phead scheracteristic 


WF (fea) we Rey (Il =~ shad + 72! 0), (4-26a) 
Ttes Heder phi ja the graph Fa2, Gonsteucted in Figure / 2 by 
points. Four this purpose the segnent. was laid oet on tia vasitive | 
nea hk semieaxis from the start of the cooniinatcas, and from its end, on 


Whe Lady, a quadratic scale was Con structed on Which ths value of the 
real constitcent k(1 = ws") was determined for each AYEUNANCY » For 


the senstructiou of the eee ah, constituents of the auplacude phase ; 
MHAPACTAMLSULG, a regular gealg of Se on the scale 2x§ Tt Was ( 
pistoed on we positive Sinagdnary Semieazi. Ey summing the real and 
iuaginary constituents ceometricaily, wa port the hodegraph of tho ane 
Plitude-pnaise characteristic, disposed in the upper semi-circle. S ( 
| 
The amolitudeenhase characteristi2 of the boesting conponsnt is 
LA GEERT PET a VE ET Es . 
. Ae) ke V (L— cotedy? fp $382, (4-260) 
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The ammisisds res a oe at the fraquency 4, = - Vi. 2%; 
tia hodograpn at this peint 32 closest to the start’’sf the coor ones, 
The phase-fvequenc; charéctaristic 4s 
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g(a) = aretg po. (4-26 


The real frequency characteristic 


Piola ki wt: 4) 


(4-26 4: aa 








i cana ; mae 
passe? through zero at the frequency & = 1/%. At the seme fre- 
quency the pnase is: 


The imaginary frequency characteristic 


Q (w) == 2arw (4-26) 
is s linearly increasing function of the frequancy. 


Tne oscillating component. In aecordance with Table 3-1 we have 
the amolitude-phase characteristic 


k 
74 fe Vem ee S oestemteteiatemned Loy, 
je) jee Q72 2% +" [2ine © (4-23 a) 


the amplituda-thasa characteristic of the oscillating component can 

he goustructed br inversion cf the amplitude-phase characteristic of 
the sagond-order vocsting component. According to the rales of inver= 
Sion the characteristic is dispesed in quadrant symmetric to the 
quadrants of the amplitude-phase characteristic of the boozting come 
ponent relative tc the real axis, that 4s, in the lower seniecircle, 
Its modulus 4s aeternined by the inverse vaive of the amplitude-phase 
characteristic of the poosting componant. At zero fraguency the points 
of both tos characteristics lle on the real positive semi-axis, and at 
Wm m the amplitude-phase characteristic of the oscillating compongat 
arrives at tne start of the coordinatag. Tne intersection ef the 
imaginary ads of the two amplitude-pnase charecteristics cceurs at 
the fraquency Wo = 1/*¥, which is the frequency of the undamped 
oscillations. 


Tne anpiitude-frequency characteristic is determined by the 
formila: 


R 
A {wt FET Wp a a ine mn oan gr nomen camera ives. ¢ (4.27, 
V (1 — t08}2 + 42°52u? ae) 


Ab the same frequency, where the ecrrespendencas of the characters 
igtia of the bocsting cenponent had a minimum, that is, at 
i APT 
sah aces > ~~ 233, oi 
{eae — 


Saye 27h Paes 


| the ampiitude-frequency characteristic of the oscillating component 
has the weximunm: 
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(4-28h) 

and, depending on the orders of the numerator and denominator, the 
anplitude-frequency characteristic can tend te a finite apex, includ- 
ing a zero one, or increase in modulus to infinity. 


The limiting value of the phase, from the same formula, is 
9 (ao) =: a, {at — nr) (si 2) eles OP (4-286) 


Thus it is easy to determine the ree in which the anplitude~ 
phase characteristic ends. The fact that the final phase can only be 
a multiple cf + W/2 is evidence that the amplitude~phase character- 
Astic must be tangerntto one of the axes of the coordinates, if it ends 
at the beginning of the coordinates, or must be parallel to one of tne 
axes if 4t ends in infinity. 


If m on, then A(oo) = 0 and (a) = - Kn -~m), that is, the 


amplitude-phase characteristic is tangent to ae of the axes of tne 
coordinates et the start of the coordinates. 


ff m =n, the anplitucs-phase characteristic ends at a final sege 
ment of the real axis, since its modulus equals A(@) =)» ml yb and 
the phase is equal to zero. 


Ifm >} n. the anplitude-frequency characteristic inoreases infin 
itely in meduius, and its infinite branch is orient a on one of the 
semieux2s corresponding to the value of the phase (m =n? (Sign 
bf.) 


We will avply forma 4-29p) to the nodegraphs in Figure 4-8, 
Components Fel and Fez are: 
AT 
‘ly (20) as, ah lint abd 72 OO. 
®- 200 
kee 
“A, 20) = po lim w=? == x, 
Components A and K are: eee 


fb 
A, (20) = r aie 4° ~2 == 0; 
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We will check formula (4-28¢) on these same hodegranhs: 
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& Tt 
QO) =a a (1 ~~ OY ee 
#1 (20) == (1 —~ 0) emg 
n 
P2 (On) = (2 — O) ce x: 
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The initial segment of the amplitude-phase characteristic, & 
Ww — OC, In the region of low frequencies in (4.11) the lowest terms 
of the numerator and denominator obtain @ aeternining value. In this, 
aithough in the general form of netation of (4-11) the lowest terms 
are @, and &,, depending on the mumber cf zero reots of the numerator 
and aSnominaor, part of the lowest coefficients can prove to be aqual 
to zero and the initiei value of the amplitude-phase characteristic 
asgumos the form: 


; b (jah 
0) se im Oe Oa im Gay, (4-298 
39 a, (jw)” a, ar) 2 


Henoe 
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0) mx (pe — | 5h =) 4-298 
9 (0) =F (o (#8 ret (4-292) 
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and 


The behavior of thea amplitudespnase characteristic on the initial 
Secticn is investizated analogously to the analysis of the final sece 
tion that has been considered. Some variants ef the dispo»itien of 
the initial section of tne amplitudeephase characteristic, depending 
on the number of zero roots of the numsrator and denominator (in the 
limits f-YQ4), determinable by the indexes of the lowest coeffic- 
dents of tha polynomials of the numerator and denominator, are given 
in Migure 4-9. On the nodograph the arrows are always dirested toward 
the eide of inorease in frequency, so that the initial sestion being 
investigated is located at the start (featnering) ef the arrows, 
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Tig 4-9. Initial sections of the amplitude-phase character. 


amplivudesnaase characteristic. In order to connect tre beginning 
and, it ce nsoessary co construct the entire characteristics by 
eatnes by calculation or on tne basis of axpsriment. Hevevar, ta obe 
tain 32 genera) representation of tha course of the char redeploy 
namely from the angle of rotation of the complex amplification factor, 
the hed dograph ef whioh is tons amplitude-phase characteristic, nee 
ledge cf the nunuer of roots, different in character, ef the numerator 
and denominators provas +o te. suffielent. ve will proceed to an exam~ 
ination cf this . uestion. 

GC. The Angie oF Rotation of tne Yactor of the 

Amplitude-Phase Cnaracteriist 





if we know the directions of ths initisl and final seetions af 
tne amplitude.chase char BCVEIASTL Es we can establish a gensral axorasse 
ton fom the ange of rotaticr: os the amplitudeenphase inkracteristie 
duving chance of the frequency from 22ro tc infinity: 


Ag = ¢(x)—-¢ 6 


— 
te 
La 
> 
H 
ie 
= 
= 


ee 








ey 
eee 


t 
However it dees not appear possible ir, practice to use this ex- | 
pression also for a genéral estimate of the angle of rotation of the 
ampli tude -phase aces SOU until the sign and valine of the Last 
term of the formula ars determined, 


For solution of the question of the total angle of rotation of 
the auplitude-phase characteristic it is necessary to proceed by an= 
other method, by investigating the rotation of the vectors making up 
the total vector cf the ee eee characteristic. For this pur- 
pose, using the designation for zero and 2, for the poles of the 
transfer function, we write the expression for the amplitude-pnase 
characteristic in a new form: 


WP (to) ax 240) _, Pm Ula). (fr — Ap) 


a(jo) a, (ja—z,)...(ja@—z,) * (4-31) | 
@ . 
Each of the factors of the right side of the type 


os I 
ja— z; 





jo — a; and 


is an elementary complex vector, the direction of which varies with \ 
change in the frequency. It turns cut that the character of this 

change assentially depends on the disposition of the zeros and poles { 
relatives to the imaginary axis. We will investigate in detail ail 

the possitie variants of disposition of the roots and their intluence 

on the rotation of the elementary vectors. 


in the gengsral case the rcots of the numerator and denominator 

are complex munbers which (mora precisely, their points forming 2a } 

complex plane) can pe in the left semi-circle, on the imaginary axis 
ane in the rignt semi-circle. & 


we will designate the namber cf roces in the lert semi-circle by ‘ 
t, on the imaginary axis by i and in the right semi-circle by r. To ‘ 
disti nguish the roots of the numerator and denominator we wilt give 
them the subscripts n and d respectively. We will put the obtained 4 
system of designations, and also the designations applied above, in 
Table 41, 


In Figure 4-10 are snown the rules for counting the angies of 
rotation of the constituent vectors (jW - A) for the vurious kinds 
of roots, 


The total angle of rotation of the vector w(jG@S* is: 


- 
c dg =F lym ly, ery) (4-32) 
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Table 4. he Number and Character cf Rcots of Transfer Functions 


en ee ee ee ee 








Number of Roots Ihunerator (zeros) Denominator (poles) 
In the left semi-circle be Ls 
On the imawinary axis 
Total 4 4 
LOual An d 
ZeLo3 bh Y 
in the right somiesircle Te rs 
Total number m n 


Tae 2eros and poles lying on the imaginary axis are exeluded 
from consideration in the caleulation of the total angle of rotation. 
Tne zero roots of the numeratcr and denominator charge the phase of 
ail vespors of the amplitude-phase characteristic at tha constant 
angle = (m=wy) and deform in modulus the toundary sections of the 
amplitade-phase characteristic (Figure 411); the purely imaginary 
zeres bring about passave of the anplitudeephase characteristic 
through the start of the coordinates at the frequency @ = SL; the 
purely imaginary voles cause a creak in the amplitude-phase charac. 
teristic at the same frequency. In calculating the totei angle of 
rotation of ths characteristic passed through the start af the co- 
ordinates, it is necessary to calculate separately the angie of roe 
tation of the section of the characteristic from W= 0° to SL - and 
add it te the angle of rotation cf the characteristic fron J + to 
oO. In caicsulation of tha angle of rotetion of an amplitude-phase 
characteristic with a break it is necessary in orecisely the cane 
way to add separately the angles of torsion of one tranch of the 
Characteristic from & = 0 to the break point and of a second branch 
from the treak point to oo. 


Fig 4-14, The amplitude- 
phase characteristic cf 
systems with neutral zeros 
and poles of 2 transfer 
function. 
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CO. Tas Tafluence of Sunil Chanees in the Paraneters of 
Comporents an tne Dispesittion of ths Hodoerapn on 
a Couplex Plane 





LGt WH ve a constructive paranster of component whien deter. 
mines the analyticel reorssentestion of thea amplitude-phase character~ 


detice: 
WF (fea, 7) = P (w, 1) + JQ (0, 7) (4-338 | 


1 
and the disposition of its bodeeraph on a complex plane (Figure 4-12). 
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This rule permits the sets of homogensous hodographs with vari- 
able parametars to be orlanted in arrangement. 





Fig 4=i2. The effect of snall changes of the parameter W on 
the arrengement of the hnodegraph. 


If the hodograph being investicated at a certain frequensy passes 
through the start of the coordinates, there is fulfilment of tne con- 
dition 


W Uftay, 7) = 0 
or 


P (WX, %) a 0; Q (a,, 7) =: 0. (tery 
In that case, small changes in the parameter change the arrange- 
ment of the hodograph relative to the start of the coordinates and, if 
in accordense with the rule given in Section C the transtion of the 
hodograph through the start of the coordinates did net cause increase 
jin the angle of rotation, the passage of the hodograph close to sod 


Pio 285 —— 


co r ot 

is start, of the coordinetes increasus the total angle of rotation by + | 
when the start of the cocrdinates falls in the unnatehad cone and 
reduces the angle cf torsion by Wf when tie start of thea ccordinates 
falls in the hatched zone, 


Tnois is accompanied at the same time by transition of the two 
neutral roots of the numerator of tna OFT into the left or correspond~ 
ingly the right semiecirele. These regularities can be observed in 
testing the system according to the method illustrated in Figure 4«7, 
During the ecnstruction of the circuit at an exact value of the para 
meter b(g),  nonedamping cscillations are observed in it which cor- 
respond te the two neutral peles of the OFT or two neutral zeres of 
the inverse amplitudsephase characteristio. 


Vary $mall changes in the value of the parameter b{g) cause 
esecillations in the circuit damping or increasing in accordance with 
the transition of the zeres of the inverse amplituds-chase charactere 
istic of the entire system inte the right or left half-plane. 


The determinant of (4-33b) is called the Jacobian of the system 
f equations (#*"). The transition of the neutral zeros of the OFT 
into the left half-plane corresponds to the positive Jacobian, and 
thelr transition Gre the right half-plane, to the negative Jacobian 
ay tne voint a Tnese rules, which were derived for ths first 
quadrant (Fi gure Ko ara valid for any hodograpns in 31] quandrants. 


6 


Heb, The Frequency Characteristics cof Typical Components 


On the tagsis of the general properties of the frequency chsrace 
teristics the characteristica of typical components were calculated 
and presented in Table 4-2. A graphic representation of the frequency 
characteristics of the components is given in Figurea 4-13 - 4-15, 


Figure 4-15 contains the frequency characteristics of the ampli- 
fying and délay components. For the amplifying somponent the anplig 
tudé-phase characteristic CR aad inte a Single point en the com- 
aes Sete lying on the real. positive sembesxis at a distance from 
the start of the coordinates ecual to the amplification factor; the 
4 end imaginary frequancy characteristics are identicaliy sequel to 
“ero, and the amplitude-frequency characteristic coincides with tne 
rena, and they both nave the form of horizontaa straight Lines. For 
the delay component the amplituce-~phase enaracteristic has the form 
of a circle, the anplitude-frequency 18 horizontal, tne phase-Trequancy 
inomeases linearly tc @ (oo) = = og and the real and inaginary rrequen- 
ey characteristics vary harmeniously with tne periad 
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Fig 4ei2, Frequency characteristics of the amplifying 
and dslay components. 
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In trigure 4-14 are given the frequency enavacteristics of EN 
differentiating and integrating components. when the ampiifieatic 
factors k i/7 are in agreement, both amplitude-~phase stewieeane 
istics 2i “Slantually 3 inverse, The amp] 4tude-frequency eheracteristic 
of the cifrerentiating compensnt nas a linearly increasing graph, and 
that of the interrating a “,;perbolically falling, which also is oree 
Served Witn acevracy of the sign in the graphs of tre imaginary enare 
acteristics, fhe real characteristics of botn components are axactly 


eouali co “ero, ¥ the amet characteristics are horizontal 
on the levels +2 and ~ 


ee 


n Figuse se15 ave arranged tres frequency characteristics of the 
cooeting Ss 1), apericdic and quasiestatic firstecrder components 
with consistent amplification Sactors. The graph witn tae anplituce- 
phase cnfracteristic repeats Figure 4-5 for tne mutualiy inverse cnare 
ac ies h aeaes ne ith new amplificaticn factors and expanded on account of 


the ampiltudespnase characteristic of the firsteorder quagiestatic 
comenent. Tne remaining gyauns are tne result of the amplitude-onase 
ehericteristic. we note that the ampiitude and imaginary frecusnacy 
enaracte istics of the cemsonent “«1 coincide with the analogous chare 
acteristics of the aperiodic component, that 18, taxen eenarately, 
tbsse characteristics do not uniovely deteming tre tyre of component. 
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Fig 4.15, Frequency characteristics of first-order components. 


tin Figure 4-16 are given the frequency characteristics of the 
follcwing componsnts: second-order boosting (P-2), oscillating reson-~ 
ance and quasiastatic, second order, with conristent aznplification 
factors: k =k, = 1/kg@. The graph of ths amplitude-phase character- 
istic repeats Figure 4-8, illustrating the ruie of inversion, but 
contains additionally the amplitude-phase characteristic of K-2. On 
the remaining graphs are the scalar characteristics, the majcrity of 
which have one or two extremims, the location and values cf whieh are 
given in the table. ‘The resonance component has break characterist- 
ies at the frequency 41. The quasi-static component cf tie second 
order has amplitude-frequency and real frequency characteristics which 
coincide with the oscillating component and a phase-frequency charac- 
teristic that coincidas with the second-crder boosting component. 


ees Ee eee 








Fig 4-16. Frequency characteristics of second-order 
component. 


4-5, Logarithmic Fraquancy Characteristics 
i. Logerithmie Seales 

per frequency characteristics, legarithmic scalss are predonine 
antiy uSed, thanks to which the construction of typical ampzitude. 
“sequency and vhase-frequenoy characteristics in toe combinations of 


somponents in a single centrol system is essentially simplified. 


‘ simplifications ere atvained as a result of thea us@ not only of 


ka . ell 


| 


| the value @ in the construction of the amplitude-frequency Speaaal| 
teristios as the argument X laid out along the axis of the absoissas, 
and the logarithm of the ratio of the current value of the frequency 
to the basic ii 
r) 
x ceeds 
=lg Oo (* 


and as the funotion y laid out along the axis of the ordinates, not 
the values of the amplification factor in modulus, but its logarithm 


ih c*) 


The basie frequency @, often is assumed to be equal to 1 seo” 
and it is not possible to Write it in forma (*) given here, but as 
a result of normalization under the sign of the logarithm the dimen- . 
Sionless value of the ratio remains. Amplification in modulus of A, 
which enters inte the second formula (**) also is assumed to be di« 
mensionless in determination as the ratio of the output amplituds 
to the input. 


Semi-lcgarithmic ecales are used for the phase-frequency charac- 
teristic -- the same logarithm of the ratio of the frequencies along 
the axis of the abscissas and of phase in degrees or radians along 
the axis of the ordinates. 


We will examined the principal advantages of the logarithmic 
scales. 


Obtaining straight-line charecteristics for direct and inverse 
power functions. If the amplitudeephase characteristic is reduoed 
to the straight line A(@) = k(w/w,)" or the inverse pewer funce 
tion A(w) = «(@/w_)-, the constriction of such an amplitude-~ 
phase characteristic on ordinary scales requires calculations of the 
characteristic by points. 


The transition from the function A(@) = k(@/w,)= ™ to the 
relation between the logarithms gives: log A = log k 3 n log &/W,. 
Thuis the equation of the straight line y = c + nx is obtained in the 
system of logarithmic coordinates Oy. ‘This straight line has the 
inelination (steepness) x = +n and passes through the point log A = 
= log k at the frequency q) 0° 


The construction of such characteristics is elementarily simple. 


Vertical displacement of the logarithaic frequency characteristics 
udring change of the amplification factor. if the amplitude~phase 
characteristic of a certain system A;(W@) has been obtained in advance, 
and then the constant (for all frequencies) amplification facter k is 

ges into the system, the new characteristic Ao(W) is equal to | 


pas 290 Sy 


a Se a ne 
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aye come 

fi On natural seales it is necessary to recalculate the cld charac~ | 
teristic by miltiplying all the ordinates by the coefficient k, if the 
chanze in scale on the axis of the ordinates is not permissible due to 
the presence of characteristics of other components or avstems being 
compared on the same graph. 


In the transition to logarithmic charactaristics 


the new charactaristic differs from the old only by the constant number 
log k and can be obtained by vertical shift of the former Logarithmic 
amplituda-freauency characteristic without change of its configuration, 


Horizontal. displacement of logaritamic frequency characteristics 
during change of the basic frequency. Let us assume that the original 
loparithmic anplitude-frequency characteristic nas a single basic fre~ 
quency, that is, log A, = F(lez @}, or in logarithmic coordinates 
y = &(x). 


Zi owe now changa the basic frequency, the new logaritnaic ampli-~ 
tude-frequency characteristic log A, = F(log W/W.) = F(log @ ~ log 
a.) in lowarithrmic rectangular coordinaias will differ from the cid 
lovarithmic amplituce-frequency characteristic only by the shift along 
the horizontal axis, 


This property relates also to semi-~logarithmic phase-frequency 
characteristics, since at any of their form @ = F, log w / uu. J the 
derived mule of onift of tie curves is retained in tae logaritinie L0- 
erdinates v - Fa(x). 


The possibility of taking into consideration changes in the ampli. 
fication factor k anc the basic frequancy, the role of which various 
esveffielients in the equation can wiavy in characteristics of real com- 
penents of sys yems (usualls inversion of the time ecnstants, since 
W,, = 1/7 see}, by vertical and horizontal shifts of tne logarithe 
wile frequency characteristics vcermits constructing for unit values of 
the coefficients typical mode2is of the logarithmic amplitude-frequency 
and phase-frequency characteristics and using thes further at any vale 
uss or the ceefficlents k and T, by using the rule of displacement. 


Extension of the scala in tha region of low frequencies. For exe 
pesition of tha sensrei properties of an automatic control system, for 
example by the angle of rotation of the amplitude-phase characteristic 
examined in Seaticn “3, it often is necessary, on the one hand, te 
have a general representation of the frequency cnaracteristics ina 
very trond range of frequencies, and on the other, for the automatic 


contre] syste it is gesiravule to represent the course of the sharac- 
, 2 s : Pg : cy Gy : 
jbericties in the region of low frequencies with adequate precision. | 
hess ae es 
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Table 4.2 Frequency Characteristics of Components — 
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i, Table &nf Ereauency Characteristics of Compensnts (Cont'd) 


Ameen Aere matted an = B 





erat 
| pest nations in Table 4=2 | 





1 = Order; 2 = Nomenclature; 3- Comples amplification coefficient 

W( jw); 4 =~ Amplitude-Srequency characteristic; 5 - Formula A (@); 

6 = First extremum; 7 ~ Phase-frequenoy characteristic @ (0); & - 
Real frequency characteristic; 9 - Formula P (4); 10 - First extren- 
um; 1i « Imaginary frequency characteristic; 12 = Formula Q (W); 13 - 
First extremum; 14 - Amplifying; 15 - Delay; 16 = Differentiating; 

17 = Integrating; 18 - Boosting ~ first order; 19 = Aperiodic; 20 ~ 
Quasi-static, first order; 21 = Boosting, second order; 22 - Oscil~ 
lating; 23 = Resonance; 24 = Quasiestatic, second order; 25 ~ Notes: 
In the "First Extrermm" column, in the numerator of the fraction is 
shown the location of the extremum on the axis of frequencies, and 

in the denominator, its value. 


If wa use the scales of natural vaiues and select, starting from 
the necessary accuracy cf representation cf the low-frequency part, 
the large scale of frequencies, the same scale must also be preserved 
for the entire region of changes in frequency, and that is why the 
graph is obtained in nonecompact form and often is in general not 
realizavie in a single scale. 


For logarithmic ccordinates the scale is automatically reduced 
in the region of nigh frequencies. 


actually, if a band squal to a single logarithmic unit is derived 
for the low-frequeney band from ra to 10 &,, that is, to the extent of 
9 W, in the logarithmic coordinatés, since log 10 ~ log W, = ley 
then for the same ban of the higher frequencies from 16 @, to 19 &, 
that is, als te the extent of 9 @, there are derived in the legar- 
athmic coordinates a total cf log 9 @. - log 10 & = log 19 = leg 10 
= 1.2733 - 1 & 0.279 logarithmic unit$, ete. Thanks to this the log~ 
arithmic frequency characteristics are faasible on relatively small. 
bianks, having at the same time a large scale in the low-frequency 
hand. 


Units of meastv.remsrt of logarithmic coordinates. tne following 
units of measurement are used in technique for logarithmic sourdin- 
ates: the dacade, the octave, the decilog and the decibel (db). The 
decade and octave are used «ost frequently for the scales of frequen= 
ales, and the deciloy ani decibel for seales of amplification in ane 
plitude, 


4 Single decade corresponds to a tenfeld change in frojueney: 
og 15@ - log & = 1. During a change in frequency of W times the 
nuyber of secades (dec) 18 simply equal tc the decimal logaritnm of 
| the ratio of the frequencies; ae 


o— 7) 





s 


fo om 
Igja--ig@enlgy dee. | 


A single octave (oct) eee to a change in the frequency of 
two times: log, 2 - log, = 1 oct. In decimal logarithmic units of 
measurement, that is). 4 Breet this ratio is: 


Ig do -— Ig == Ig 2 ow 030i dec 


Thus 1 oct = 0,301 dec. 


A single decilog is a measurement cf amplification one-tenth as 
large in logarithmic units as a Single decade 


1 decilog = 0.1 dec. 


Cne decibel (do) is eae logarithmic unit one-twentieth as large as 
ane decade: 


1 dd = 1/20 desc, or 1 dec = 20 db. 

The generally accepted unit of measurement of intensification of 
anplitude, the decibel, permits forming relatively small amplifica- 
tions in whole nunoers, which has proved convenient in practice. In 
natural maasuresent 1 do corresponds to the increase of intensifica- 
tion of amtlitude by 1.12 times, since 

at J 
ig 1,52 =m 0,05 am 7: 


We will adopt the convential designaticne: 


20 Ig A (w) [db] = Lid (0) om L (cap, (4-34) 


Figure 4-17 shows a grid of uniform scales of the logarithmic 
coordinates x and vy. 





The basie grid is formed by the thicker lines and is figured in 
dogarithmie units, that is, in decades, on the axes Ox and Cy. 

The grid fer intensification of amplituue (db) is shown ty tis 
thinner horizontal lines. In the given case the grid is carrie. 
throuch 16 db and, as noted above, 1 dec corresponds to <0 db. For 
euch & caleutation tas seale of inclinations of the linear Logaritn- 
ric Sipibtude-Srequency characteristies, reflecting tne power funce 
ons of the order of + n, wiil be: 


ce 8 


Bice 


S=+20n an/des (4-38a) _ 
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Tig 4mi/. Uniform scales of logarithale coordinates. 
1 = Relative units; 2 - Decades; 3 - Octaves; 4 - 1/sec; | 
§ = cat: 6 = db; 7 = db; 2 - dec. > 


If we apply this fule for the boundary sections of amplitude- 
frequency characteristics, determinable by formulas (4-28) and 
(4-296), we get the inelinations of the logarithmic amplitude-fre- 
quency characteristics or, more exactly, their asymptotes: 


in the region of low frequencies 


Sy = 20(u—v) dbf dec, (4-356 ) 


Ke 





In tne regiox. of high frequencies ee 
Soq mF 20 (mm — A) ab jes; (4-35¢) 
At the interseotion of the line 0 db: 


of ths first asymptote at the point: 





(4-36a) 
of the second asymptote at the point: 
Mommys 
a, 
f pe . (4-36b) 


é eeale of octaves is eonstructed by the finer vertical linss 
on the same Pigure. In that calculation of the ecales (octaves and 
decib Se the ss of the linera characteristics of tha power 
functions becomes 


a 


# 20-0301 =+6n dd/oct 


Alone with uniferm scales of the logarithmic coordinates x and 

y, on the same figure is given the computation of the scale cf fre. 
aunties and amplification in natural dimensionless values. The line 

0 do ccrresponds to an amplicude equal to 1; the positive decibels 
tnaioate antensification of amplitude, and the negative, weakenins. 
on tne seale of fraquencies the line © dec corresponds te the ratio 
of tne frequenciss to the basic, equal to 4; the positive desaaies and 
octaves give the increase in frequency, and the nagative, tno decreazg, 
Or the examined iyses ef cémputation, in practice computation in sec”! 
4s used on the axis of frequencies (at a basic fraquency of W, 
sec!) and in decibels on the axis of the amplification. In + one. on 
the axis of frequencies a uniform grid of decades is computed in 
values o see"!, equal to 1025, where N aré wnele nowbers, and the 
Scale of frequencies octeained between the decades also 1s 1ogaritnumic, 
tut on the other hand it is possible to calculate the natural values 
of the frecuencies from it. 


The seale of the amplification (db) constructed according to th 
forme 


T.fote V[db} 201 1 (oo), 


hams ~ — 


a) 


[ doos not give the naturel amplification; the letter is determined by) 
the forms j H 
A (w) = $124 tobi bret) leo! Ee | 


Table 4-3 is used for the transition from natural ratios to 
decibels. 


B. Semi-Logarithmic Amplitude-Phase Grid 

Amplitude and phase frequency characteristics of components have 
been plotted separately on logarithmic and semi-logerithuic coerdin- 
ates. ‘Two types of seni-logarithmic grids -- the polar and the rect- 

w- are used for amplitude-phase characteristics. ‘The polar 

gxid is shown in Figure 4-18; in it the phase is laid eut in the form 
of the natural angle and the amplitude is in decibels, counted fron 
the cirole 0 db (the region of negative decibels is limited). On the 
seme figure the amplitude~phase characteristics of typical components 
pave been plotted. Let us agree to designate the ampli tude-phase 
characteristic by the legarithmic amplitude (db) and the natural phase 


oe areces 3 (joo) = L (ea) ef #(%), (4-37) 


The rectangular grid represents an evelutien of the polar grid . 
around the cirele 0 db and is given in Figure 4.25 and later. 
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Fig %18. The amplitude-phase characteristics ef ¢ 
emponents on 
io & seni-logarithmic complex plane. D «= Differentiating: I - Inte~ 
ereting; A ~ Aperiodic; B-1 Boosting, first order; (Continued) | 





es. NF is a sess & s e *- Glas Weiot Sa 
Fe2 Ruosting, sosondecrdsr; & = Ofcibliatine. : 
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C. Vepresentation cf Logerithmic Freavency Characteristics 
During Cageade Tnelusion of Components 


In sagcade inelusicn the output harmonies oscillations of one 
wponent ara fed to the itaput of tne following component, stc., 48 
shown in Figure 4216. 





bach component has a definite anplitude-phase annracteristic 
enual t eh ratie cf oscillations on the oupets and in pus, 
the symbolic form in (4.16), Let us write out these ratios in th 
Sis mumbers of the tomponents shown in Pogure nts 
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es giver iy syrbolie ferm, by definitior is the 
B82 chern ewopietic of thea entire cfrewtit, wa arrave 
reese: a “fos the tetel anphitiide-phase character: giie in the 
- tua Following product: 










NY Fea} 22 Wy Vad W, (fed W , (je). 4-35) 


the amplitude-niase characteristis3s the 
arma the piages ars added: 





Ay foo) Ay (a) dy bas) (4) 


yes Gt bx 
BERN] 








Seite Be clon ci the anpoivudes cerragpends to the chera- 
“ Fammdtac: of thabr logamtnas, tnen Ter the cireuit in ques. 
ae S legaritiude asplidiuseefrecueney tnarsetertotics are cimniv 
ae! 
L feo} by iw} + 2, sh +L, fe. fi.) 


a 


For example, let us consider the obtaining of the frequency 
charatLeristics of a real differentiating component, cf given OFT 
Wp) = tp/% + 1; we will present the amplitude-phase characteristic 
in the form of the product of the characteristies of the ideal dif- 
ferentiating and apertodic ccmponente: 


Toaray 
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WV (ju) = jes ss era ry 


soos wa) oa, 


A 4 Bezod 


sd 


-~iS, Frequency characteristics of a cascade chreui 


! 
Ingut; B - Ontput. 


4 
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ft 
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In Figure 420a are plotted the asymptotic oar charzc tere 
isties of the two components, whers T= 6.5 sec, that is, iT 


= 


a 


Z see™' is assumed for the differentiating component, and Cie eC, 0 


Tor the aperiodic component, or 4 conjugating frequency w, = +00 seo"), 


if we correspondingly sum the characteristics of the components, 
we gat the characteristics of the real differentiating comnmonent, 
Singied out in the same figure by hatching. The real cifverentiating 
conpone ae as is evident from the characteristics, peacticsily does 
not snange the amplification in the band of frequencies berond the 
con l\uzgating freouency Ww > w . The lead in phase on the conjugating 


frequaney amounts to only “+ 2 and with further increase in the ( 
fracusney dreps to zero. : 


ia 
a 
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AN 
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2 Second example let us consider the construction of the char- @ ( 
acteristi: ee sOF & systen With a sacondeorder transfer function, having 
two real poles, 


This OFT oan also be deseribed ty the varameters T and f im the 
form: 
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wv 
l= ap Pap ET 


but here § > 7 and the bands are real (see the derivavion of forma 
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tet us present tre OFT in the form 
kz? 
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Fig 4-20. Obtaining the frequenoy characteristic of a cascade 
circuit by frequency characteristic elements. a - logarithmic 
frequency characteristic of a real differentiating component; 
b = logarithmic frequency characteristic of aperiodic compon- 


ents connected in in casoade. 
4 = db; 5 « rd. 


ay 303 


1 = db/deo; 2 ~ 1/sec; 3 = phase; 
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Tf we examine the factors ag the OFT's of the aperiodic compen- 
ents, we find the cenjugating frequencies of their characteristics: 


eh Oe aes £4. vet 
w, = © ao meee Gpee coy S Ll 


BS 


In Figure 4.20b are constructed the asymptotic logarithmic am- 
plitude characteristics for Wh = 2 sec! and @, = 100 sec™!, and 
their summation is performed. If we sum the logarithmic amplitude-~ 
freavuency characteristie that is horizontal in the band of frequsn~ 
cies 0 ~ Wy, it has the inclination 20 db/dec in the band cf fre~ 


quencies (4 - «, ami the inclination 40 db/dec at frequencies above 
-. 


Summation of the phase characteristics has been performed in the 
> Figure. 


we 
> 
Fd 
& 


wWaea there ig a large number of sequentially excluded aperiodic 
components, after each conjugating frequency the inclination of the 


total characteristic is increased by 20 dh/dec, attaining +20, -W0, 
<CO dojdee, ete, 


He&, Nomograms for Transformations of Yrequency Characteristics 
A. P, @ Nomograma 


Let us examine tha conditions of the passage of a control signal, 
given in the form of harmonic osciliations, through a matching-parallel 
cireuit which has, in accordence with Figure 4-21, the otal ampli-g 
tude-phase characteristic: 


W (faa) == W, (jw) -p W’, (fe). (4-43) 


the physical meaning of Summation of the oscillations on the out- 
put is explained by diagram a; the gecmetric interpretation of the 
addition cf the vectere is given in diazram b. 


The tctal output amplitude and phase are most simply ohtained by 


gana of the real and imaginary frequency characteristics of the com~ 
noneats: 


A= VP FEO PH FQ Gl G44) 
Q, 4 (ai ++ Qs (a) 


¥ fur} == ares Deis) ey (a) * (4-453 


ly the amvlituce-phase cnaracteristics Wy(jW) end W..j@) are 





given on a compiex plane, then for each point & according to the “~~ 
scales on the coordinate axes it is easy to count the rectangular co- ! 
ordinates, and the sums of the corresponding cocrdinates 


P (w) = P, (@) + P; @); (4-46) 
Qa) = Qo) + Q (a) (4-47) 


are used for the construction of a hodograph of the total amplitude- 
phase characteristic of the cirouit by points. 





4¢ 4221. Transformation of the frequency characteristics 
of components in the presence of a matching-parallei cirouit 
iagram. 1 = Input; 2- Output. 


If the components are given logarithmic frequency characteris. 
tics, expansion into the real and imaginary constituents is conven- 
Aently done on semi-logarithmic polar grids (Figcre 4-18) or on 
their evolvent, a semi-logarithmic rectangular grid, shown in Figure 
422, 


The evolution 13 accomplished in the following manner: in the 
upper half-plane in Figure 4-18 the 90° line (ray) was left neutral; 
4t and the db scale close to the ray were transferred without change 
to the development of Figure 4-22; the semi-circle 0 db was straight- 
ened, and all the rays perpendicular to it became vertical straight 
lines in Figure 4-22. 
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Tig 'e22. F, Q nomogran. 
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In this supporting rectangular grid, L,(W),@, end L,(W), a 
are plotted according to the data for a serles of values of frequen= | 
cies of ths point, and when these are joined by smooth ourves the 
amplitude-phase characteristics L;(j@) and Lo(jW@) of the components 
are obtained on a semi-logarithmic amplitude-phaze plane. 


In order to expand L,(ja)) and L,(j@) into rectangular coordin- 
ates, an additional grid ds the isolifes Pac, and Q = Sy is needed. 
This grid is plotted on the supporting rectangular grid in the forn 
of two sets of curves: peaked for the real and bowl-shaped for the 
imaginary. The equations of the isolines are very simple. 


The real are: 


P ‘f P, 
Lp(a) = Lm fedee sx LmP;-—~ Lm cog ¥ (4-488) 


and the imaginary: 


an 
Low) == Lm nt, wn LmQ,:-Lm sin ¢. (4-488) 


According to these formas, given for each isoline with a fixed 
value of Pi or G, (these values are written on each isoline cf the 
figure), it is possible by the abscissa } to determine the ordinate 
L( a) and construct the isolines. 


let us recali that on the polar plane in Figure 4.18 the isolines 
(4-48) have the form of horizontal and vertical straight lines. in 
the evolution of the half-plane the edges of the imaginary -- horizon- 
tal ~~ isolines were raised and in Figure 4-22 they became bowl-shaped. 
The vertical -- real «= isolines were compressed from above in the 
evolution and diverged at the bottcm, forming the peaked isolines in 
Figure 4-22, 


All the isolines are obtained from any isoline of aach set by 
vertical shift. Therefore to expand the range of the db scale the 
blanks can contract along the vertical by setting the calculation of 
additional lines in aqcordance with formlas (4-48). 


When « blank is used for the lower half-plane 1e0°<@ <360° the 
isolines of the imaginary characteristics are assumed to be with nega- 
tive sign. 


The Order of Conatruotien of the Characteristics of a Matehing- 
Parallel Circuit 


1. According ts tne given Ly(W) and $. (to), and also Lo(@ ) 
and 9,(4)) the amplitude-phase characteristics of components &re con- 
ee structed on a rectangular grid by points for the series of values of | 


et 


ae : 
frequency: W,, Od,» Wy eee 


2. If we are given any Pees » Corresponding pvints are 
found on the curves L,(j@,) and Lo are counted fron the real 
Aeolied’ on videh: thesl oot ita ant Geimdations of Py (4) and ?2(0>,) 
fall; the results are patio 


P (w,) == P, (3) + Py (w,). 


3. The values of 2 te ) and Q.(4),) are counted from the imag» 
inary iselines cn which 4 ints of thi nf aeplitude-phase characterist- 
ie with identical features fell, and they are sumed: 


Q (124) = =Q, {,) +Q, (w,). 


4% The results according to points 2 and 3 need not be written 
dam, and directiy on those ccordinates on the same blank is ccastruc~ 
ted one point of the total amplitude-~phase characteristic, and on it 
13 written the calculated frequency td 


5. Points 2, 3 and 4 are repeated for the following frequency: 
icy, ate. 
x 
If the poinis of the amplitude-phase characteristic with the ma 
culated frequer.cies do not fall on the isoline, readings of the P(t 
and Q(),) are made on the isclines closest to those points by ek, 
interpelStion. 


The Order of Construction of the Characteristics of 
the Antiparallel Cireuit 


For the antiparallel circuit given in Figure 4-23 it is conven. 
tient to determine at flirat the inverse axplitude-phase characteris- 
tic of the circuit which estabiishes the sonnection between the given 
output harmonic oscillations that are being established and the un- 
known inpet oscillations. 


If we move from right to left in the oircuit in Figure 4-22, we 
gat the inverse amplitude-phase characteristic in the following form: 


} } 


W (jay Way ali (4-493) 
From this we proesed tc the direct emplitude-phase characteris- 
tie: 
Pathe e HE, (jo) 
B’ (joa) == aoe ae | ‘ 
‘es m= TW, Ge) 0 aioye (4-405) a: as 











Wi Jw) 


Fig 4623, Transformation of the frequency sharacteristics 
4n an antiparallel eireult diagram. 


(ies LAOS ote COLL 


The reault, Pinally, could be obtaingd at once by (7.746) in the 
substitetion of BD =p = 7a, 

The procedure for construction of tha total casracteristic cf 
the oir cube differs insignificantly from that siated above: 

t, At the given anpliinde-phase eharseteristics of a component 
of a Airect circuit the siga of the amplification db snc tne sign of 
phase vavy, and according to thess data of fely (a) and = Y, the ane 
verse charactesistic of component Ne 1 1s constructed on the reot 
Bogular gid; the charactaristic of component No 2 is penetrated in 
the usual manner, 


2. The partial real characteristics gre found slong ths Peigo 
lings, and the total roal characteristic P*(w) -- on the basis of 
their difference, Fi(w@ ) - PCW). 

j, The partial imaginary characteristics are found along the 
Geisolines, and te total imaginary characteristic Q*(w) «+ on the 
basis of thetr difference, a4) « Qs(). 


4, The totel character! ae of the cireuit W (jm) cn the grid 
of tselines 4s constructed according to the found coordinates. 


5. Since the result, according to formala (4a), gives the 
anveree ¢h veptistinere: then for the transition +s the straight 
Line (4249bd) At 4s neosssary ts change the sign of the dt and ;nase 
on tho rectilinear grid to the reverse: 


L (w) a= —~ L (as); 
ee @ (2) = — ¢! (ca). 


I 
{ 
ee 
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i The Order of Construction of the Characteristic of a Clreuit 
With a Single Negative Feadback 


For this case 


Ws (jo)=—1, Pr=—1, Qye20, 


+. Orly one characteristic L,(j@) is constructed cn tha rect- 
angular grid aseording to the constituents with changed signs: 


|— L,(@) ard — $y (). 


2, Unity i¢ added to the real constituents found: 


P* (a) = PE (w) +1. 


3, If we find the isoline of the imagingry characteristic Q4(w } 
fer a dafinite frequency, we will seek along that isoline the oe) 
isoline interseccing 4t, with the value P‘‘ai). The point of the 
total inverse characteristie is determinec by the intersection cf 
the isolines, and the entire characteristic L'(jW) by the series 
of points. 


&, Fora cireuit of data with a direct characteristic, we onange 
tne signa of the rectangular scales to - L(4!) and + p- 


B. Nomegrams 


The principal operation solvable by an QP ~nomogran is transform. 
ation of the frequency characteristics according to the formula Zor 
an antieparailel diagram with a single negative feedbuck: 


__¥ ija) 
¥ (jo) = = Wey: (4-50) 

The nomogram given for Figures 4-2/ and 4-25 contains a rectan- 
gular ecordinate grid analogous tc the grid in Figure 4-22 for the 
construction of a hodograph according to the given characteristics 
of the component Lia), @f4)) and a grid of ts0lines of amplitude 
and phase for solution (4.49), 


The prineiple ef construction of the isolines is conveniently 


shear un a vary Simple operation: 


K (je) bop Wy Ufo, (510 


eet 246 oe 





| from Which on the tasis of the inversion it is not difficult to 
go over to the basic transformation (4-50). 


The conditions of summation of the arbitrary vactor W (jd) with 
a unit vector are explained by Figure 4-21, 1 


It is easy vo obtain a clear solution relative to the parameters 
of the vector W, from the triangle constructed on the investigated 


diagram: ; 
Ayae WI AR DA cos & (4-58by 
ASI oe sin? o: 
g, == arctg Seuss “tarety “ane pete . (4518 


If we fix in both formulas the value A, for example, by assuming 
4 = 1 = 0 db and varying @, we get a series of conjugate vaiaes of Ss 
A, and p. which are tne coordinates of the isoline L(W) = 0 db = 
= congtant in the coordinate system L, (a), P.- 


In Figure 4e24a, in the restangular grid ei". Ly db, are sonstruce 
ted the iscline L(@} = 06 db and also two additional “ascending” iso- ( 
lines L? = «6 db and L® = +6 db. ‘ 


If the value o7 Pa now is fixed in formas (4=Sib) and (4-5le), 
for exanpls, @° = 90°, then by varying A it is possible to caloulate { 
the conjugate values Ly and @, corresponding to the coordinates of | 
tha isoline of the constant pnase @ = 90° = constant. This izoline, 

and also the additional two "descending" isolines @! = +60° and @* = | 
= +120° are constructed according to the points in the lower half of ( 
the nomogran. 


For illustration of the rules of application of the romogran to & ( 

it, the summation of the two constant vectors is shown: 
Km} + 2eit0erm +R. | 
In order to enter the nomogram for tha second vector Ry let us 4 


determine the logarithmic amplitude L = +6 db and plot the point E 
(6 du, 104°) cn the coordinate rectangular grid. The position of the 
point is marked by a double circie. 


We count the answer (*) in amplitude directly from the .scline 
whieh has successfully passed through the examined point L = 6 db, 
and in phase we interpolate the values of the numbers of the clcsest 
phese isolines, which gives @ = 80°. 


i More exact results (in phase} can be obtained by Figure 4-25 andj | 
oe : i 


em 





(ieeeered with the geosetric summation given in Mgure 4.24. 


The effectiveness of the application is manifested, naturally, 
not in the calealation of a single value of the sum, but in large- 
scale calculations whioh require for the transformation of the an- 
plitude-phase characteristic W,(jW), given at all frequencies from 
W = 0 to ® = oS, into the new characteristic K(jiJ). As an example 
of such a transformation by means of & nomogram W on the supporting 
rectangular grid the amplitude-phase characteristic of the differen- 
tiating component W, (J) = +jy T has been constructed, which coin- 
cides with the line of the phase a" 90°, In the eurvilinear grid 
of isolines it is converted into characteristic of the boosting 
component ; 


K (fe) =a bt fool 


If we now replace the amplitude-phase characteristio K(jW) in 
formula (46518) by its inversion: 


: 1 
K (ja) = @ ai (4-52a) 
then we get: 
1 a 
®. (jaa) == ec Waa : (4-526) 


In order to perform traneformation (4-52b) according to the given 
Ly(@) and @,, obviously it is necessary, in accordance with the rule 
of inversion, to change the sign of the nembers of the cutput isolines 
to = Land ~ @, 38 shown in the diagram 1/1 + Win Mgure 424, The 
solution of the example of inversion of the geometric sum (*) 1s given 
in the same places. Further, we will repince the amplitude-phase char~ 
acteristic W,(jc:) in forma (4-520) by its inversion: 


} 
W’, (fa) = Wi d (4-53a) 
and then ve get formla (4-50), that is, 
H 
D(}00) = ———7— . (4-536) 
‘+ Ge) 


Summation of the vectors in the denominator can be ascasplishec 
aesording to the diagram 1/1 + W, which differs from the diagran 1 + W 
by the signs of the numbers of the output vaines. If ve change tha 
aiens end mubers cf the input scales of the rectangular grid ia the 
initial nomograzs 1 + Win accordance with the stretcre of formila 

Se). wo finally get a nomogram for transformation (4-50) or a 
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Fig 4-24, Rules of application of a Q@-nomogram. i - Ampli- 
tude-phase characteristic of the differentiating component; 
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Fig 4.25. ‘Penomogram. 1 - Anplituda, db (Anputj}; 2 - Phase, 
degrees (input). 


: W 
P-nonogram, given in Figures 4-25 and 4-24 ay 


If we now accept the P-nomogras, with its numbering and signs 
of the input and outpot seales, as & basis, it 1s easy to obtain the 
rules of use of this nemogram for transformations (Hm 51) = (4m 53) of 
the frequency characteristics. 


A sumary of the rules of signs in the use of P-nonogrars in 
Figure 4-25 in various cases is given in Table 4-4, 


Table 4) Rules of signs for a @-nomogram (Figure 4235) 
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1 - Gautpat function; 2 - Input W; 3 - Outout; 4 - db: 5 - degrees. 


The charged signs of the numbering of the scales for each of the 
operations according to Table 4-4 are given in the diagrams in Figure 
Ke24, 


Let as dwell additionally on the conditions of the practical use 
of the basis P-nomogram. 


1. Ina region of small amplifications (negative decibels in 
the lower part of the neuogram) the rectilinear and curvilinear grids 
approach the input perazeters: 

W (je) Se e 
geen (jen)! . (4-54) 
tier es VW (jes) (j Jipwiro f 
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: 2. Ina vogion of large amplifications (positive decibels in ! 
the upper part of the nomogran) the transformed characteristic ap- 
proaches in medulus to unity (G db) at zere phase shift: 


lim Sa ALE == | 4.55 
[Wisco PW Uw) ~ GS2) 


This is readily noted in the upper part of the nomogran, where 
the entire region of change of the input phase is embraced by thea iso-~ 
lines of a constant cutput amplitude clese to 0 db. 


3. The presence of approximate formilas, given above, permits 
not inereasing the wolume cf the nomogram beyond the limits of + 30 db. 
As regards the phases, the tro quadrants (I and II) given in the nono- 
gram (Figure 4.25) are also sufficient for the entire possible range 
of changes in phase, since the alteration of the sign of the phase, 
that is, the transition into quadrants ITI and IV genarally is not 
reflected on the outout amplitude, and in the ontput phase the sign 
varies simultaneously with change of the sign of the input phase. Con. 
asaquently, the nomogram in Figure 4-25 can be symmetrically repeated 
for quadrants TIT and IV with change of the sign in the numeral of the 
phase, cr a Singis half of it can be used, if we recall that in the 
transition of tha input ampiitude~phase charaoteristic into quadrants 
ETI and IV it is necessary to changes the sign in the numbering of the 
input and output phase lines; the graph of the transformed character- 
istic acquires breaks in the second case. 


For the complex amplituds-phase characteristic W,(jd)), shown 
below on Figure 4024, it is nssessary to adopt the expanded @~-nono- 
grams, by contracting the blanks ef Figure 4-25 and cha the nure 
bering of the scales, as shown in the diagran (w/(1 + W)} in Figure 
4024, However, it is completely pessible to use a single blank in 
all, as shown ov: the left side of the same diagram, by constructing 
the sections of the graph se) relating to quadrants II and III 
on the principle of reflection frem the boundary lines of the noso~ 
gran. 


&. In the working up of the data of the experiment carried out 
in cecordance with Figure 4b, tho amplitude characteristics L(W), 
L. (QQ) serve as the input into the Yenomogranz, and the phase char- 
acterastics (62) and $,(43) are determined at their intersection. 
5-7, The Commlex Spaotrum of the Process; One-~Sidec Fourier Transform 


A. soperatas of 2 ore-sided Fourler transform 


The direct and inverse Fourier transforms are given by the for-~ 
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Fig 4426. Graphs of the funetions entering the Fourier 
integral. 1 = Even; 2 ~ Odd. 


X (jis) == \ wife ciRCrt (4-500) 
! ‘wt , Su 
ity ie \ ee“ (jor) dos. (4-56h) 
on "i 


The auxiliary roles of this apparatus in contrci. theory is thre 
same as that of the apparatus of a Laplace transform: to facilitate 
analysis of the passage of a siynal through lingar components and 
Systems, This can ce explained by using once more Figure 3-1. The 
Giect transformation (4-562) transfers the controlling isitial pre- 
cess from the region of the originals into the cegicn of the complex 
spectra; 


Xp_lb oom Xpy (ied. (4-57) 
In addition, the complex spectrum of the Sete Te process 
(jw) is transformed into the complex spectrum cf the output pro. 


= ots Xe oat t(3@) by multiplication by the amplitude-pnase character. 
istic of the canponent: 


SNe AE ta » they’ 64.58 
Xfi/®) (jo) Xe, ie), (4-55) 


after which, on the odazis of the invarse Fourler transfarm St is pose 
Sivla to preceed from the region of the complex spectra ic the orige 
inals: 


X sli) + IH). (4-59) 


Formulas (4-56) and (4-58) are the result of the corresponding 
Stee 
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| Gperational feravlas (see Chapter 7) upon substitution of 
Pr ja. (4-60) 


To obtain the complex spectrum of the process X (jai) it 4s suf. 
fielont to take the Laplace transform of this process X{p) and per 
form Substitution of (4.60); after this we get the complex function 
of the frequency, given in one of the following forne: 


X (Jeo = Re X (jw) + j lm X (joo); (4-61) 
X (joo) = |X (jap |e! (, {4-62} 


where Re X(j#) is the real spectrm cf the process: 
tm X(3a)) is the imaginary spectrum of the precsess; 
XX4@) is the amplitude spectrum of the presess; 
oo) 4s the phase srectrum of the procass. 
Tt van reasily be noted that if any process is regarded as the 
weight funetion cf a cartain boosting component or system 


x {t) =W, [h. (4-03) 


the concept of the spectrum of that prosess coincides with that of 
the frequency characteristic ef the soosting component, analytically 
extended inte the region af negative frequencies: 


X (ja) == W (jo), (4-64) 
— 6 GQ wsS + Oo. 


‘he graphs of the spectrum cf the processes alse are obtained 
from the graphs of the frequency characteristics given in Figures 


beet? ote to, 


Let us takes, for exampls, the process in the form of the decreas~ 
ing @xpenent 


x[f}= ee", (4-65) 


Corresponding tc it is the aperiodic hoosting component with the 
asplitude-phase characteristic 


yy? G vy =: aL ae 1 
£ G) acta t : 
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Tnas the compiex speetrim is: 


: ! 
1 X (fea) Sie! (4-664) 
The veal srvatrue 
Ree ear aa (4-08) 


haa ft greoh that soimeides with the graph P(@)}} (Pignie 414 ¢}, but 


extended by virtue of the evenness of the real spévtrum in ‘the region 


of naigative frequencies symmoteic with respect te the axis of the 
ordi mates, 


Tha DRA nary, Fypast 


soe GS 4-56 * 
weyers (EROS 
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Im X (jw) 


eoinoides with the grass Q(@) (Figure 44146) and is extended dn the 
region ¢f negative frequencies on bhe basis of the mile of contrel, 
yet iry relative to the atert of the seordinaies by virtue of the 
unevenness of the tmaginary spectrum. 


The enplitade apretram 
Lt (jo) pee, (4-072) 


tn the re reckon ¢ af negative frequencies ig the analytia extiatston 3 





graph Ay fed 5 (Pigyse betSo) according te thy vyule af celal soaet 
* < 5 Pr ses Le a x Re 
+: 3 ¥) pele a seb eee: Bar ea I) 0) ge) ® 
Ce HY at core te. - wat te 


anmeras determinst tien of the process according te epuc~ 
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spectre of type (46668) with sul sequent transition eicording wa ths 
taoled of © WLAEY racrarents viene to the erieiaais BE tohies of 
OPERATIONAL serissnonlencas are readily ty ranefomsd tote tables of 
ayaetral corre cpendene oG5., 








Sat formuis (4efsb) Jfxewtas parmite, in tha inverse irensfosms 
thon, going uy arother methoo “ritnous a vesy oes ef the peier of 
tan enectrum), ivr bediag orien a ta methous of meriszeal iptergvation, 
whish if very valuable for engineating eras tice. 


lat vs make the followiny subetitutiona 4a formmuin (4<56b); 


. spectrum into partial 


esate: 


ei ax cas of + j Sin wty 
| X Yo) = Re X (joi + fim X (je); 


then ue got, after rearrongemert of the real and tmeginary torss: 
x (fe i \ {jcos et Re X —- sinwtim ¥ + 
=s05 


+ | (Re X sinew? +-Im X cos wt)} deo. 


ist wt consider the character ef tha change of the integrands in 
the region of the positive and negative frequeacies. 


in Figure 4-19 18 shewn the law of cheage of functions cos GX 
and sine ot, for the fixed valuo t,; > 0. The graphs preasnied 
illustrate the independence of the even fonctions, te which cos Wt 
valonge, of the sign of W and the change of the sien of the uneven 
fanctien Sin Gy curing chenge of the sign of @. In the sana figure 
are graphs of the real and imaginary spectra of geome arbitrary presess, 
tne faaturee of wrich, independently of the typs of preeess are that 
the resl spectrum is givays an even fynetion, since 1t containg only 
tae even powers (5 0)4", that is + W*9, and the imaginary speotrur: 
is always an unaren foretion, 


If we sxamine the integrands in the preceding formula, we can es- 
tablish tat the imeginary part of the subintegral expression on the 
vhole is an unewer function and the integral from it in the lisits 
from 4 = «~« Oto W* + w is equal to zers: for the rezl part, the 
integration in th region of positive and negative frequencis3 gives 
asdentical results, end therefore it is sufficient ta include only the 
ragion of the pozitive reequencies end tn double the reamit af ths 
inteeratisn, With theta observations taken ints consideration, the 
acpmssion for tie tine process assumcs the fora: 


eR i Soon \ fresat Re X --sinotim Npda. (4-68) 
J 


af we exasite cuiy time preeessos ar tne type of the initial 
Sanctions, that it, these whieh satisfy the cordition xjt: = 0 at 


+26, 34 15 vessible to establish that when any velac $0485 sub- 
etliuetiva 34 ths precading Toraule the mesult of the integration must 
t 


er 
the 
Sal iw 





3 tes, 
aa 


a SeeG, LAB is, at 


sak ea 





| 
' f Bes 


\ fous (| f') Re XY =~ sim (ie 6 tm Yd =e 5, | 


sees oes | 


@ 


If we tale out the minis in the argument of the uneven function as 
the sombol sf the funetioa, wa get the relation botreen the same terns 
in the positive arguaents, which ia valid for all the values of time: 

ie = | 
\ vos @ if] Re XY die \ sin |fiimX de.  (4-69)| 
ru k | 
J ib | 

Tous in determining the tins prosesa it is suffieient to integrate 

one of the examined functions and double the result. Finally we get: 


“9 
a fli s aol Re X (Js) cos wt do; (4-70). | 
“a | 
Dee 58 
SQ oe \ Im X (je) sin we do. ~ (4-706) 
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The two formulas are of equal vaiue for application. 


BR. The TransZormation of Regular and Irreguiar Parts of tne Process 


A direct Fourlor transfora always uniquely forms ths initial proe 
eess, The aiffieulties trat acisea in spplication of fermuia ee S6a) to 
nonedamping processes are overcome by ths substitution of JM = + ja), 
which, when the value cf O is suitably made, makes the integral (4-5G6a) 
Blways convergent. After vompistion of the integration, which gives the 
new funstion £(0 + 3143), the unknown spectrum is determined on the basis 
of the limiting transition 


X (ja) = Him X (9 + jw). (47i) 
2-0 


Thus, for example, tne spectram of a unit function can be obtained 
fron the spectrum of the exponent (+-45éa): 


} } 
x, Galen N (jes) © en sa ju; 


It can readily be noted that the introdusticn of the real indica. 
tor of the power oO loads to a Lapliase transform and, cansequontly, 
| the aboveeindicated limiting transition, as already noted, can be 
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eritten directly in the forn: ; oe 
ay : (fas) == N ipy 1 femnpae (#72) 


‘he inmverss Pourler transform, nade avoomding to the angi neering 
formas (4-70), doos not srovide unique sorrespondences betesen tha 
veal or imayinary spestran and the tina orecess, sinee the individual. 

Ly takon real spectrux, for exatple, does ney completely contain nen~ 
tral functions of ths form of J,/ ti. t/t), t® ... and does not manifest 
a divergent function. Thus the real Les which enters fermula 
(4.660) can ve related both to the damping exponent with negative ssale 
and to the divergant exponent 


= : wa sf 


Re Snel Rea ce 
Re X (fw) = ut 4. 52 } wow grt 


and aithout infewmation shout the properties of the isazinaery speotran 
At is tupessible to detamaine the procsgs uniquely. 


Analogous missaleulationg alse are passible in the ucs of ouly 
imaginary tpectra. 


herefove the engineering method of application ef Fourier tranve 
forms vequires Senaration of the damping pert of the crosess fren ths 
neweral and Qirsrgent partes. 


If wa turn to ths conditions of expansion of the totes prossas 
Sis}, tre damping teres ere called a regular por: ef the prosess, 


é - 
and tha pamabuing tema, an ircegular part. 


2 
Sal 


Tha regulas part of the process uniquely passes through the dirmiet 
(Huta) anc ear of tha inwerse (4~70e) or (&— 700) Fourier transforas, 
It is most vonreslent toe aubject a separate irregular pert te 2 Lapiace 
transforneti on. 


Fer example, let us eonsider the gee i of passage of a rega~ 
“Ly varyiug controlling signal [) ¢q - 4 ye tarovgh &@ component 
He the OPT 


___ Ou - top t b, 


Ww (ps —, feeeie haa 


Ts the gensval Laplace transfore of the sutpyt precess 


ap, 'e) Natl fai rp (a; oe pes - a een , 


eee ned 


~~ 


[ the ined part (fereed motion) as separated according to formula | 


ar: vO wv’ 
19 BOs x ep, 


wheru 
W (0) mee : 
ae 


yw (0) = 2,0, _ bya, : 
a) 
Tne ragular port, in the given case ~- the representation of the 
proper motion «~~ is found as the remainder of expression (*) after se- 


garation of the irregular paz: 
ae byp*- a hype 7 
NAEP "a tajp? + ap? -t-ayp 4 de) 
tt Re a aa yy bets, aj 
ap? ap 
ss ty (Dg, — eb: Lgit fa, (Doty -— Ab 1) = 490, By) Pp p ie 
as (a, Pt agp? + asp +) 
a, (bgt; —- 190 ] Knit Qyt,0, + arb, 


Leen ne enn nn ce mmmmbameimiaeamenttiiceentinand 


, 
a5 (a,7* + ap? +-4,p + ay) 


Let us determine the output precess by the combined f -rnula 
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a Saat P. (m) cos wt dw. (**) 
0 


In tnis example tie irregular part was determined very simply, 
_and in the regular part the real. frequency characteristic can de | 


~wenneb 
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r rat 
| foun ty the nomograms and the integral in (**) is found by methods = | 
of munarical integration without the operation of finding tha peles = ~ 
(4), which is very tedious. 


In the examined sxampla the first tern of (**) does not bave 2 
real spectrum and the second has no imaginary, and the use of only 
ens of formas (5.70) would lead to error. 


Cc. Limiting Theorems 


The limiting theorens derived for the Laplace transforma in Sea. 
tion 3-9 are also preserved during transition to a complex spectrux 
of the regular sind irraguiar presesses, if the argument tends to. 
werd O and teward oo. If the graphs of the real and imaginary spsce 
tre are examined, ami not the couplex spsctrum, the Yormlas acquire 
the fom: 


X[04) > —lim olin X (jw); (4-742) 
6-690 

x[04) = —Iln wo Re X (jen); -  (4-74b) 
~~ 


r [9 -+-) == im {w? Im X (jw) -+ w2x 10 +)}; (4-740) 
©0530 


X04) caput {o* Re X (fo) + a2 [0 +)}, (74d) 


that is, only the real terma pariioipate on the right side, and the 
imaginary automatianlly are rsduced to zero, since the result and the 
parameters of the process are always real. 


A limitine theorem of type (3-53) for the regular procsss leads, 
according to determination (3-512), to the zera result: 


limo dm NV (je 6. (4-74@) 


ty owt 


For the frequently encountered irregular process -- the transient 
function, the spectrum of xhich equele: 
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h(O+y= Play (4-75) 

HO +b) = Lim {42 (o)}; (4-75h) 
(mn OG 

A(Q-bi= jim = oP (wa) + wh (0 - +}; (4-76¢) 
Sh 

AQ +) = tim (w32 (@) + wth (0 + ys (A-T5d) 
Lene aa) 

ft (orm mts P {9). (4-75 ) 


oS, Tabular Methods of Caleulation of the Regular and 
fond Irregular Preeesses According te the Spectcur 


A. The Appiieation of Displaced Functions in the heytan of 
the Spectre 


in inverse Fourier transform formulas for the initial functions 
(4679) we will steplify the designations to some extent: 
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xX [fos pee es (a) cos at de. 
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a“ {t) st sare |: (2) sin wl do, 
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where r(@)} 4a the reci enectram cf the untnown prosess an! 4(4)) is 
the imaginary spectrum of tim: unknown prosyse, representing a twoe 
sided function of the frequency ww, 


Tt is expedient to diersss from the conelusion of forrulas Aes70) 
and use oniv the final result fer the caleniatio:, of the process; then 
the result of tha calonletions does not change 4f the spectra are cone 
sidered the initiel fnetions rfw) and i fa), and in a nusber of 
sases tha ae Se on of the displaced funciione of the frequency 
rfod ~ &:,) and 4[29 ~ ,) is required. These functions can be subs 
jected tec Laplace transformation: 


{sez next page) 
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R(p) = \ t fea) eda, 
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tip) = { i foo) em deo. 
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It cen reacily ba acted that transformations (4~70a) and (4-70b) 
oan be regarded alse ag Laplace transforma of the spectra along the 
argument a with snbaequent substitution of p = jt (whion feras a bi- 
spectrum) and separation of the real part or ccefficient in the imege 
inary part. In fact, 
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And 36, in order to salenlate the tine process, for sxarple, &o~ 
sorting to the real aneotran, it 28 necessary: 


To adept the graph of the spect as the graph of the initial 
(displaced) function of the frequency: 


"oe make & Laplace toaneformation of the initici function along 
the argmuesnt @)5 


To sabrtiivina p fer it; 


“oq 2epirstg che real part of the transform; the latter after ml-~ 
tiplicatiesa by Po) $9,537 alec will represent the unknown tine process. 


Let as apply tho setaiged rele to ths ataplest real spectra ree 
; presented in Figures 4nn2F and 428, 
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Fig 4827, A rectangular spectrum and the process corres. 
ponding to it. 
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Fig %.28, Displaced functions in the region 
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means 
41. A limited ractangulas spectrum. i 


We will consider only the positive frequencies in the symmetric 
twoesided picture of the spectrum in Figure 4-27 with the banc ~ 4) 
to +0), ; 

Q 


Ther the spectrum is written in designations of the displaced 
fanctions as 


ra) == ry (1 fo) — I fa —ay)}. 


Its Laplace transform is 


; : Io ~~ ho 
{py anne) ey 
Ripe, ) 
The transform with the imaginary argument p = jt is 


sateen iSoagt + J sin weft 
IMU ea elas (ease UT Acta at ed Me 


Its real part is 


Fe SiN inal 


RepRyg) = =, ' 


The process corresponding to the rectangular spectrum is 


2r4m, sino! 
Vices eee ee aE 
Xft) zs ae err) 
The latter transformation (mmitiplication and division ty ap) 
43 performed to obtain the tabular function sinyw/r. 


4. graph of the obtained time function 138 represented in the 
seme figure on the right. The period of ths sine curve is 277] w, 
the damping octurs inversely proportionally to the first power t, 
and the values of the first three adjacent amplitudes in fractions 
uf the initial vaiue 2r,W)/7 ere shown on the grapn. The initial 
valug of the process curs oat to be propertionel to the area of tha 
So¢etrum ty) W.. 


if tne freanency band is ineraased, for evanple, 1s doubled 
(G@, = 26),), then firstly, the initial value 4rowifr increases by 
two times anc, secomily, the period of oscillations decreases to nalt, 
that is, the time seaie is as it were decreased. Thus the speed of 
the passing of the time process is proportional to the width of tha 
; band of the fresuency spactrum (in the given case, the real). This 


eee 424 — 


d Sateness 


oety, whieh hag heen proved for the partial foo of the speetrum, , 
fenceally apegking 19 alge valid foe otaer apeotre and egreas with 
es a 

fervtula (i+5b) for cnange tn the seals of the argument. 





AS an inpertsnt property of the obtained process, let us deters 
mine the sunnection betweon 445 ama and the pamussters Gf tha gpe¢de 
S aeait th. 
wr Mh 


The arta of thy proagses is 
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Sinee tie integral sine Sif} has the follewine Limiting values: 


4 


Si()=0; Si (co) = ; 


The resuit dt gvideace thit tha area of the process docs not de. 


pend on the band of the spectrum, that is, during change of @, the 
arsa renains constant. 


Let us now direst a). toward infinity; then tho initial ordinate 
of the precesy risee to infinity, ond the entire process ig contract. 
sd close te t * 0G, Raving been converted imto an iupolse. At am are 
piiteude of the spectrum equel te unity, that i¢ atv, = 1, the area 
of the process likewies 4a equal ts unity. An infinitely Large ane 
plitude, an infinitely smsi2 duration and a unit ares of tue procags 
ave characteristics of a wit imouise. Thus an inidnite vual spece 
trae of unit height actual gives the original dapalse during its "sane 
varcion’, 


Z, f& cpiengle adjusent to the axis of the ordiratsg, 


Tn the desienetions adopied for displagad functions, agsorddag 
te Figuis 23a: 
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Its real part is 
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The process curveaponting to the tricngelar spestrum is 





e, t by 2 
rs sin 3 
yes cee mB ee eee (4-78) 
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S, A trapeso’ adjacent te the axis of the ordinates (Figure 
Yat) is 
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The real part of the tranvlorm with tho imaginary argument is 


Yr; 


pak: 
~ 4 oe = Sark 
Re {RGA == to, (i = apt? (608 x00, f- cas o,f) == 
ar wt wa; t 


t aint : 
= a ee 2 aye Si oy it~ a) sin Caos (I) —- +}. 


aa; (i -t xj f 
Sissy GET ee 
ah 


a ee cy oi fat 


Z 





; f semen} 
glasty arguvent o = it (kispestrum) 4s | 


‘ 
4 


e 


ta él om atl 


Se (4-79) 


4. A Strip not adjacent to the axis of the ordinates (Figure 
4uZ8). Analogously to the preceding: 
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Ary complex spectrum can, in separate sections, be replaced by 
aegments of straight lines, after which it oan he represented in the 
form of the gum cf the elementary spectra (Figure 4028 a, & and e). 
The methodical acouracy cf calculations of the processes ace-riing to 
triangular, trapezoidal or band partial spectra is identical ani is 
Getermined by the degre of approximation of the linear segmants to 
the initial graph of the spectrin. 


FE. Time Prosesses Corresponding to “Mosaic” Spectra 


A certain contimous real spectsum Re( 63} 4s given in Pgure 


Lagoa. To determine the corresponding spectrum of me t4one process 
44 if npoessary to go over to elenentary figures of the spectrum, fon, 
aha i 
pees h tar 





ro ae 


| which it 49 necessary f4iest of ali to approximate the curvilinear 
spectrum br segments af straight linas in the separate sections, 
whereupon the extremal seetions are best limited to horizontal seg~ 
ments (see graph a). 
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Fig t.2G, Yosaic spectra, 


For the ee Sess iFigure hn280) inverse trans fort ti ion Dore 
mila (4.6) waa eptained: if we apply it for each of the obtainsd 


hands and sun the partial presesses, we can readily obtain the sotal 
process s 


nt 
x{)= > Xp, {f) 


ixi 


Formula (4-75) is used for triangular partial epectra (Sigure 
4-288). In order to obtain the elementary triangular spectra it is 
necessary to extend al] the ssgrents of the polygonal line to inter. 
section with the axis of tns ordinates, a3 in Figure 29h, whera the 
points of intersection ara warked with the same numbers (with primis} 
ax the scrrespending points ¢f brsecks on the DT eae! line. Tne 
foilowing triangles were cotained a3 a result of this sonstruction: 
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The frequency bands for each triangle are extenced from zero to | 
the correzponding freauensy of the break, and the initial values of 
the heights of the triangles are detarminod by the following segments: 
+t 34), (18 24), (0 = 5"), 44 51) and +(08 = 18), 

13 


The hatching made on Figure 4.29 reflects the signs of the 
heights. Tre hatchings different in sign cancel a corresponding 
area. In the triangle i’ - 0° «» 1 an uneven number of hatehings are 
leid, three in the given case; the sign of this area is determined 
by the excess hatching (+}. In the graphic separation of the given 
contimous spectrum into elementary constituents during observance of 
the rule of hatehing a picture is ocdtained which reeallis a mosaic, 
and therefore such spectra will be called mosaic. The six partial 
spectra obtained, which enter the mosaic, correspond to six partial 
processes (4.278), the sum of which gives the unknown process: 





w; t 2 
% 1 sin —5 
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5 
The functions of (sine v/v )* are siven in the next to iast cole 
omn of Tabie 4.6, : 


To cbteain a trapezoidal mosaic it is necessary to enxtend to 
intersection with the axis of erdinates only the horizontal segments 
of the polygonal line, as in figure 4-29c. This construction forms 
three trapetoids: 4! ~ 2! 3-4, O' = 2' 2-2-1 and 4’ ~0 ~6 = §, 
with the heights +(4! - 2'}), -(Q' ~ 2") and «(0 = 4'), the frequency 
bands @y= a, Os = W, and Ory = % and the paraseters 


oy Oy Ws 
Ld Vie ,' ay @, » 2 = O, ’ 


whieh enter (4.79), Upon use of the indicated formmla, three parti 
time processes are obtained which zive the total process 


ni2 


s[)= ¥ Xp {0 


iva} 


Tre functions of sine ¥/yY entering x, ,Lt) in the form of the 
product are given in Table 4.5, 


It can readily be noted that in the use of the band partial 
processes according to formilas (4-80) the terms entering thai. fore 
mula of the type of sine W,+/i),t for ediacent bands and for herig 
zontal sections cancel one another and in fact the calculations will | 
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— aa 

| bea made by the formulss for the trapezoidal mosaic, Thus the caleul- 
ations according to Figure 4.29, a and a, will be ddentioa! if the ' 
cancellation is performed in the partipt proessseas, 


The salewlations aacording +o the diagram of Figure 4.296 give 
twice as large a number of terms as ealeulations acoording to ths 
exenined diagram o, but whan the table of functions of sine V/+ is 
used the number cf selections fren the table is kept the game in all 
cares, and this also determines the approximately identical diffieul- 
ty of all the metheds examined, 


The ascuracy of theso three methods aleo is identical, sinee the 
basic exror is determined oy the nearness of the polygonal Line on 
graph a to the sxooth curve of the spectrum. 


Tf we use the designation Re X(4a) for the piecewise linear 
graph of the epectrum, we can ebtain from forms (4-700) a formula 
fer calculation of the errar;: 

ox 
o 


&x [f} == a [Re X (ju) — Re X (jaa)jcos wide. 
D 


At a constant factor cos o% = 1(4 ~p 0) it 4s euffictent te 
previde equality of the excess ae her toreney of the aveas of the 
sncoth Be ¥. (fj) and piecewise linear Re X (34) graphs. 


To inorease the accuracy of the caloulation eless to any given 
point tit is macessary to mutually cancel the sections of tna areas 
Waighted prepertionally to cos G@ty. Subsequent calcuniations of the 
asditA onal principal arrors ace not introducad. 


It mist ba nected that although the partial processes obtainable 
fron the mosaic spectra also approach in sum the real. preeases, in 
particular they do net reflect arg real properties of the provesses 
in linear systems with sonstant scefficients. The actua: partial 
processes can bo obtained only on the base cf an inverse Leplace 
transform (on the besis of the theorem of expansion) considered in 
Chapter 3 and giving typical functions shom in Tables 3-1 and 3-7. 
The function (aine 4 4/0 , t)*, given in the next to last column of 
Table 4.5, is pecaliér to" “linsar systers with variable sosfficients. 
But this circumatance does not interfere with obtaining excellent 
approzimation te the processes preceeding in systeas with constant 
ccaffiolentsa, in the for: of the sum of such partial processass, 


C. The Use of Tables of Spseial Functions for the Censtruction 
ef Tine Processes 


ables of h yit functions ara used fer caleniation of processes 


os 


ee spectra eieng with tables of the functions (sine v’/+% )? and St Y:| 


The tables cf b./+) functions and the mathod of applying thon 
have boen worked out by Professor V V Scolodovnikov mainly for deter- 
mination of trangient functions of control systems according their 
yvoal frequency characteristics. See very similar tables in /2/. 


Tf the transfer functien cf an automatic control system is Wip), 
the representation of its transient function 4s 


1 
H (p)= > W (p). 


The spectrum of the output process in the given case can be 6x. 
prassad wy the real and imaginary frequency characteristic: of ths 
automatic contrel system: 


H (jw) == — pe. 





(461) 


Tf ve use the real characteristic of the automatic coutrol sya- 
ten to obtain the transient fonstion, jt 4s necessary to turn to 
forms (4.706), whieh gives: 


2 sitt wt a 
A[Q=-> = P (wo; ——— de. (4-82) 
G 
The prectical spplicaiion of this formula is based on the exame 


ination cf tha simplest partial characteristics and their subseanent 
superposition. 


As before, we will consider the rectangular, triangular and tra- 
pozoidal real characteristics depicted in Figure 426 as the simplest. 


Tt aust be recalled that in this figure there are represented, 
not the real spectra cf the processes, but the raal characteristics 
of tue automatic control systea, which, to obtain the iraginary 
fpectrum of the transiont function, must be syametriosily extended in 
the region of negative frequencies and civided ty W 


The rectangular real characteristic of naight Fy and width 7) 
represented on the left in Figure 4~3ca, gives the imagiacry ‘specttum 
ef the transient function im H (449) = =p: iW 


The precess shown 4s Fignre 4-320 a on the right can be, determined 
ty the characteristic according tc formla (4-82): 
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Fig S050. ‘yptesl real characteristic and transient 
functions sorresnomiing 19 them, 
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o 6 
<P) C sin wrt Sea 
A [fhe > ( pena dishes Ss ~ Si tw, ft. (4-83) | 


oe ty rs 
ae 
 ] ; 


Thea values of the integral signs] Si vw for tha argument vam 


ata given in the last cclumn of Table 4-5. 


Ry ed 


Me triangular real characteristic shown in Figure 4-30 6 oa the 
eras the imaginary spectrur 


pate 
Left 


Mall 


{i } 
Im ff ifeyes — F; | on — a 3 


and #nea integrated according to | 
shew dn Fisurs 6630 on the rig 
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| us, t 


uvery function entering the obtained oor has been tabulated, 
but to acvelerate the calaulations A A Voronor / han proposed a 
completed table of he(-y') functions (see the second eolumn of Table | 
iuS of Ko fonetions}: The table nas the input argument Ve Gt 
was composed for the value p, = 1, To go from the tabulaten Aisee’ 
of ths nal v) Conetions to the aeteusl vaiues of the pertial process 
jt is nedessary to divida the argument » by the value 44, and ml 
tiply the tabulated values of hg functions by the height of the tri+ 
Angie 

v 


Bex 
ad 


hy; [t} = Pp: As {te, ). 


For salewation of the transient function ascording te the giver 
real frequency characteristic of the autowatle control systen, first 
of all a trisngulor mosaic real frequency characteriztic was obtained, 
analegous to ioe mosaic spectrum given in Migure 4-295, and than the 
tabular ba function was transfermed for oach tringle by compressing 
ths argument and increasing the ordinates, and ali tua sartizl func 
tions wre summed: 


n 
h[t)= YP; Rolo, 8 (4-85) 
fo 


The trépecoldai real characteristic sham on the Left in Mure 
4ui93 19 prafersbiy used for caleulation ef the tonasient Snnetion, 


i2t vs express the fresuancy of the break of the trapocoid anal~ 
ogously te (4-79) across the band of the entire spestrum ©. end co 
officient K, leas than unity: ss 


too; = ale, . 


Tnen tie trapszoid can ba davided inte twa triangles with the 
yolliowlng paramctera;: 


P: 


ASP epee 


P;* 


he ae 


7 ? Oy =: ahd a 


[ Addition of the partial procagses (4.8%), after transforeations ,, 
given: : 


5) 


« “ oP; ‘ } | 
Ay fy) Ar, [oa ty os poles | cee Siv — Six. 
CUS ¥ =~ COS vy | oh 
ate ce (1-86) 
ws} 


fhis forawla 46 used at po = t for the construction of the table 
of h* functions (the left part*of Table 4~5). The table has two ine 
pubs: xMand Y = .t: the h* function for the triangular real chore 
acteristic is s particular else of the aX function at NX = 6. 


In calculating the transient function by the wethod of VV So. 
logovmikes, ths trapeteidal mosaic characteristic, sanalogova to the 
motaie spectrum given in figure 4.29, must primarily be constructed 
according to the given real characteristic of the automatic control 
system, 


fnen it 1s necaseary to find, for sash trapezoidal charachoriatia, 
ue ratio of the frequensy of the break to the band X, and enter the 
part of the hy functions table corresponding toX%,. ~ 


In the obtained tabular veiues it is necessary to compresy tha 
argunent by taking the now values t = y/ , instead of the tabnlar 
argunent and the increased value 


h,(Q) = p, hy fem, ¢). 


instead of the tabular hy function. 
A sumation of the partial processes is made according to (4-85), 


The tables of he functions can be used for the construction not 
only of tha transient furctions of an automatic sentrol systen, out 
of any other time characteristics. For this the so-called raduced 
fretutney cheracteristic is datermined. 


We cail a reduced frequency characteristic the fraguancy charas- 
aristic of such a fietitions system in which, apen delivery of a unit 
rancticn on the input, the oatpnt precess being investigated 135 exoit- 
ad on the outmit. Obtaining the reduced (te a given process) frequen- 
sy characteriziis ia illustrated in Figure 4.31. If the given process 
had the raprecentation X (5), tne reduced frequency characteristic of 
the fietitions system wi8k be 


D, Ya} aw faX (Joos. (4-87) 


Actually, in accordance with Figure 4-31, the representation of 
the input unit step, sultiplied by tha reduced transfer function, 
gives the rapregentation of tne output process being inventigated: 


‘ i ! 
AP) = TD, (2) = PX (PI). 


The reducod aeplitede-phase characteristic can be expanded into 
veal and inaginary constituents: 


<b, (joo) = P,, (00) + jQ, (a) == — a hin X (jan) + foo Ke (a), 
(4-88) 


—enmonel ten 


Fig 4-31. For determination of the reduced transfer function, 


Aeccordiug te these characteristics, for exauplo, according to 
the real reduced frequency characteristic, the process being investi~ 
gate? can be constricted. As an example of determination of the tine 
preeess according to a characteristic reduced toa it, let ue consider 
tha obtaining of « weight fonction. 


The weight function of a systen w/t) is determined directly by 
ths spectrum of the transfer function W(j@) oy the table (vine v/v) 
tut when it 38 desired to use the table of h¥, functtons 1. is necsese 
ary according to the representation of ths uncnowm preces: Wip) to 
obtain the reduced frequency characteristic by fornuls (4-37): 


~» 


Dy (jen) = Joo W (fea) = — 0 (wo) + jew P(r) 


and according to the reduced real charactsxciscis -Wy{@) to seek toe 
transiert funotion of a fictitious syste which vill be the weight 
function of the systen t) [t) teing investigated. 


thus, 82 show above, tha initial process can be represented in 


ona of the forn: 
p nena 


f 
ween 
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In @ pleee-wise~linesr approximation ef its real spectrum «- i: 


i 


the form of the sum of the pa Bri aL processes contaieing the tabmiar 
funettons of type (sine -v fee 


‘ 


« 


Ina piecewi séeelineaxs approximation of the fraquency real char. 
avieriatio of the system, for which the investigated proces# is a 
srausiant fenetion, in the ferm of the sum of the partial processes 
sontaining tabular Dy /t) functions, 


fable tmf Typical traneformations of the spectra and frequency 
characteristics in calculation of a process by tabies 
cf special functions 
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1 ~ Prseess beine determined: ¢ - Transformed spectra er frequency 


characteristics fer saleulation of the process, 3 = During use of 
» i « . 
{sine hye tavles; 4 - During use of hy, tv} tables, 


& summery of the necessary transformations of tha spseira or fie 
aueney characteristics for the usa of these or other tables is given 


in Table 4-6, 


In caleulating the pronssses with use of the mathed cof miducad 
frequency characteriatins it is necessary to convines oneself nefors. 
hand whetner the proves: being investigated is regular or cofitaine 4 
soastant constituent, in order to uss the (Sine View) table in the 


| first case c wwe hefonstion table in the seeond ease. | 








: 
iD, Determination of Separate Points of a Transient Funstion 


In practices, along with the investigation of the entire proesss, 
it often presents special interest to determine the separate paints of 
the presess at given most corresponding momenta of time. Among such 
moments are: : 


Momants of change of the operating regime of the autowstic control 
syeten whon, before examining the prases3 in a mew regime, it is desir- 
abic to determine how the preasding prosess was completed; 


Moments of attainment by an aatematic control system of extrenai 
points, ota. 


For tis fixed moment of tine t, = WY, forma (4.82) doses not 
change tts for: 


Lo a 
2 sin ood 
h 0) == a P (a) do (*) 


t 


and ite calenlation can be done by methods of numerioal intezration, by 
takine for the separate intervals Aw the function P(@) by the average 
Yaing beyond the sign of the integral. 


If the interval ef the frequencies is included in the Limits ef 
Wy and Gd, + Au:, the mean value of the resi characteristic for that 
interval equals Poy x and the function that hes remaliad under the 
+ 


i ’ 
integral after intégra on gives the increment of the integral sine: 


wo; +0 


sins wi ; 
{ -———— dw = 3, Si wii. 
@ é 


=s 


After this, formla (“) can be replaced by the sum: 


De des 
h [A) <= a LP, 4; Siwi. 


ce 


The values of tna permissible intervals are cetermined by the per 


dod of the function sine w/a and the character of the function 


P(q). The function sine Ww passes through sero at the argument 
Qo = IF or at the frequency 


oOo, = += 


| a 


i" Be) 


| and further at frequencies kY. We will call W the halr-peried of 


a 


ahs 


Py ——: 





one 


idhe fanstion aire wsiiay im the suale of frequenaies at fied % a “4 
Let ws ermine the firet case, where the haivfoperied is consider- 
@biy lees than tne walve of the frsquency @Jg, at which the wal char- 
acteristic pasana threagh sero /P{(4),) = 3/, and within the linite of 
che half.pertod ‘, the reol skaractefistic varies relatively little and 
ib ie porsible to avewne that PP, # P(f) |). These conditiens w2 will 
Ckli the *oase of large t, valued": they"are illustrated 4n Migure 4.32 
by graph a. Here the ent Nalfapertiod ean be understood ag the ine 
terval Aw. ‘The inerenenta in the fenetion A,3.a% during the halt- 
period are given in tke rows beariag an este sk in table 47. If we 
ase their values, fermis (**) esn be prerented in the expanded fore: 


| TO)" L18P (0,5y,) —~ 0,277 P (1, fiv,) 4- 0,167 (2,5%,) — 


4 


| — OE IGP (3,8,) + 6,09P (4,50,) ~ 0,074 P (3.5y,) + 
|} 0,062 P (6,5y,) -- 0,055 7,51.) +... (4-29) 


Tae sowmation is continued to ths catput en tho dealining section 
of the freqeency sharacteristis, after which the term of the series 
begin to decrease especially rapidly. The error fras the discarded 
wera? in the alternating series 13 less than the last discarded torn, 


Let us axamine the secend cause, where the half-period % and the 
wind of the real characteristic be are close to each other, Rnd aali 
at the “ease of omall SY valuez." In Figure 432, for the characteris. 
tio @ it ie aseumed that vy, = 4b, : 


The ties, detersivable iy the bared of the real eharectesistic 
when the axis of frequencies tatersects it Sharnly, turns ect to be 
wery cloes to the time ef atieimesat of the maxima of the transient 
characteristic ty,, trat is 





H nT 
t =~ oe 
hho 
' 
‘ 


“ ty 2 


in the relationship between the integrands in forma (4~39a) 
that are being oxamized, it is necessary to substitute not the value 
P(w |) im ths center of the half-peried v, but the waighted=mean value 
of PX tor the huif-period. For this, in Table 4-7, the first two half- 
periods have been divided ty 10 and 5 (depending on the desired som-~- 
racy) intervals and the increments of tke fanetion Si v have man 
writtan in these intervale: the abselate (columns 2 and 4) and the 
reletivs in perosstages (columms 3 and 5) cf the tots] increment for 
tra first interval (1.18) and the sesend tnterval (9.277). 


If we use tre eseffidents giver in Table 4.7 fer the first half. 


| pected, 1t 4e possible te write the fermia for determination of the i 
4 








weightedenean value P, based on five measurements: 


B, <= 0,331 P (0,14 + 0,250P (0,39) + 0,215 P (0,541 + 
+. 0,125P (0,74) + 0.638F (0,94). (4-898) 


The weighted-mean value P, for the second interval is determined 
analogously according to the aSrregponding tabulated coeffiscients. 
These values are substituted in formia (489s) in its first two terms. 
For succeeding half-psriods, if we take into consideration the rapid 
damping of tne real characteristics that is usually cbserved, we can 
retain the approximate expressions for the Lnerements, determinable 
by the additional terms of forma (4.8%a), 


pon substitution of the weighted-mean value for the first (4-89b) 
and for the second half-period in forma (4-89a), it is necessary to 
multiply the result by the coefficients 1.18 or 0.277 or caloulate at 
once the recaloulated weightademean values according to the aosolute 
inerements given Jn columns 2 and 4. 
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Fig 4-32, Caleulatien of separate points of the presasy by 
oo 4ts real spectrum. | 
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[ 4eh, Mathoa of Balance of tha Spectra for Syatens 
with Verlabie Pseraneters 


A. Tho High Frequency Part of tho Spectrum ef the Output Frocese 


The high freuuency part of the spgetrun (4-74) 19 determinad by 
the initial section of the eviput procegs., The wethed of finding the 
initial values of a process when the variable coeffielents are given 
gn the form of a power polynomial was shown 4n Chapter 2. If the in. 
itial sections of the graphs of variables scefficlents, indspermdently 
of the further ccurse of the graph, approximate the simplest functions 
«~~ straight linea or parabolas, then the initial values of the output 
precess can be fourd, For wheat follow: it is nece i ry to determine 
the volues of only two first initial derivatives nih (5) and xih,t 1) 
(6) not equal te sere, for which the above-indicated spprozinstion of 
ths soeffielents Always gives satisfactory accuracy. Accoriing to the 
calwijated values ov 1 and 1 + 1 of the derivatives a pracess of ths 
following type is formed: 


[ri yi! 


Xsaie it) ah axl Q) s “e yl leh (0) ee ij (4-S023 
and its spectrum is 
xO DO 
BRU tation om cree pare pig Wea bel 
init i (ia;!*! {jay Ll 


In fable 4-8 the real and imsginery spectra of the process are 
given fer various velues of B. | 


Tr a surfieiently high frequency fd, is selected, then at that 
frequency the spectrum of the entire output process will be close to 
the spectrum of the initial proeesss (4~-90b). 


‘B. Calevlation sf the Spectrum by the Frequency Sands 


I? we know the real and imaginary parts of the spectrum of the 
output process at a singls point &,, it is possible te plot them on 
the greph in Figure 4.33 of the real and imaginary eonstiiuents of 
the spestrum. In order to draw on the graphe not only a single point, 
but also some segnent of the unknown srectrum, Ist us s6ét a cortain 
interval of frequencies 24m, sufficiently narrow that ‘+ is possible 
to take into consideration changes of the spectraa in that interval 
jinearly. 


The linearity of the change prasuppeses gonstaney of steepness 

of tne graphs of the real and imaginary spectra, for convenience of 
| caleulation made from the region of high frequencies to the vegion of | 
: i 
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*Yacble 4.8 acum of the Process 
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Fig 4-33, Grapkie constructions in caioulation of the process 
in & system with variable paramtters by the msthod cf balance 
of the spectra. 


Ae the initdal equation in the region p let us adopt an equation 
with polynonial cosfficients, obtained from expression (3-26), if ite 
right side is reduced to a singls function: 


ti i ” 
1 seem etal han Lee ye 
, (Yay, ape [p'X (pi == 11 (p}. 
i= R= 


Tf we agsume fn this equatio 


X (p) == Ortock RT, 


ee ed 


’ 
‘ 
wa? 
ry 
rk 


gore 


‘ : 
‘substitete p = ja and cubatitce cn the oasis of (* 


eed 


“st 
i 


Xo je} = 


we pet the equation in the region of the spectra of the fom: 


iV Geis + U (Jah X (je) = 1 (feo). (4-92) 


“nere the ceeificients in the presence cof the spectrum and 5 } 
are combined into the general functions U( jas) and V5), determin-~ 
abla by formilas (3-23 b and s) during substitution of mos 4 


Ealsnee of the srectra at the freaneney & 1. For the fraquency 
tre stsepnss 


Thijas jp — © fap Y Yea 4 
ae ss oh ce os C4-R db 
‘ 4 


Osea IM (joo j 


, 


can be devernined from the previously known spectra of the cutpot 
orneess Kid a2} and from formula (unG2), 


If we know the stesgpness, it is posdisia eS taleulate tha cpee- 
trum ef the output p YOG0SS at anotner frequency @, = 
the formuia for the Sihhewe increment 


N Uo X tis.) + 240s). oe 


Thus on Pigute 4-33 can ba censtructad: the second points of the 
sesponents of the cutyzt spectrum Xfj6) } and the linear sections be- 
tween whe freausacles 4) and Gigs The balance 2t frequency O& per. 
te detersining in an analogous way the steepness on tha followiur 

section of frequencies, ote. 


Raiance of tne epectmun at the frequency @!,. The aconcacy of 
the calculations cen he inereased if tha equations of balance of the 
spectra 2 are solve? far the senter cf the frequency bands, Let the 

soy 


average crequercy esual @, in the last band. The spectrum at that 






Spemnei DkDORT | mut aan ce expreseed oy the steepnesa anc the 
nee RIVVORGUSLY to exprestion (4-y4}s 
Rate Paya ‘ aad cee 
Gabe ¥ Gan) +p Awd yy. > 
“i we substitute [9 =) tn aquation (4692), we nave: 
is ff ~~ & (fo w 
god LGwdX led ag | 
Rae Sa Oe avery it if[@,) fe ae {frag} i 
oa 





[ Usaally $ peer eae somewhat more exactiy the paranetere of the! 
unknown spe: Sag than S, Nt ceterrined by formule (493). 


The ealculation ig conducted further oy foruuiags (4094) and (4a>5) 
and stay oy step the graphs of the mmknown real ond imaginary spectra 
are crested, 


©, The Transition from the Real Steapasse to the Time Provesa 


In the preceding caloulations it was necsysary all the time to 
operates with complex steepness of the drop of the speetram S, but for 
transition te a regular process on the basis of an inverse Fourter 
teansform it is sufficient to know only the real steemmess So, We will 
use for the sonstruction ci the time precess the method ef partitioning 
the spectrum inte right triangles, one of the lege of which coincides 
with the axis of ordinaies (Figure 28a), The steepness of crop for 
each triansle, ov the partial steepness, is determined as the differ. 
ence cf eteepness in adjasant bands: 


Sf sf oe ai Shi 
S}= Si — Shi 

aio ee eat (4-8 
SRa- 8% — SF 3 | 

chee a Shar 4 


Gn the figure under consideration the first two partial trisngles 
have been constrected, which include the frequency bands 4, = afi and 
Wy = W>. At a base of each triangle ¢qual to @ and at a. partial 
steepness 3°, the height is 
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The partial precass for a trlangular srectram with the peraneters 
Ty wy is determined by (4-78), in which substitution of (* cs RAVES 
fo ft ™ 
ie niiaaey sin: ‘ 
ee lee ee 
¢ [tj = = Ag ; (4.904) 
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The tetel cutput process is equal to the guperpositioan of the 
| 2 De arta. processes: 
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The band width san be varisd in + for 
ewerple, where Loree Veluce of steepne 4 axpected in the solution 
dre bo closeness to gera of Vidaal, the hands must be ees dari 
inoragse of Vija}, that as, at pp vigesjf SSO, amall values of | Bale 

man be exngotad ard the band san be expanded, that is, the preeess of 
jdewlation san ne "selfeaadtugsting."” For auch Va riations, ig ies 
met be preiind % 
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Lbiry construction the frequency character 
¥(3G)i on a convlex te ue tia aupechCcaets vemplitade and 
namic g¢tide tan c@ used hare. 





the v+ leth band the steepness &), 4 8 de» 
s the celance of the spectra, but as the 
ths initiel precegses, givan in Table 
eee ani fourth solunns and 





Let ws ASSUME tna tabulac value of the steepress so be constant 


for the ape ime M+ teeth bard. Since the W+ jeth bene siarte at the 
fr pi ancy 4, it is not diffiewlt to detevaine where the line oi the 
assumed frequency, having paszed throught the point = W) , Re() 


ae re intersesty the axis of the frequencies. The point of ine 


Lersection gives the rrequency 62. ,, determinable by the formla 


Re (ea) 


vik raties of tne latter frequency GL, to the next to jast, 
~& ,; ate giver in tee Sen eo lum st’ ‘the sane table. 
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Galeulatioans by the rande of the spattra, which are broadiy ane 
plicable in Mae osiy Knew spectra. 15 much less lsbor-eenaaming 
iran muméticel intsgration direetiy according to the time cf the 
tresesses of an oseth Lata nt hee ‘eae the TAQ bands selected are 


bonad enougn. For the methed of osalance of the grectra the figure 
of ine spectrum da previcusiy unknown ard a polwgenal grapn of tue 


spectrum is 


me poorly inserted inte an actual snocth soectrur of 
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Fore 
ari unknown process, whieh foress the frequency bands to se contract. 
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2f the epectram at the end o 
is agsamed to re soual te 2ers, & 


lagsigned & width equal to 2d, the frequencies of ths breaks of the oF 


graph of the sosetrum obtains a single-tyms exprezaion: 
wo, = 2xd (4-98) 


and the total process ia determined by the compact formmia 
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462 sim nity: 
wt [tps nee y xt fe ai) : (4-99) 
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BD. Use of the Tables of h-Functions 


the methed of calevlation of a proceas by the tables cf n-funetions 
gan be applied to an already caleulated spuctrun, for exanmia, thet 
shown in Figure 4-33; for this, according to Table 4-6, an additional 
recalculation of the obtained spectrum, in the given case, the imagin.~ 
ary, oy the forma -wiIm(a>) is required, in order that sfterwards 
the novatie trapezoids can be separated on the basia of a piLeoewisea. . & 
linear approximation ard the partial prosessaes sought on a basis of 
then, 


But it is more ecuveniant to seek at onat, according to (4-87) the 
reduced frequency characteristic j xX at i5) as the solution of the 
initial operator equation (3-80). Lef us introduce into that equation 
the new argurent 4) , replace the derivatives according to the imsgin~ 
ery argument by the derivatives according to the real frequency 
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and, taking designation (4-87) into consideration, recompose equation 
(3-80); 
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If we assume in this equation (in view of the future . iecevises 
linear approximation) in the separate sections 
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Peed ase (4-108) 
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lwe once more obtein an scvation of the type of (4-92) in the new de- 
signations: 
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Vis (je Se i Ug (ja) ®, (jes) = 3) (/o). (4-106 <) 


Upon ebbtaining the complex coefficients Vac j 4) and Uz(jio) it is 
possible te be guided by the derivation of formla (3-23c), but in 
that case 14 is necessary additionally to take inte consideration re- 
duction of the exponent p to unity and the new conditions of differen 
tiation of the lower teras at i = 6: 
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Moreover, equation (4.1060) is solved analogcusly to (4-92). As 
a result the Spee sere, Will na obtained fron tha same eleuents as in 
Figure “a36, tmt they i521) be geaporents of tas reduced frequsacy char. 
acteristic. The real frequeney characterist wie is divided inte a mosaic 
of trapesoids, seach of whian, secerding t¢ tha tables of n-funstions. 
gives s partial ontout procasa. 


Sines all hefunetions have a constant ganstituent, Lh 13 natural 
te sesart to theses taeles only if the outmrt prossss has a noOnadamplrys 
gart. (ftan ib is cavacd oy a stepwise digturbance. 
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fanctions gine wt/ast Will give a satisfactory result when the pei 
Ls oaeil ae Geeping, for example reaction ee an inpuive 


co oat 


etl, Anaiytleal Caleutation and Medoling of Farawetri¢ 
Pyequency Characteristics of Sestens with Variable Parameters 


35 determine tho foreed reaction ef a systam desaribed by ths 
.te2 equation of connection (1-Sa) at an input action given in 


yeeliea fosmele (4-i5a) with turo initial phase 





ape ae (4-101a) 


For systema with constant coefficients ocuue reaction 18 found 
ty formmla (4150) by ualtiplication of X,, ft) by the timm.independent 
omplex transfer coafficlant, whieh is 2 Tunction of the fraquency. 
tn a systen with variable parasoters the co-factor W(t, Ja), nasidas 

the frequency, depends also on the time: 


Ke. (Oz= IY (t, Qj e/* (4-1015) 


and is called the psrametrie auplitude-phase characteristic of the 
system (PAPC). 


taba} if We substitate the values of (41Gie) and (4.101b) in equation 
%) 


is (ts D} W Ut, 72) oF! = bt, Dye! 
ani take into consideration the preperties of the derivative ef the 
exponential function (3-806), we get oy analogy with equation (3-96) 
a differential equation relative to the PAPC for the parameter t: 
2 [t, D +- jQ) W (f, 2) = o(¢, 72). (4-102a) 


If we expand the function a(t, D + jc) into a Tayler series, 
final fer the pelynomiai, by the powers of D: 
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and sunstitate the expension in (4-102), carrying all the derivatives 
to the risht side: 


& (t, jQ) 7 (t, 72) =~ 8 (¢, j2) — 
0a tt, iQ) ae 6" Gait, (2) 
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‘D"| W' (f, 7Q). 
(4102p) 
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budsephase akaracleristia SF dissaraing on 1 the right side all the dew 
rleativee in time: 
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“he socend acproximation ef the PAPC aquals W,(t,gsh) + wi(t, 2), 
reve Wit, jah) ig obtained oy sclution of (4-1026), waeeeeated ty 
deletion s sf the first tema on the ri ght gids (since the reaction ee it 
hat £2 ancy been obtained), during substitution in the remaining eons 
a s derivative of the first approximation instead of the pe Mes 
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The resulting paranetrio aeplitude-phase charagteristio tm meth 
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It oun resdiiv ce noted that the paranctric amplitude-phase Cnar~ 
acteristic can he cbtained frau tos parame’ tric oparater transfer Dunce 
tion of system (3~91) during transition from cha argutent & ic the 
iaacinary freaeency: 
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See jQ. ATA 
Just 26 in the SOr?T the complow argument cbteiz nad nes aasi gnations 
so in the PAPC the freguensy cotalne 2 new designation: 4h. The 
par Pane traavfas Sanction naturally can 5o used toth in fomaila 
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1 £3.91) and in the form of (5-Ste). 


During slow change of the variable coefficients the conditions of 
transfer of the harmonic actions are successfuly represented by a first 
approximation of tha PAPC (4.1G2e), and the process ef successive ap- 
proxivations ranidiy converges. 


B, Graphic-analytical Calculation of 4 Process at a Single Point 


tet us Mx in a parametric amplitude-phase characteristic ths 
ting at a given point t = 1, = constant and further, Sy using the pro- 
eeeity of the paranetric transfer funetion (3-836) and substituting 

: 4.2, wa can obtain a parametric spectrum of the output pracess: 


X alts {2) = W ut, 12).¥ G9). (4-164a) 


The transition from the spectrum to the process along the argu- 
ment & ia done by the methods considered above for ordinary spectra, 
by formless (4=20a) and (4.796); 


Xft, pe Re XU, 7 Q)cosQbuQ; (4-101) 
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Lylt = — = [Fan (ti) sinQbd2, (4-104c) 
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in which the time t is fixed in the stage of integration, ani can be 
varied after tha integration by analytical methods. But the trensi- 
tion to numerical methods of caleviation of the process by triangular 
or trapezoidal mosaic real characteristics and spectra requires the 
construction cf a graph in the region of the frequency fur the con- 
erete valus t, ani, consequently, during transition to the partial 
processes the valid ees in them will be only the paint pepo 
ing to the srgument @= Therefore, for example, during use 
of tha trianguler mosaics ona t Pies of the sine w/¥ functions for 
each triangle of height ry and frequency bandfl, fron Tabls 4-5 it is 
necessary to take for the qindigoiacsa action Mn = 0} ths argument 
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The sum of the tabular functions of type (4-76) gives the sought 
result: 
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Xf the seme input action is displacad by the value Ww  “yelative 
te the start cf change of parareters of the entouatia conte exstex, 
to chtain the reaction at the point ty frew Table 4eoS At 48 necogsary 
te select values for 


‘ty ‘vane 2, it, ore 6. ges} 


To obtain the vabie of the process at another poivut (4.) it is 
necsasary to reconstruct the figure cf the spectram Re Ky (tys Ja) 
since Lt hag the new value ef the marameter t, y te fom Bhs y the 
agprepriate mosaic, ete. 


C. Exosrimental taking of the Paranstrie Amplitude-~Frequeney 
Charaeteristie 


The szpérinent was canstracted on tha basis of representation of 
tne forotd reaetion of a component in the form of (4-101b) on the 
assumotion that the proper constituent mations on the outpat are 
rapiciy damped thanks to the prepertias of the tasted component it~ 
self, 


Tnaa test diagram requires: two examples of homogeneous test 
components, a pickup of sine and cosine osciilations of infralow 
frequency, two quadraters -. noneJiwar blocks whioh produce on the 
outont the squares of the input voltage, and a summirtor. 


A bloek dicgram of these glements ia shown 4n Figure 436, The 
yiokun of the khermonie oscilletions shifted by 4 can serva as a model 
of a magonanse compernnt, fermed in Figure 4-7 €n three amplifiers: 
\, cand 3. The oseiliations tekon from the outymt of amplifier 1 
eause a reaction in the first specinen of component x, ft, ae), whien 
wo ©LLL conventionally call "sine." The oseillations taken from the 
ovurat of anplifier Z sange a reaction in the second specimen of come 
ponent X(t, 4h), conventionally called ‘“cosine." 

At the unit bevel of the two input Asrmontos the "sine™ and “com 
sine" raaetions, after being raised to the squares snd guannated, give 
the square of the sougnt amplitude of the parametric amplitude-fra. 
qQueney sharsateristio: 


AB at pes XE et Q) - XA, 2). 4108) 


le 


renee 


— 
The ras ait 48 abtained in the ees of the Slew sia! aé (tf, » 
for a singie ¢Lxed freauensy Sh, Attar taking of the ogeiileg: nant 
the frequency ef the pickup ig Poconstructed and taken A“ it, > at 
another fraquency. Thus the neceasary number of points of the ‘parae 
metric amplitude-iraquency characteristic ia gathered in the given 
frequeney band. 


Seleation from tha set of graphs of the value of the amplitudes 
for a fixed t, gives the parametric auplitude-frequency characteristic 
Ait, Me) with fixed t, and variable 1% , which was used in the preced. 
ing formas of trans’ er of actions. 


Separate taking of an oscillogram of the eonstituents <, (+, .b) 
and of the input harmonies eJ4+* permite finding the phase anc later 
the entire parametric amplitude-phase characteristic W(t, ju). 


Heli, Distribution of Power in the Spectrum. Spectral Density 
i. ‘fhe Averrge Power of the Signal in Tine 


The average power in the interval 2? for any typa of signals will 
be its meay square value, determinable according to Figure 4-35a by tha 
rs . 
formula 
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Fig 4-35, Diagram of the experimental arrangement for saking 
the frequency characteristies of components Rith varisble para. 
metars. 1 - Initial amp? itude i 20 Pirst model of eoaponent: 
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3 + Guadrator; & = Second acdel of component. 
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serrent at 


sigtaneé ef 1 ohn. For Sigmats x ee physical 


mature the ta vower WLI be sed as a conventions] deaignation of 


dspendence (e107). 


Undex the axperimental comlitions the average power ean be mani. 
fested by a therms: ingtrament, the heating of which is proportional 
to the square of the surreni: y = *@, and the heat enlesion af whten 


48 proportional to the excess temperature 4°, 


The equation of the thermal equilibrium of the instrument ts 





CES 4. kt? = mig, (4-108) 
enere © tae heal sapacity of the Instranent, in wal /degres; 
rs the heal ee for coe ffisiant, dn calfider! (sect; 
DR, Lpe gewlar co-factor. taking inte consideration ¢he ial, 
Astango of the instrument 2 and tae ratte os twee om tant 
apne ana clectrie unite of pewer, onl / (age) (ae), 
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Fron this wa determine the weight function of the instrument: 
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and the conditions of obtaining the reading of power P(t} on the 
instrument : 
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if s considerable interval of time t D} T, bas passed after 
cece in of the instrument, the memory of es measuring system 
of the instrument does nat extend to tha previous history before 
4.6%, (with aseuracy to 1%), and the preceding foumula can ba write 
tain S55 
4iT t 
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The result gives the weirhtedemean power fer the interval 4.6, 
The difference between formulas (4.107) and (s-it1) is that the rir ge 
gives the ean power, whieh alse could be attained during the working 
of &n equiva aent physical component in a one widsd regime With a 
weight function of the type 
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w [f] = = BF [P [f)— U[t-- 27)f, 


shewn in Figuce 4.35h, and the second fornmia gives the voignted-mean 
power, In the same figure the exponential vaight function is con- 
peice for whieh the interval 2T = 4. 6Ty. Te equats both weight 

Puneticns in aveas, it is soufficlent te assumg the initia) ordinate 
ot the exponait 
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For deterninat? ton of the everags power (4.111) at the monent of 
tine 4 it da most coaventent tea make the reading of the argumant VT 
Guring integration, ag shown in Figure 5-350, that is, eyanetrd co Ly 
on botn @ides of the point of the process sorrespending te the morent 
ef tims +t. In that sase the function x(%) is eiven as 4 twoesided 
function of the argueant P, 
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2. Two~Sided Fourier Transformation 
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wtian fugetiong ts reguived fer the new ee 
the orgesas, 


Lat us desicnsto by XC jar) the twoegsidsd Fourie transformation 
of the proeezs x xf 4 ~) , dotafnined by the formmla 
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Upon substitution of infinite Limits of dstegration, division of 
the integral inte twe parts: 
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and substituriesn of the argasert - (> we on the Jeft side: 
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thec ga, ton twoesiced Fourier transformation X, is equal to the sum 
, ef the sided representation of the rignt nalf-pranch of tha fone- ; 
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For even functions of x(t) the representation Xo ($4) is real: 
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N,, feo) == 2Re X {ja} == 2 | x [uisosmtd: (4-114) 
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and for nnevan funstiona it contadinge only the imaginary part: 
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X,, (ja)e= [2 Im X (fo) = 72 j xfzjsites da (4-115) 
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We will uas further tre diagram of representation © of the process 
an the for: of even funetions. Formula (4-114) gives tne possibility 
of using septa of ordinary (ereasided) Fourier transformation for the 
twoosided Fourier transformation, by separating the doubled wea core 
atsLuent ros thom. 








The Fourier transfasmations of certain even functions ate given 
in Tacle 4-9, The inverse transformation is accemplisnad ny the fore 
reds: 
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3. Relay Theorem for the Energy of the Process 


we WIL procsed feom fermiia (4.107) te a deternination of the 
enerey of ine Precanss 


latous replaes one of the subintegramas by iis expression (4.116) 
the iwoesided spectrum: 
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In connection with the evenness of the modulus of the complex 


spectrum it can be written: 
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if the same derivation is repeated for tbe initial process, we 
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Fommlas (4-118) and (4-119) prove the squivelence of integra- 
tion in time cf the square of the sisnal and integration of ths 
square of the weculuc of the complex spectrux in frequency, which 
also vepresonte the contant of the Helay theorem. 


lat us determine now the elementary energy in the frequency band 
froa @) to G@) + day: 
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(chat is, the aquace cf the modulus of the complex spectrum character- | 
izes the inoraase by wt times in the steepness of growth of energy of 
the procese in frequenvy or the energetic density of the spectrum. 


Table 4-9 Foar Transformation of two-sided even functions _ 
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The energy of a process of infinite duration is finite oniy when 


the process is damped rapidly enough. 
the integrals (4.118) and (42119) do not converge. Non-damping pro- 
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Ptayses wast be emahyeed hy thede poner. We 6111 promed in formula 


(*), which arises from (4-117) to a determination of tas power: 
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tf we turn ta the initial furmala (4.117) or te the formela of 
the real instrument sessuring the powar (4-111), we can determine the 
walue of the interval 2T fer which, during ite furthe> inersese, the 
average porer will wary inconsiderably, and the neassring instrument, 
by varius of Midted resolution will nat pereetve the scale of this 
differsace. Then 4t is peaaitle to proceed to the liait in the right 
fics of farmia (**) without disturbing the value cf the left side: 
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then on the heats of the transformetions 
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we sot, tas dereity of yewer in the speatrun eP/ow er ~- when it is in- 


creased by JT times .- the spectral density. 


Awl ac the speeteal daneity 49 aqual to the ibait ef the ratio of 

a ete of the medelus of a tuowided semplex spectrum of 2 prasags 
Mag ated tc the Limiin + Tots the walae of the intervai during incinite 
Tease ef the intter. At the geme ties the spectral dengity 43 
navel ta the derivative, inarcased by YF times, of ihe power of the 
PTreewss in fvagneney, that is the density of newer af she spestinn. 
Fee a ooriodis peecess at frequencies 43,, short of tas fraguency of 
peye tition, the Lieit (4.1218) ja found at once fre the first period 
" 44 geeordance with (5.11%), 
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Tt fellows from formila (4-121a) that: 


1. 
GP ox = S (ea) den, (4-121b) 
' Gy baw 
AB ss: — { S (ee) dor. (4-1218) 
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S. Periadization of tne Process 


The mathemstieal apparatus drawn above with partial application 
of non-vonverging integrals and limiting trangitions is little suit. 
able for practical calculation of spectral density, 


For example, only & limited part of the established section of 
the procesa in the interval 0 - T preves te be at the cisrotai of an 
investigator, ag shown in Figure 4-35e, In that case, instead of the 
real process, it is more convenient to study a model of the proccess 
or its calculating disgram. A Suitable caleulating diagrar Lg he 
tained in an artificial periedization of the prowess. In it, aS shown 
in Figure 4-35¢, miitiple repetition of the sections of the process 
GO = T makes the process nonedamping at any duration, and the symet. 
rie weflection of the right halfetranch of the processes on the side of 
the negative arguments @ makes the process even. 


Further, if we replace limit (4-iZ1a) by the vatdio of the finite 
incraments in the sourse of tha first period, i% mamins to calculate 
the amplitudes of the cosine harmonice cf the Fourier series accerd- 
ing to Scxmulas anglogous to (44114), and to go over to the spactral 
dansity of an even process: 


Qari , : T 
Bale )cos ~g fa! i = re (4-123) 
. J 


"his Tormula permits calculating the series cf supporting points 
of the spectral density for frequenciss that on tae whole are k times 
greater than the frequency of the pericditation 


es 


Qy f° 
if the pecress is recorded on magnetic tape at the segment Oo - T 
and then it is pasted inte a ring, the artificis] periedized process 
obtains infinite duration and can be analyzed by measuring iastrumnents, 
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[bate The Effective Transaigsion Band : 
let thera be at she dispesal of the investigator w length section 
of an established provess, transformed into a law of chang of voltage 
in time. Let this voltage pass through a narrow-hand filter which has 
the amplitude-frequency characteristic Ag(a), shown in Figure 4.36. 


Tne awplitude spectimm cn the input of the filter will be desig- 
nated vy [ip (jw )f and on the output of the filter 
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Fig 4-36, hevermination of the effective transmission band in 


a narrow-band filter and im a component with a semi-infinite 
anplitude-frequency characteristic, 


14t us determine che ratic between the spectral densities on tno 
outprt Sy and input S, of the filter oy using formas (4e124% and 
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Bees witty t0 = 


let ng use formila (ee t2ie) for determination cf the power on the | 
ovtint of tne filter 
c ty, -Aw 


ae j AY (ea) 5, (0) dese 
w, 


at the narrow band fu) * W, « Wy the spostral denaity in the 
zone of dntegration can be assumed te bé unchanged and equal to its 
falve in the senter of the band tf), + &), 
Ne i alae oa pie lear SN, 
2 
© a [ty tO ; 
S$, (0) - St > ? == S, (65), 
x ra 


which sisplifies the integration 


S fey) wt fb 
.? '@ 
‘Fy seen = \ Age) ues, : eS 
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whence 
maP,, 
S , (We) = Say ar tee (4-124a) 
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The integration in frequency can be made approximately as tha 
Galeulation of the ares of one of the equivalent ractangies shown in 
Figure 4-36, where the following can serve as a basis: 


The actual bagd of the filter Aw at the square of the mean 
square amplitude Mas? 

The recalquieted band of the filter Aa, corresnonding to the ¢ 
Bquere of the maximal amplitude Agi 


The effective trangnission band of the filter bw, + corresponding 
to the unit amplitude AT = 1. 


All the rectangles, naturally, nave identical area: ’ 
arise 
S418 me MWAR gy = AOyALe | AG (2) dew. (1246) 
bed } 
Further, we will preferably use the effective transmission band, 
with the dntredustion of which forma (4-124a) aseumes the form: 
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ii we have culceulated the Al tor tne filter and measured with | 


casein, 


f] : a : - Siar: 
en dngteument on the filser cutrut che pawer in the band GP,,. Lt ig 
poesivie to determine the epaotral density of the inpit preebes at a 


oe 
eineie point by the cbtaiced formula on tha basis of the experiment: 
3, (wo): 


iv wo reconstruct the filter at the new band @. oe co] by ant 


toe 
reper method we find the spectral dansity for tho ¢ Liowing p ORS 
f, + 
nntaare connie ani time we construct the complete graph of tha spectral 
et 


* ah way o gs + 
deatitw of the input proeeas, 


KLL the eteremants made aneve have been fer detensinad psosessea 

which have concrete Fourier trantforwations. Pat Suc a taramater 
the prodass as the power dersity, agpecially if it ia determined 

er tallz, 13 insensitive to changes rape ase ot tne harnanie 

2 hs of She yeveds& and little send. tive bo yartial chengeas 

: wlatade, LP the Average % value remaica constant. Therefore the 

estimation of ns propercias of processes by the spectral density 

Will te used extensively later on (see Chacter 1¢) for randow pro- 

esesen of a definite class, 





The sifective trangmisgicn pand gervet as 2 suitabia estimate 
not only of the oropertias of narreweband filuars but alse of ordinary 
cenconents and contra, systeng. In that case the amplitide-frecuency 
Meese sties of the conponentesystem , WC4ico), have tha ordinary 
form, delag 6xtenied to a sganieinfinits region of frecqneasies, as 
grown in Figure 4.265. The Linite ef iniegvation are onrrespondingly 
extended in forma (4.12%); 


Aw, \ IW fe}? dee, (4-125) 
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cane the OFT of ee ecoaponent-cysiem serves a8 & rapresantation 
AES : the wadsht fonetion, formula (4-119) 
jbed by the effestive transpission bend: 
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Soe anaiviies) calealation of the effective transmisgion band 


lea 


| agsording to the given OF in the form of & rational Mnetion 
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ami the method stated in Section 1.14, 


In tos table presentac helow are the valuss ef the effective 
transmission band fer autematie cantrol systems which have an order 
of the OFT not graoter than the fourth, oxprassed by normalized co- 
effieionts of the OFT, and likewise for components of not higher than 
the seoond order, expressed by the technical rerameters of the compon- 
ents. Part of the solutions have been borrowed from tha examples of 
Chepters 2 and 3, and for the calculation of the last two lines use 
was made of formula (4-127), on the bagis of which the table can be 
extended 28 needed, 


Fox an OFT of a higher onder it ds possible to somtinue the cal- 
culations ny the sas fommia or to utilizes the prepared table of 
Phillips and Macidin (Introduction f3]). compiled at other cesiena. 
tions cf the OFT eceffiaisnts end om the basis of metnads ef iateprae 
tion in a somplex plane. An account cf asaitional mathods which doe 
net hava a structural direction can be Zound in the works of P 7 
Bulgakov /47, AA Keasovskiy [57,4 A Feltatsur (67, 1 D Neda rev 
c7Z/ and other authors. 


If the effective transmission band is expressed in eycle. per 
sacond, then from (4-126) we have 


dw J 
ayy = aoe =a fy. (4-128) 


ws will present without derivation one mors femmula obtained by | 
dae : i 
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us fer oalouiation of the effective trangmtostion banda by the OFT («)7 


With novenornalizes coafficisnts atm €n - i and digpocition of all 
the hands in the left ear 
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AO: (6 70st oldcos0 a. (4.129) 
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a 
ge 2. A structural diagram takes inte consideration tha linaarized | 
mathematical connections cetween the mathematical equivalents of the 

elements --. the components which are determinabio by differential 
equations with constant ceefficients. The conditions of transmission 
of signais by the components have an algebraic deseription in the 
region of representations of time processes that have been subjected 
te Laplace or Fourier transformation. 


3. A structural representation extends the application of the 
Structural diagrams toe Linear systems with variable parameters, while 
reteining the notation of the conditions of transmission and transfor~ 
mation of signals in the region of time, using the principle of al- 
gebraization of differential equations. 


%. The sdjustment circuit of an electronic model is an instro- 
mental realization of the mathematical dependences estzblished in the 
initial equations of the control system or in its structural represen. 
tation, degenerating inte a structural diagram for the case of cone 
stant coefficients. 


The most complex and important problem is the synthesis of the 
structure sf components and of a control system as a whole, 


In connection with separate components, structural methods reveal 
the internal structure of each component, which promotes a very clear 
understanding of the essence of the processes ooourring in the compon- 
ents snd permits a proper approach to improvement of the cnaracteris. 
tics of a component by the superposition of additional extsrnal con- 
nections which amplify the useful connections that exist within the 
component itself or that neutralise the action of undesirable connec- 
tions, 


With respect to the system as a whole, structural methods permit 
establishing the rationality of the structure of the system from the 
peint of view of solution of the principal problem laid upon it and 
of compensation for the disturbances acting upon the system. 


Academician BN Petrov Yi worked on the creation of a special 
algebra of structural analysis and synthesis. The slements of struc- 
tural methods in connection with problems of stability were worked up 
by A M Mikhaylov (see Chapter 1 Aj) and were shown in very clear 
form by D I Mar'yanovekiy [2]. A singular interpretation of the pro- 
blems of structural analysis was given in the work of I I Gal'perin 
[3], and a number of new designations, terms and theorems on the 
Plane of general theory were advanced. 


In Chapter 1 of this book the principal forms cf connections 
ware examined and formulas were given for the contraction of single 
Hl (Figure 1~14) and multiple (Figures 1-1 and 1-2) circuits with a | 


tthe nee , 
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leingle inpet arm cutput withont cross comactions. On the basis of ~ | 

“the gccerel princinies of Chapter 1, and also by uaing rational oper- | 
ator und traquener methods, ve will proesed to a furtner developrent 
of atcuoteral methods, 


B. Multi-Cireuit Matehing-Parallel Diagrams 


At the beginning let us examine circuits without oress connes- 
bode a ealeulation of which will be made in Sections 5-4, 565 and 
5<66 


In Mgure 5-ta a throe-clroult matching-parallel diagram is shown. 
It ean be contrasted into a single complex component, that is, all the 
equations of the components exn be reduced to a single equation of the 
eireuit by suecessive use of formas for s matching-jeraliel oirouit 
with the internal cireuit 1, then of formulas of cascace connection 
for the direct path of elreuit 2, again of formlas sf matching-para- 
Llel connaction for the same cirovit and analogously i‘or cirouit 3, 
All these partial transformations are carried out for com nts with 
variable parameters by formulas (1297), (1-99) and (1-101) and for com- 
ponents with constant parameters by the formulas of Chapter 3. Let us 
give the general formula in operator notation: 


W (p) = B,(p)+ /7, (0) {8 (2) + 
-}- 17, (p){B, (2) + 71 (py) Ty) (2)} 7 yy (2). (5-1) 


In the diagrém a mmeration of the circuits and components iz 
used that is in agreement with the order of the transformations during 
the contraction. If we zemovs the parentheses in (5-1), it is poesi- 
ble te reduce 4t te the sum of four terms, and the clirouit to four 
independent perrilel branches, 


The formul: and diagram are valid far the smplitude-phase char- 
acteristics of e-mponents during substitution of p = J@, and likewise 
fer pirametric cperator transfer functions and paramstric ampli tade- 
phase characteristics, The transition to 4 metching-parallel cireuit 
in a numbar of cases is applied in the oaloulation of tho amplitade- 
phise characteristic according to complex operator polynomials. 


Thus, for example, the rolynomial 


R(p)=a,p’ +a, pp '+a, poet 
.-4-@,p* 4-4,P-+a, 


_ ean correspond tc the general transfer funetion of the system or to | 


ee 
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Fig 5-1. Contraction of cireuits withovt eross connections. 


in & munber cf cases it 1s necessary to calovlats frequency char- 
acteristics equivalent to that transfer function; then if it is desired 
to use modeis it is nacessery to facter the polynomial by transfe~ funce & 
tions cf net higher thar the second order, for which models were con- 
structec earlier. Such a factoring is obtained in the grouping of ad- 
jJacent terms of the polynomial by threes and the removal from brackets 
of the lowest power for each group of terns: 


N-=2 a, a, t ‘ Rie 
R(p)=a,_,p Gel oe eer 


EE ee ee eee 


+a, (Hott 3 p+). 


The structural circuit corresponding to this factoring is shown 
in Figure 5-1b. 


(hme . 


ew 


; 

| Now for the construction of the general frequancy characteristic 
iv is sufficient te nave medels for each trinomial of the type tT p* + 
+ 2¥tp + 1 or Zor tha binomial To + 1, to inoresen the moduli of the 

lowarithmic ampli tude.frequency characteristic and chase in accordance 

with the factors a p’, and then successivsly for each trinemial and 

tae sum of the precading trinomiais to apply the nomegzram 1 + lj) 
(Figuré 4228) or the P, Qenomograa. 


The transition ta a Wiel atic cirauit was used in Chapter 
3 (Figure 3.7) te illustrate the role of the poles of the OFT. Such a 
mateching«~paralisl] circuit is equivalent to 6s cascade circuit obtainad 
in summation of the elements of Figura 347, which, upon reduction of 
the fractions ta ine common denominator, forms the latter in the form 


of the derivative of the élementary factors, chiractearigtic for « 
easoade sireutt. 


Cc. The MultseCirenit Antiparcliel Diagram 


The contraction of Chlravit Ste sheuld be dome by starting from 
tne iwternal feedback cirevit, subsequently applying the formules of 
Chapar i fer variable or constant coefficients. In the operator form 
of notation the genaral OFT of the circuit is most siaply obtained on 
the basis of inversion of the elrevit. Actually, the inverse OFT is 
eanal to: 
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It ws raduce the right side to the commen dencnimator, we tind 
the dirset CFT: 
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wa dasisnate the reeduet. of the OF T's of all the conporenig 
Sec open Beat by tre general nperrtors: 
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(see nexi pags) 
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Cyipy> Hy (py fT (ps | 
Ci (p) = Hyp) 17, (p) Tp) IT (P); (5-25) | 
Cy tp) == Hyp) 17, (pj IT, (p) 7, (b) HT (p) Ty (ps | 
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we get: 


TT, (py, (py iT yy (2) Mp, (p) 





we es 1—C,(p)—C.(p)— Ca (p) ‘ 
(S-2c) 
For the case of all negative feedbacks 
1 iT IT 
W_ (p) = {7 , (Pp) [7 (p) [Ty (P) 3p) ui (P) (5-2¢) 
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fact 
If we generalizs the result on any number cf circuits, we formu- 
late the rule: the general OFT of a multi-circuit diagram with nega- 
tive nonecross feedbacks is equal to the OFT of a direct channel di- 
vided by unity plus the sum of the OFT's of all the open circuits. 
The partial case for a single circuit antiparallel diagram 
IT (p) ra 
? eo ot Bed 5-2¢ 
WTEC) eco 
has already been discussed for the algebraized differential polynomial 
(1-78) and for the amplitude-phase characteristic (4-49). 


5-2. Change of the Characteristics of Components by Additional 
Connections 


A. An Aperiodic Component Spanned by a Feedback 


1, Proportional Negative Feedback 


If the feedback does not contain the operator components 


ex H (pp= =k 


H? 


— BE 


barat: : coer) 
| 
’ Li is salled a proportional pogitive or negative feedback, : 


An aperiodic comporant with thea Ort 


spanned by @ proportional negative feedback, forms the cireuwlt with 
the conplete OFf 
k . 
Wan 0) = eee * 


18% us divide the mumretor and denominator of tne fraction by 
iwk eK ,and designate 


noe Deak 
TERR, | cee) 
Rq 
ky t4- kobe : (5-3) 


Then we will obtain a new eperiodde component with the ort 


, Re = 9. 
VW (9) = ree (5-3c) 


with an equivalent amplificstion factor k, and an equivalent tine con- 
stant Tye The regative proportional feadback doas net ¢hange ihe 
structure of the sperindio component, but it deereaseas the erplifica- 
tion factor aro increase the quick operation ty reducing the tine 
constant, 


2. FPronortions] Positive Feedback 
Let us define the total OFT of the cirenit: 
k, 


iu 


tl ra a. a ee fms 
WD) Tp+i—ke, ve 


As is evident fron the cbhtained formmla, the feedback coefficient 
hes an effest on the sian cf the free term of the denominator 4, = i - 
~ i,k. Let ue comeider the three possible cases of the ratio of tne 
. valucS 1 and kk, , whieh we will distinguish according to the degree 
| of soapensatdon of the escond tern (+ k,k,) and of the first, unity, | 


eed 
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Yacouplete compensation. When the compensation is incemplete, | 
that is, at kak,“ 1, the structure of the component does not change; 
it remains 2 stable aperiedice component, but its amplification factor 
is increased: 


1 k 
i . i kk, ( 
with simultaneous inerease in the time constant: 


| Tf Ab 
| Tea TIER oe) 


thet is, with increase of the rapid action. 


Overcompensation. In the presences of overcompensation k,k, >1 
and for preservation of the positive sign in the parameters T, Ke 
of the component during transformation of the transfer funetion (**) 
the nunerator and denominator of the fraction must be divided by the 
difference kk, - 1. Then we get the transfer function of the over- 
compensated conponent 

k’. 
H a 
| aot een 5a 
| Faas (5-5a) 


With equivalent time constant and amplification factor 


| Tr 
T= a =T! (5-5b) 
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| PS a Maa 
oe k= Regt’ (5-5¢) 


An overcompensated component, as is evident from the formas, 
is a quasi-static first-order component. 


Cemplete compensation. Complete compensation is observed in the 
fulfilment of the precise equality k ky, = 1. In that case the trans- 
fer function (**) assumes the form: " 


Vv. (p) = + 5 (5-6) 


that is, the aperiodic component in the presence of complete conpen- 
sation by the positive feedback becomes an integrating component. 


All the examined transformations become especially clear if the 
| aperiod stable component is considered not as a primary element, but | 


nae 


pas 
ot a cirentt conteiniee an integrating component k, /Tp, spanned by 
hg “p! Opa onal negetiwe foedmack Tig . Then in! ‘the examples core 
s\derad a Supplementary oxtemal connection k, 49 cupsrpoxed on the 

existing internal connection k, . = t/kq , a8 shown in Figures 52a. 

Mependiag on its value, one iagdhe or another of compensation is ote 
served. 
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a. Flexible Feedbasi 

if we investigate tne case of spanning of an apericdic component 
py 9 feednack on a derivative, cailed a fMexible feedback, it 4s cone 
veniert to prasesnt the aperiodic component in the form of a eireuit 
consisting of an amplifying soapensnt spanned oy an internal negative 
feadoaok on the derivative (Ty/kq)Ps 88 as shown in Figure 5=2b. 
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Figura °-42, Internal structure cf an aperiodic 
cenponent. 


IZ we Superinpose the flexible external feeaback i” op in parallel 
nip Ras dutermal, WE ERs 
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Tn the presence of a negative Plesitie feadoask the comsonent 
yams ins oper odia with en inoreaged tine constant 
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PS In the presence of a positive feecback the properties of the come! 


ponent depend on the degree of compensation, defined by the difference 
Tg = Ty = K,T2° 

Incomplete compensation, Lay < Ty leads to increase in the 
rapid action of the component. 


Complate compensation kT, = T, converts the aperiodic component 
into an amplifying component. 


Overcompensation Kat >T, makes the component quasi-static (for 
the last two cases it £ Recesdary to take into consideration addit- 
ional small time constants -» see Seotion (). 


Negative feedback on the integral. Spanning of an aperiodic com. 
ponent by a feedback with the transfer function ~ (k,/p) leads to the 
OFT of a real differentiating component 

knP 


W (p) = pitpEntigh; ’ (5-8) 


the paramsters of which depend on the character of the poles. 


B. An Operator Feedbaok at a Large Amplificatioa 
Factor of the Direct Channel 


Let the apériodic component be spanned by a complex negative feed. 
back 


k,, 
W co P= spre aap ET 


Then the general OFT of the cireult is reduced to the fora: 


WP) 
Tr 
Ra 
= Tee 


On oe ey SR 
— ee ee 


Rak, 
+ p+ Cp E Biep +1) 


W (p)= 


let us now direct the amplification factor of the direct shannei 
toward infinity: k, =<» a; then unity in the denominator can be ne- 
glected and the general OFT is sizplified: 


ne | | 
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(9-9) 

And So the general OFT of an antiparalle] cireuit with a large 
ammlification factor of the direct chanel is roughly equal to tue 
inverse OFT of a cireuit with a negative feedback. In the example 
considered a second-order beosting componant tas obtained fram the 
oscillating component by the mathod of cirouit inversion. Ey an an- 
alegous method the differentiating and others san be ebtained fron 
the interzrating component. 


Cc. Extension of the Obteined Results to Other Components, 
Tae Technigus af Superposition of Conzaations. 


When the amplifying componeat k,, 15 spanned by feedbacks tha 
CFP of the elrouit can be obtained from analogous formulas fer an 
aperiodic coaponsnt, ty directing the time constant T toward tare. 


Tras, secording to (5<3e) for the cate of a negative feedback 
wa pet freon (*) 


The sxac tesult can be shvained directly algo oy formule (S28), 
out for the case of positive ¢oedback the use of formla (52a) 44% 
possible ently for the case of under-compensstian 


eee aes 
Chk <i. 
Which gives: 
ko == *y ae 3-106} 
SNe ote i )) 


for the case ef overscomponsation, formala (5—5a) 1a retainad: 


+ 1 . ioe | 
& (=> 3s (5-10) 
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ideration whan the pasitive connsetions are weak, ont 
fest ac by deen ne conections, since in taat 
¥ : Donen’ is pet in unusual conditions -- transi- 
Bins lars arolifieation factor ana correspends | 








| ing jump of the output value in the presence of a limited controlling | 
signal. 





Fie 583, Amplifying components spanned by a feedback. 


Tr. Fivare 5-3 examples are given of the superposition of feed. 
backs on some amplifying oormponents. In the planetary tranamission 
a tho pcsitive feedback 1s zttained through gears 1 - 2, 3 = 4 am 
a differentials the approximation of the transfer coefficient i = 

iygi-:, to unity, facies to formla (5-19), unlimitedly ine 
Baales tne transfer musber Xen » but since the inoment of resise 
tance brovent os the input sha‘ oup!? TAR ence at whe sane time, thes, 
Starting at a certain mowen: ine transmission is wedged. Thea valus 
of ihe alps As manivested in the inversion of the planetary trans- 
mission, when the invarse transfer number can be soalized without 
wedrting 25 small as desired. 


For electric amplifiers the superposition of feedbacks is shown 
in diagrams b, ¢ and dad. An exact realization of formulas (5etGa! or 
(5a5\ 4s observed only on the linear section of the characteristic 
of tne amplifier until the signal falis in the zone cf saturation, 


é, Tne Iategrating Component 


Tne integrating component can also be Reece sears as un aperloe 
dic samponent, tha internal feedback 1/k, = 0 of werden was taken) 


—! 


a 


—— ———_——>—_- 


Ga : a 

l as chown La Figure §-ca. The superposition of the new extemal con : 
nections ky, returns the integrating component k ,/p inte the old 
stats by forming, depending on the sign of the conneotion, aw first~ 
order aperiodic component or a quasi-static component 


ky l 


ee, ape aoe ey 
WO) =a ae ee 
ee Gis e 
where aes 
eo k_jhy; ~\-=T; (5-11b) 
a 
W , (p) == : (5-11c¢) 
ae pe 


In Simure 5-4 are oxamples of the superposition of feedbacks on 
integrating components of various types. 2 originsliy turning of the 
Ivietion ssrew a displaved its roller fram the center of the dise and 
caused Lirited rotation, switching in of voltage on the brush of the 
motor b caused its rotation at a constan: speed and ths displacement 
of its valves determined the rate of movauent of the pistons, then 
after the imposition of negative feedbacks on the angle across the 
mechanical differential, on tne voltage through the feedback potentic- 
meter, upon travel through ths arm connestions of the first and second 
typo, the components become static-aperlodic. In fact, on the feedback 
lines the increasing output value is subtracted from the controlling 
Sienal until the difference ts reduced to z¢re or to such @ enall un. 
valance that tie diaplacemant on the output ceares, tnet igs, the con- 
stant proporticnal cutput veiue corresponds to a cenetart controlling 
Signzl. 


All the e«xcawinad elreuits in the presence of negative feedback 
have structure e. 

3. The Oseillating Component 

The general conclusions cheeked on an aperiodiu component are: 


Increase in vapid action and redustion of amplification in tho 
presence of nagative external feednacks; 


Reduction of rap}d action and increase in amplification in vhe 
presence of positive fesdbacks in the case of under-compensation: 


' 
eee i 
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Transition to a quasi-static vegue in the presence of overcom= | 
pensation of a positive conection; 


Increase in rapid action in the presence of a positive connection 
on the first derivative. 


These are alse preserved for an csciliating component, as well 
as for many more complex components and control systens. 


It 49 convenient to make a dstailed analysis of the changes in 
the properties of a component for the case of rigid comwotions by the 
baild-up of a cirenit of the type in Figure 1-2, and for flexible con- 
nections hy inerease of the eoeffielente in the circuit in Figure 1-6, 
The new values of the parameters of the component thus obtained give 
exhaustive data cn the properties of a casponent (see Section 3-13). 





Fig 5-4. The scope of typical integrating feedback components. 


DB. The Transformation of a Structural Cireuit for 
an Established Regine 


If the constant input disturbance on the output of a systen cor- 
{ responds also tea censtant eutput signal, its determination is made 


a 





[according to the Limiting value of the transfer funotion a 


W (0) == (P) pa. (4) 


Thus, after proof of the possibility of use of the liniting 
transition (*) [see the comments to (3-52), (3-53) and, in more detail, 
Chapter 117 in the structural cirevit it is sufficient to asanme p = 0 
in tha transfer functions of all the components; by the same token the 
form of all the transfer functions is assentially simplified, and a 
number of branches of the structural circuit which contain transfer 
functions with zeros at the start of the coordinates (oontaining dif- 
ferential comporsnts), are simply eliminated from the circuit. 


_ It 4s mecessery to transform somewhat more caretully the sections 
of cirsuits which contain transfer functions with tero poles. Here the 
extablighed regime is pessibls only when there is inelusion of similar 


components with negative feedbacks which form atabl- circuits (see 
Chapter 11). 


If a component with a zero pole is in a direct ofreult of a air. 
cuit with negative feedback, a8 shown in Figure 5-5e, substitution of 
p = 0 is equivalent to an infinite ampii ‘ication factor of the cireait 
and on the basis of (5-9) we obtain the zeneral transfer function 





cake 
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Fig 5-5. ‘Transformation ef a structural cirevit for an 
established regime. 
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ace : we 
W. (vp) == Wy (2) W, (p). (5-13) 


For the feedback circuit (w,, #0) in the same figure, the saleula- 
tion of the function of the influence ia done for given points of the 
input and output according to the general formila (52a), where the 
comporants disposed petween the point of introduction of the distur. 
bance and the point at which the reaction is investigated are consid. 
ered the components of a direct cireuit, aid the remaining components 
fall into the feedback. 





Pig %6. Ruie of caleulation cf the conditions of transfer 
of disturbances. i 


In the designations of cireuit b the funeticn of the effect upon 





disturbance is 
: é 
© (p) = — VW) 
in (P). 1— W, (Pp) W, (2) W 3 (P) We (P) 


— Vale) Ws (P) 5-14 
T= Cipy * CY 


it is possivie to vary the calculation somewhat: by determining 
at the beginning the product of all the transfer functions of the 


, 
q 
open loop 
Eo ad 7 
then finding the transfer function from the given external disturbance 


Y. to reaction on the line of the input x, _, but after ths summator, 
that i3, in a clesed cireuit, called the transfer function ef the input; 
Xin (p) 1 i 
Y;(p) i —C(p)’ 


(2) == 9. (p) = (5- 15a) 


| for transition from reaction on the line of input of the disturbance 
! : 


‘ 
———— ~—! 


Fed 
? 


i x, to ae since ths closed state of the system is already taken into 
cénsidePation, it now 129 sufficient to use formula (5-13): 


x, (p) = Wi. (p) Xie (p). (5-150, 


For a better representation of the concept "direct channel" at 
arbitrary points of application of the disturbance and determination 
of the reaction from it, it is useful to present the system in the 
form of cireuit 5-6. In thie line of input, the disturbance and 
reaction are transferred to the ueual placse on the left and right, 
and the sumator for the input of the useful signal is excluded from 
censideration. 


For solution of the problem: of control and compensation for the 
digturpanoes the atructure of the automatic combrol system is fomced 


on the baedis of definite prineiples. We will proceed to a considers- 
tion of chem, 


2. The Prinedple of Control of Deviation 


In Figure 5«?7a is shown a structural cirouit of a system of con- 
trol of cisviation, based on utilisation of the principle of inclusion 
of a direct channel of proportional feedback. For the simplest case, 
unere the transfer coefficient in the feedback cireuit equals - 1, 
the trinsfsr funetion of the entire system is 


W (p) 


if we now examine the very simple case of application of distur:. 
bance on tre output of the circuit, but within the feedback loop, the 
function of the influence 1s determined as 


l ; 

© .(p)= +WO)* (5-166, 
it can readily be seen that at a large amplification factor cf 
the direct channel (W => 00) the influence of the disturbance on the 
deviation of the output value can be reduced to desired limits, but 
in prineiple the process of control proceeds under the influence cf 


the deviation of the controlled value that arises from the astion cf 
the disturbance, 


For established regimes, if W (0) =k, then 


| ®O=745 ae (5-17a) 
‘ae ; 
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The right side of this formila can be expanded into the series: 
} \~1 j ? t 
Bah are ane 
| (5-174) 
At an infinitely large amplification factor . — 0, we get in the 
Lamit: 


| Him (0) = ©, O)==1. (5-17c) 


Ata large, but findis amplification factor, the relative devisa- 
tion of the static transfer ccoffielent is readily calculated from the 
saries (5-17b}, Jiniting with respect to the first two terms, 

O0)— 0) ot 
ape a ca 
that is, the circuit is little sensitave to osclallations of the ampit- 
fication feetor of the direct channel, cnly if it were to remain iarge. 


(5-17d) 


2. The Principle of Control of Disturbance 


According te thie principle it is necessary to measure, not ihe 
deviation, tut the cause of it, that is, he d4sturbance, and on the 
basis of the maasured disturbance to work out the compensating signal, 
adding it at various points cf the structurai circuit, 
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rooe?, Coveutes for compensseion ef disturbances, 
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in Fig-ra 5«7b am shown the cireuit for input ef disturbances - 
through the transfer funetion B(p) and the compensating cirdutts: on 
the line of the input of disturtance, in frent along the ecurss of 
the signal from the point of input of disturbance, and behind, counter 
to the course of the signal. The transfer functions of the coenpoenss- 
ting oirevits equal JU(p), B(p) and H(p) respectively. 


The conditions of complete compensation of the action of disture 
bance are expreseed by the following formas: 


JT (p) == —~ D(p); (5-182)| 
B(p)=—Dip)D,(p); (6-185) 
Il, (p) 1 (p) == — Diy). (5-18c): 


She method requires measurement of eash disturbance, the fora~ 
tion of a seperate cireuit for it, compensation and observance cof 
Stability of the compensating elements, due to whieh it yields tc the 
first method and in the pure form finds very narrow practical 2ppii- 
cation. 


4, The Principle cf Compensation of Disturbance by 
Internal Negative Feedbaeks 


Lat us assum that the disturbances, as show in Figure £70, 
acts through the input transfer function D(p). If there are no come 
punsating consections (-H and -K), the disturbance brings about on 
ths output the reaction 


4,X_(2) == D(p) U, (p) ¥ (2). (*) 


Tf we introduce the propcertional negative feedback -K on an are 
bitrary seeticn of the circuit, provided the conection includes the 
somponsnt with disturbance, we get 2 new value of the deviation on 
the output; 


D(p)Tl, (Pp) + 
A,X (p) = PREY (ep) (*) 


where C(p) = kt (p)22, Cp). 


If the amplification factor is increased on the local circuit 
Cp), the absolute error A,X of (**) can be made considerably smaller 
than #.X of (€), But since“the introduction of the clrouit of cannec- 
tion converts tie original transfer function of the useful signal 
| IZ, (p)IIy(p) into the new OFT, II, (p)II,(p)/1 + C(p), likewise reduced 


oo 


= 395 


je a 

| by 1 + S{p), the relative imerezce in the level of the usefri -eac~ 
tion on the background of reastion from disturbance is not attained, 
since 


i en SL 
AXP) Sedge) = Dp) V (py * 


Therefore, if a feedback 1s introduced which reduces the reac~ 
tion from disturpance and the useful signal, it is necessary at the 
sane time to increase the scale of the input signal. 


5. Combination of the Principles of Control of Deviation 
and Disturbance 


favorable resvits are attoined in tha combinaiion of parallel 
sonpensating oirewite with negative feadback elrouits which includs 
@ the roint of epplication of disturbance, 


if the parellel compansating line -H 4s added in cirouit 5-7¢, 
@ sonbivation ef the methed of control of cisturbancs sith a lecal 
faedgauk ie cotatinad. 


if a vecpense* tom for disturbanea is introduced iato ofrendt 
ho' st, «NOM the faatbrok dsterminas the baeic properties ef ibe auto- 
mais contro). sye cea, the witheds of control of deviation and of tLe. 
Surcanee ave combined. Thus doninating disturbence ugually is eline 
inased, which facilitates tre cperation of the principal clesed 
autenatic centrol system and increases its acourecy. 


6. The Principle of Compensation for Disturbenca in a Closad 
Sveten by Invcotucticn o” *- Parvalelh Connection 


In e4rouit 52%d, “athout the perallel conneetion B, the Fund 
@ tion of the Anfi-vcsce of disturbance is: 
n nh 
. bt getecde Jiabao eo) ee eae ese Ay 
Deen atk 6 tee ) 


If the pareilsl cannsetion F is superimposed, we get th new 
funevion of the influence: 
®, (9) == ee Lec yee ens Ped (ry 
101 == fF 4C eB TC, 4 C, ‘ 
The ratio of the new fonction of the influence te the eit ia do. 


-aained as 
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i By increasing B this ratio can be reduced to the necessary value. 
It can readily be noted that the desired result 42: once more ied 


here by the presence of the main negative feedback. The 2. 
commetion only increased the general effect of amplification of the 
eireait. Its place of application ean be changed; for example, if 
connection B ia applied directly before and after the point ef intro- 
duction of the disturbance, we get C, = KBII, It,» 


7. ‘The Principle of Combined Control of Open and Closed dycles 


Control of a closed cyole (ef deviation) with supplementary in- 
troduction of a transformed duput signal into the closed system is 
oalied combined control. 


Let us determine the OFT of cireait 57s on the basis of the prin- 
ciple of superposition: 


__ Wy (p) Walp) K (py (p) _ ’ | A 
P()=itrW.n tity, win: (208) 
If the condition 
K(p) W,(p)=1, (5-208, | 
is provided, the result 
P(p) = 1, (5-20¢, 


is attained, that is, undisturbed transfer of the input with large 
rapic action is provided, since the feedback circuit in this transfer 
is not affected and is sed only for the suppression of disturbance. 


8. The Principle of Ramoval cf the Influence of Disturbances @ 
by Periodic Alignments (Automatic "Zeroing”) 


Tho method is based on the inclusion in a section of the struc- 
tural cirsuit,which has been subjected to the action of constant dis. 
turharnce, of &@ short-period negative feedback containing an integrat- 
ang component. 


The principle of operation is dilustrated in Figure 5-7f. It is 
evident fron the Saal that along with the basio elements of the 
direct channel JT » between which the application of constant 
disturbance is leas th ere is introduced into the eirouit an addit- 
tonal negative feedback circuit 4s introduced on the integral -(k ,/p) 
which oan be connected in to the prineipal channel by a switeh. 7! In 
the figure the cirouit is depicted in the operating state, when the 

LP principal. channel is closed and the integrating component has 3 zero | 


es, 
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; &ble from it when there is constancy of parameters of tne compe 


' input or a constant output which compensates the action of disturb- 


ance ae 

In the state of “aligranant" the cortaets occupy the vertical po-~ 
sition. In that case the input of the direct channel is fixed at 
sero, and the feedback on the integral is completely connected in. 


Let us determine the signal on the cutput of the integrating 
component for the position of “alignment®": 


i ae 
ia rset SONOS Bete ne 
Y {P) ees aa p 
e 
= ee (5-21) 
or for the regime being eetablished we have: 
Y a (5-22) 


lot.est 17, ©) 


in the operating position, when the input of the integrator is 
fixed at zero, the integrator operates as a remembering device by 
continuing to introduce into che direct channe! the signal -Y./TI,(0), 
which provides compensation for the disturbance according to 5018 5 

Aiitgnment of the sircuit always is possible before the start of 
its operation, woen a treak of the direct. channel is allowabic, and 
ia that case th: allenment automatically removes sush disturocnctes as 
the departures from zeco of the amplifiers and obtxer elements of the 
autoaatia contrcl system. Dering the time of operation of the systen 
a snorteperiod vegime ef alignment 18 allowable only for systems of 
siapllization, au*ficiently inertial that during ths time when the 
divest channel is in the open state tha operating resim of the auto. 
matic sonttoi system will not be substantially disteorbed, 
‘wi, The Rule of Transformation of the Structural Representations 
ana Stractural Circuits 


A, The transfer of nodes and surmators through components 
witn variable and constant parameters 


Tne structural representation and the structural circuit on 
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ean be transfemed into a form tary suitable for further investigation! 


by vary e4s710 methods based on the rules of superposition and single 
direotivs<;, whish permit obtaining from a single structural represen- 
tation-oireult a series of equivalent structural representation-cir- 
evites. We will give graphic explanations for these rules. 


In Figure 5-8, diagrams a - d illustrate the equivalences of the 
ingot and output signals in the presence of various mtual arrangensnts 
of the nodes and sumiators. The non-equivalent sections of the chamel 
of passage of signals on the cirenits are hatched. Tims the mtual 
permtation of the sumators creates an equivalent structure, since 
the sum Goes not vary from arrangement of the terms. ‘The eqiivelence 
of the structures during mutual permtation of the nodes is based eon 
insensitivity of the. unidireetional eireuit te changes in lead. The 
displaecezent of the node by the summator and the reverse require, for 
equivalence of the structures, the introduotion of additional lines 
of connecticn, showm in diagrams ¢ and d. 


Ciagrass e ami f ilinstrate the conditions of transfer of nodes 
and summatecrs through linear components without disturbance of the 
equivalence of the transformed structare and the initial cirenit shown 
in the center of the figure. Thie equivalence of the cireuits is 
noted in the figure by an equal sign. During transfer of a sumnator 
across a component in the course of the signal or of a node across a 
component counter to the course of the signal, doubling components 
which re-establish a "drop in scale" at the necessary pcints of the 
additional channel are introduced into the additional channel. In 
the transfer of a summator across a component counter to the course 
of the signal or of a node along the course of the-signal, neutralize 
ing components ara introduced inte the additional channsl which elim-~ 
inate the “exeess of scale" of the signal at the necessary points of 
tne additional channel. If the components are not only amplifying 
bat operator, it will be a matter not of scale but of the "drop* and 
re~ostablishment of the dynamic estinaes. 


In dlagram e the additional channel was selected in the fourm of 
a leop of the boosting connection @C (feed of the signal ahead), 
When the vucosting connection includes additional adjacent components 
and there is the compensation of the dynamic sosles indicated above, 
an equivalence of the signals in provided on the input and output 
of the boosting component, on ths input and output of the entire cir- 
euit and on most of the sections ef the direct channel. The non-equi- 
valent sections of the channel are hatohed. If e@ clesed systen is 
examined instead of a direct channel, then by separating the node and 
sumator for the boosting connection 1: is possible to reduce them to 
the input and output of a single component (M), lying on the "oppos- 
Ste" side of the loop (diagram e'). For this component m the coost- 
ing is transformed into a feedback. Here the equivalence in the 


opeeenaee of the signal is disturbed on a rather large section of | 
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the direct channel, but in the analysis of a closed circuit as a oa 
whole, for example for stability, oireuits e, e' and the initial one | 
are equivalents. 


The feedback loop FB is examined in cireuit f; ite extension to 
adjacent components during observation of the above-indicated compen. 
sation creates equivalence of signale on the input and output of the 
feedback cesponent, on the input and output of the entire circuit, 
and in a oumber of sections (unhatched) of the direct channel. If the 
ends of the feedback line are brought on the input end output of a 
Single component M, Located in the general cirouit with the remaining 
components, then for that new component M the equivalent connection 
will be boosting (eireuit f*). 


Thus, for example, for the etablilization circuit of an airplane 
around the center of mas (Figure 1-10), the feedback created by aero~ 
dynamic damping (extinguishing) moment can be replaced by equivalent 
boosting according to the conditions of transfer in the eomponent of 
the autopilot. , op 


In cirenits g to 3 the ends ef the boosting and feedback loops, 
that 4s, nodes and summators, ere transferred to the new components 
along the open direct channel. The necessary doubling and neutral. 
izing components are connected inte the transformed ciraits. If we 
by-pass any circuit along the of the signal, it can readily 
be noted that the initial and neutralising eoumponents, for example 
components N + 2 and W(N + 2) in odrowit i, are adjacent and mitual- 
ly neutralised, by ferning a transfer coefficient; in the 
same way, components N+ 1 and H(W + 1) becom adjacent in the same 
circuit, and likewise are neutralizing into unity. Thanks to this, 
equivalence of the initial and transfermed circuits is created on 
the unhatched sections. 


R 
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The mathods ef trensfers ef nedee and summators presented in 
Figure 5-8 have permitted obtaining a number of new equivelent cir- 
cuits of the same class asthe circuits given in Figures 1-14 and @ 
5-1. The rules of contraction of similar circuits have already been 
exanired above, However, these rules are inapplicable if the cir. 
cuits contain croes conmections. Then nethods of transfers of nodes 
and summators become especially effective which we will examine in 
more detail separately for constant and variable components. 


For components with constant parametors, Figure 5-6 serves as 

a structural @lagram in each square of which can be written the trane- 
fer function of a component and its inversion for neutralising compon- 

ents. In that case the transfer of the nodes and sunmators across a 
ecmponent is compensated for by the introduction into the side branch- 
es of direct (node counter to the course of the signal, suamator along 
lee course of the signal) and inverse (node om the signal, summator : 
i 


—ent 





oe el 
| countes to the signal) transfer functions of the omitted eompenents. 
In that sase, for cirovits g, h, i and j the direct Ww, x 4 (P) and 


‘ 
t 


inverse H [w(p)J= 1 iW, + ,(P) OFT's of the components, disposed syn- 


metrically in the transforsed circuit relative to the components bc 
and OC, are mutually cancelled out, and in the reoaloulation of the 
boosting connection or ere oka hells on the new componert, 
only the direct Wy.(p), W, (p) and W, (p) or the inverse OFT of 
the original and Tne new" N odnGonent partiaifate, and the remainder, 
which have been passed through in the transfer of the connection of 
the component, have no effect on the conditions of the recalculation, 
regardless of their nusber. Let us write eut the complete values of 


the CF? in the transformed ecimmections for each of the examined cir- 
euits. 





Cireuit ¢: 
Wa yolP) 
W gees (p)= Wo. (P To "Wy (py 
circuit bh: 
V y—2(P) 
W ge2 (0) = Wy. (0) aT 
circuit i: Ga 
Wy ; 
W pope (2) = W oP) 7 ae Ws 2 (P) ’ 
cirmit j 
Wy (P) 
Wro2(P)=W 6!) wg 3) * 
Figure 5-2 i# a structural representation with non-detailed 
given by its own equations, for components with variable parameters. 4 


If we have written them in the form of the ADP for the direct and 
neutralising N-th component in accordance with (1-104), we will al- 
ways arrivo at expressions of the type: 


Component N 
a, (/, D) Nae by (, D) x 


Feet 
Component H/N/: 


b(t, D)y = ay (t, D)y,. 


sane, LOZ —— 


= In the same way a5 the sonstant components, ‘the doubling conpon- | 
ents are introduced into the transformed conmections duving transfer — 
of the nods against the course cf the signal er of the ewamator along 
the course of the signal, and the neutralising components daring 
transfer of the node along the course of the signal or of the eummator 
sounter te the course of the signal, but the OFT will not be trans» 
formed here yet and the algebraised equations according the rules 
of Section 109 and neutralization ef components N and # ere allow. 
able only in the case of insertion inte the interval between then of 
anplifying components whick do not differentiate the coafficients 
into ADP's, The generality of the series cf formations for struc- 
tural transformations in variable and constant components permitted 
the rules of transfer of nedal elements to be reduced to a ‘single 
table, 


Table 5~1 Equations of Additional Componente that can be Inserted 


- dn @ Connection Cirenit during Transfer of a Nodal 
Element to a New Point ef the Main Channei & 
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4 = Conditions of transfer of the nodal element; 2 = Type of nodal 
element; 3 - Sumator; 4 ~ Node; 5 - Variable coefficients; 6 - 
Along the course of the signal; 7 = Counter to the course of the 
Signal; 8 ~ Constant ccefficients. 
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The new rules, iliustratea by Figure 5-8 and Table 5=1, permit 
a atructural representation of any complexity to be reduced to an 
equivalent structural representation which allows multiple application 
of the rules of transformations examined in Section 1-9. 


iet us apply thesa rules at first to relatively uncompiisated 
transformations of circuits with variable parameters, shown in the 
lower part of Figure 5-8, 


In Figure 5-8 k' and k the transformation of a cireuit according 
to a parallel connection inte squivaient cirevits is given. 


Contraction of the equivalent cireuit k requires: 


i} cascading of comporents H{i/ and 2, given b7 equations 


| batt, Dyyy = ay lt, D) dyad a, (t, D) ny == Oe (OD) ys, 


which after solution of the conditions cf agreement with respect to 


the CADP {es By (ty: D) and Pp +t. D) gives analogously to formula 
(1-975): 


4) Daa, Dt alt, Day, Davy 


2} addition of the two-component circuit with a single direct 
channel on the basis of ths equation y =y, + Xq OF Yo =¥ = Xs 
which gives: 


' $0, Dat, Diy = (alt, Dash, Dy + BG Pa, Pay 


3) eazeadtiue of (*) with component 1 again by formes (1-97), 


in Pigure '-@ the transformation of the antiparellel circvit is 
indicated by m and mn’, 


Contraction of the equivalent circuit m requires; 
i} esseading of components 24 and 1 of the given equations 
att, Dyas byt, Dy yonde, 6, Dy yy = O.U Dyin 


‘nich after determingtion of the CADP's Mite DP) ane Bit, ) gives: 


2. (1, DOG Dye = alt, Dia D) us 


{ 


a ec 


] 


2) contraction of the feedback clrowit with the single direct 
channe] on the basis cf the formula yo = y = x,, which gives: 


fag(t, Dy a(t, Dy = 3. DY bgt. Diy me | 
a= a,(f, Da, (t. Davy ery | 


3) eascading of (**) with component 1. 


Thug the most tedious operation -- finding the CADP's in ofrouits 
k and m ~» 49 done only in the cascading of the components, which 
intrcduses a cartain uniformity into the calculations. 


In circuits k' and wm’ the interaction of the components with the 
single direct channel 4s accomplished on the input of component 1, 
but this leads to results equivalent to those for circuits k and m. 


Transformations of a similar type permit preparing matching- 
parallel and antiparallel ctroults with constant components for use 
of @-nomograas in frequency analysis. & 


We will present further examples of the applicetion of the rules 
of structural transformations in this section for the case cf constant. 
parame ters. 


—— — 


B. Rules of Contraction of Cress Cireuite and Obtaining 
Equivalent Circuits for Components with Constant Parameters 


In Figures 5-9 to 5012 are shown elementary cross oircuits in 
which additional nedes or summators of the lateral channel, existing 
in the circuit, hinder the spplication of the rules. 


Tha general rule for ridding a cirouit of nedes or summtors 
3¢ the reecmmendation to transfer these elements across elemnts which 
have the some name «= nodes and summators, since in that case, in ac- 
cordance with circuits a and b of Figure 5-€ there are no additional & 
branches. Hovever, sometimes, according to the conditions of trans- 
formations of cemplex ecirouits, it is necessary to violate this ree | 
commendation for their elements. Therefore in Figures 5-9 to 5.12 
Goth cases of transfer are examined. 


In Figura 5-13 are shown the conditions of transformation cf 
& boosting connection circuit into a elrouit of equivalent feedback, 
superimposed on the sane component, in contrast with cirouit 5-8, 
where the cannection was transferred into & new piace. Tne inverse 
problem 1s solvad in the same place. 


In Figures 5-14 to 5=16 are given the equivalent transformaticns 
ef milti-ray cirevits whieh permit preserving al1 the input and out- 
| put rays for subsequent analysis. 
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ig 5-9. Transformations of a structural cirentt during 
resovel of a rode from the boosting circii., 





e22 5010. ‘ransfermations of a structurai cirwuit during 
rerove). of a Sumsator frum the beosting circuit, 


C. aics far Resetting of Compononts with Constant Pa: unetere 


fn the cascade steoit (Figure 58i7a), the resetting tn placa 
f any sompene ti. bok. adjacent and those separate’ frem 9a2h other 


by othos serpornznta, is allowable if there are no neces and simon 


c 
Loeg votwoen chem, sinse the product ie not changed op resetting of 
the 


7 f,= itl, (5-73) | 
a aS -— 
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Fig 5011, Transformations of a structural circuit during eB 
removal of a summator from the feedback circuit. 





Fig 5-12. Transformations of a structural cirenit during 
removal of a node from the fsaedback cirerit. 
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e) 
Fig 5013. Transition from a matching-parallel cirouit 
to an antiperallel cireait and the reverse. 


An equivalunt of cireunit a is presented in cirevit A of the same 
figvra. tore only the total transfer function for the entire line 1s 
pve served unchanzed; the intencdiate conmrelled velie, varr here, 
ami if itis wo cessary iu preserve them the transforsation samiet de 
used. 


In a clreuit with a direct connection (Mgure 5-17b), resetting 
c” tne transfe: fanetion of tne direct cireult inte the toosting cir- 
enit and of the transfer function of the boosting circuit inte the 
direct etreuit is allovable, since the sim is not changed ny the re- 
setting of the te:ms: 


1+-B=B+7/1. (5-24) 


wtreudts 0 amd 3B are equivelent, but again enis for the total 
trunsfer function. 


In tne circuit with the nagative feedback c, exchange 
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Fig 5<14 Structural transformations of three-ray match- 
ing-parallel eireuits. 





of the components of the direct circuit and components of the feed- 
back circuit 1s allowable during simultaneous inversion of the trans- 
fer functions of the components, as shomm in oircuit C: 


n Ht 
Tit amie ihe (5-25) 
HOTT 


In the circuit with positive feedback d the resetting of the 
components from the direct circuit into the feedback cireuit must 
be accompanied by inversion of the transfer functions end change 


of their sign: 
(~7) 
H 
Lee a ——. (5-256) 


ee 


For components with constant parameters, some part of the rules 
| Pr a in this Section have been published in the work of Gray- 
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Structural transformation of three-ray cross 
cireuits. 
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Fig 5-16. Structural transformations of a Siugie-ray 
Cireuit. i. cute 
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Fig 5-17. Conditions of the resettins of compenents 
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Uses. Structural Rerresentations of Syeters of Equations 
with Variahle Parameters 


A. The Normal (Canonical) Systen 


A system of n equations with variable coefficients can be written 
very compactly in the normal form: 


n” 
te Va, (x, + 9, (9 ==1,2...0). (5-26) 
Aesth 
Hers ee is the unknown controlled values; 
Gf is the knows input actions; 
y(t) is the variable coefficients forming the matrix A. 


For a system of three equations the matrix has the forn: 


ay Qi, Bis i 

As 2a Qs: 5,/! : (5-27) 
t 
HDs Ag, aa 


In Mgurs 5-16 a structural representation is ehown, corresponding 
te this system, wherein the input value y. is introduced only in one c 
{the third) equation: y, = y, = 0, and on® (the first) of the unknown 
values x, is considered the principal output valve. In the rectengles 
corresponding to the coefficients, oniy their numbers are indicated. 
fhe disposition of the coefficients in the circuit 45 assumed te coin. 
eide with their disposition in matrix A. 


The operations on the given and unknown values are reducéd to 
Summation, multipiication by the variable coefNcient and integration 
4n ancordance with (5-26), where each equation was brougkt to 4 cone 
ventionally solved form, which pemits constructing at once the struc~ 
tural representation by repaating the principles of Figure 1-1 n times. 
Figure 5-18 can te used for the adjustment of the cireuit of the natric 
electronic model, since all the lines of connection, summation blocks, 
blocks of variabie coefficients and integrators (1/D) are marked in it. 
For constant coefficients the diagram of the operations coincides with 
the structural dlarpram according to which the representaticn3s are sum- 
mated and multiplied by the function 1/p and the constant coeffictents. 


For generality of approach it is worthwhile also sometines tc pre- 
sent one Summary equation of the system in normal form, considering A 


AAD ee 


' aS a special case of a s 


ysvem of n equation, where n is ths order of. | 
the summary equation. 
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Fig 5-18. Stractural representations for a canonical 
system of equations, 1 . Output; 2 - Input. 


Thus, for an equation of the third onjar 


by aseuming x * xX,, introducing the designations %, # Ky and 


tad 


=x, = %,. we gat a system of equations and a matrix of the cost. 


2 
fistents in the fovm: 
a == 0 +X, + 0; 
x, = 0-+0--x,; 
Ky = Ag, — Xa —- AX, TU 
# O 1 0 
O20 
Oy Gy—Oy) 


t 
' 
! 


This corresponds to the structural representation (b) in the same 
Sigure 5618, crawn according to a matrix with a number of blank cire 
SULTS. 


fhe mere compact structural circuit ¢, usually used in prastics, 
in which for ganeraiity the unit coefficient a.(t) is not introduced, 
43 equivalent to cireult b. Considering it a fartial case of a cire 
cuit reflecting tno system of equations is cenvenient for the subse-~ 
aguent transformations, for example, in transition to ko systems. 


Aleng with the application of medeling of the system ef squations 
(5e25} 42 13 postible to solve on the basis of the mathoa of balance 
of the partial seoresentations. For this purpese we will replsase ali 
the unknown values x, (h = 4, 2, 3) An the equations by the series 
{3.250e) and proceed fo tre representations: 


(see next page} 
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We will, find the solction on the output x, during excitation 
of tne system oy 4 single impulse on the input ya = ea that is, 
wa will find the weight fimetion ¥a4lt Ds by using Tahile 3-3, 

Balance for p? 


Checking balances for the highest powers of p shown equality of 
ths coefficients at their zero, and therefore: 


A (Oa 0; 
X, (0) =: 0; 
x, (0)==1. 


Balances for av! 


ae 3 
x, (0) oo + ain x, (== Giggs 
Az} 


. 3 
of (0) ae ¥ Bong Xp (0) == Basy) 
Ae 
X; (9) eres Yi sng x, (0) = Ags: 
k=} 


the Solution is written in the right column, with use of the reasvits 
of the preceding balancs. 


i 


pom nenemer 


Balance for p7= Yi (U} = > ia, cy (9) + Gay x, (Q)f, 


xx, (0) = x 12 ign X, (O) + Bani % (G)f: 


he ate 


: é = 
x, (0) = v (45%, W)-- a. &, (O)}. 
A. 


he further derivatives are determined cn the basis of are oe os 
eS and the Lines on the right side are formed from the eglumns 
oft Table 3-8 with tha carrescsonding power of p at £ = 6, since on the 
right sides of the initial suuations there are no derivatives. 


Ipt us note tuat even when it 18 desised to find only the process 
it is nacessary to calculate the derivetives fron 211 n proeeeses 
that enter the formulas of the balances, 


EL Sleek Syetem of Equations 
Yhe designations of the ADP adopted in Chapter 1 permit writing 


yetens of linear equations with variable coefficients in a sonpact 
‘orm: 


“3 ie 


dealt, a wali, Dp ageb.. 


’ 
ap (t, D) x. v=6,, (t. D) 4,3 | 

we ee i 15-28) 
CIN (io 3) oe vat D) PENS | 
Jota, (4 Dx, =, Dy. 


Ohi 


where 4, repressnts the centrcilec values on tha inputs and output tS, 
of nm intereonnected blocks; ¥, 18 the input action: a fer Db} is the 
ADF sharacterizing the ees of the blosk. For 6xplanation of 
the sbructuite, let us limit ourselves to a System of three equations 
(iwGén}, Let us separate in each equation of that system a single 
eomtroiled value x,, the index of whieh colncidez with the numser of 
tie ocuation, and the iines 
@,(, Dx, = 
ie,, {f, D) Y,-- yy (t, D) Hy Byy (f, D) BP 
o> (f, Dy Xx, = a2 aye 
bt, Dy, ery D) X,~ Ay (t, D) Xsf; oe! 
a (Dy ees 
[by Dye ay fl, DY xy-- ay, (6, DY xh as 


ee! 





; | 
Then gach eguation of system (5629) becomes analagous to equae 
tion (14a), out with a complicated right side consisting of three 
graupe of terms, gach of whith has a structural representation sine 
Yler io b(4,D) in Figure t-t. The transition on the left sidas of 
systen (5-29) to the forma (i-11), conventionally solved with respect 
to K+ X and Bas leads to structural representations of the type 


iJatth,d) on the game figure 1-1, 


If ws preserve the eanpast form of designation of tae ADP and 
take into consideration the connections between the equations of sys~ 
ten (5=24}, #@ arrive at the estructural rapresentation Shown in Pig- 
uve 519, corresponding to the system of equation: (1-97), which is 
readily developed for system (5-28), 
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Fig 5-19. Structural representations for 2 complete system 
of agquations. 


In Figure 5-19 is examined the case of action of only one dise 
turbance y;, which for generality enters into all the aquations of 
the systen. 


In & numrer of practical cases each conerete disturbance can | 


om rent 





satel 
' entar vnly one equation uf the system; then in the remaining equations! 
the wight sides are enengsd correspondingly. 


54. Structural Equivalents of thea Method of 
Non-Gommutative Deternd nantes 


A. Garniveluted Girouits for Certein Diaturbaness 


Let © series of disturbances 4 os and vi, ast ona system af 
aquations deseribable by ecquati one vba ,, where. ati of ther enter 
eaeh Line of eqnations (5.29) with ee ADP's in the fcllowing manner: 


VY, ss hb, (f. DY Yrot yy (fy Dj uy, yf 1 : 
--,.(t, Dy ay: 


tf qs 
e bee Ost, D)u,- “65, (f, D)s act 
“+ Oy, il, By yy 
I} = hy, Dy s Het ff, Dyit, ae 
+ by, (f, D) fas 


if the adopted expressions fos the right sides of TI, ara intro~ 
dused tnt LG equations (5429), At ‘3 possibie to go ever to the struc. 
tural representation of the convoluted system shown in Figure 5425, 
obtained on the basis of the aethod cf non-commitative determinants. 
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The upper ray of cirouit a, combinsd with the right bleek, fora 
a program of convelation of evstem of equations (1-924) or (5-29) 
inte a single equation with respest to x, wit} during the action of 
ae 


‘ 


‘L} ecrresponding te notation of the acintion in the form of (499). 


& The second vay of Gireait a contains in tha gixbstitutad deternin.. 
ast toe new eleseats 0..(¢,D}, and the determinant of the avsten, tons 
Sin the richt bloSk, semaing without change. Ag 2 result the 
aanvelated @quation with respect to Xe ana Vy OOLIinS a new went 
site, Hee rie resetion om the output x, from the sertes of actions 
4.3 dstemnined by the prine! pie ¢ of superpottition. If Lt is nacessary ; 
%O determir nme “tha reaction Tron a single dt Ros ed on @ Faber of 





ae 


ourputs of a system of equations %4, Xa, %q than in conetruating 
BR gclutian of type (1-83) it is necessBry “to substitute the ADP col} 
nar of the detscminant sorrasponding to tae number of the output 


Malus yy. Sinte the unknown controlled value i: net axcinded in the 
uN 


axpansicn of the nonecormmatat ive asterminanis, out remains in the 
transfornation?: of the SALE sx, then in the vanexral cave for various 











guapute Tae norecemmut hata ya dstsrminants are oo din various 
ways. The orineipal differance will be contained 1 she conditions 
of caleninaion of ae new CADP's, 
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Fig 5-20. Caleulation of the action eae O ieas disturbances 
on the tot, at output cf a system with aole parameters and 
fa single disturbance cn several ene for a system with 
parameters. 











Thus, for each new output, cireuit a is repeated with other sub. 
tituted sclinmms in tne determinants of the rays and 2 new seauenes 
of expansion of the nonecommurative determinants. 


. £2 18 possible te mention 

action of 2 SS halen Sea panes 
ubs Xqe Ghats x,. In: 
sxpanded identis oblly, Reine of ee 
tcoiumn in the right side. 





a st. 4S Shown 
he Left. Depending en the morse 28 output 
i, & Gormespending column is sub uted in the 
right side. In circuit b are sperater 
and last outputs. In making uo circuit b, use 
23) for the resetting of the OFT, which vermit- 
ure very compact. | 
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Ewch new tuvcstigated disturtance yo, ¥, ... Wil) pass throngh | 
the operator bleek with the inverse determingnt of the system, and 
then the blocks containing determinants with columns replaced by the 
ADP's relating to the given disturbance bealP). by 3{P) Se 


B. The Exclusion of Intermediate Controlled Values 
by the Structural Method 


Let the task be te construct a structural representation of 4 


connected system in Figuxe 5-19 with exclusion of the controlled 
value X4- 


For compactness of the drawing let us limit ourselves to sonsid- 
eration of 2 system of three equations, 


The sought elreait is constructed on the basis of the first step 
(1-94) in the transformation of a non-commtative detaruinant of the 
system (1-S22), if one goss over again from it to the abbreviated 
system of equations (1-92). 


In Figure 5~21 a structural representation of a system which 
takes inte cori, deration only the controlled values ond x, has pean 
eontiructed acsomding to equations (1-92b}. The disposition’ of the 
wlecks in the figure ooineides with the dispori tion of the seoffiae 
jenta of system (1-926). As for the clreuits in Figura 5-20, the 
inverse determinants with the ADP after their expansion must be un~ 
devetond in accordance with the right side of Figure 1-1, It is 
poesiwie to arrives at the structural representetion of Figure 5<21 

vou Figura 5.19 (for three controlled valves) by applying the rules 
sorsicered in Section Sint for elementary transformations of struc. 
tura. representations. 
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Wig 5-21. Stractural representation of a system of equations with 
} a @ingle variable exclaced by the analytical method, 
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& Similiar transition serves as an axcelient examvle of the 
application of the mentioned rules, and therefore wa will consider 
it in detail. 


Thus, in the structural form presented in Figure 5-19, the ex- 
clusion of the controlied value xX, by the methods of structural trans- 
formevions is agsumed. 


Toe first svep is the transfer of ths summator i of the input 
action. 


In Figure 5-19 we will transfer summater 1 to the outputs of 
components bo(t, BD) and b,(t, D). On the way to component bo(t, D) 
we have the conponent tfags(t, D), the nede and the comporent 
a git, bs. On the path to the component b(t, 23, the sans conponant 
Fag yet, b), the nede and the component a.7(t, DJ. Thea transfer goes 
along tre course of the signal, and the components sre doubled in 
ascordance with ejrevits e and g of Figure 5«8 (right sides of the 
cirenits):; node 5 is overcome in accordance with rule d, that is, 
the sumerters fall into two branches. Ail this, alone with the old 
blocks of input actions be(t, D) and ba (t, D), retained in cir)evit 
5-22, creates doubling cireuits which ¢nd in the swenators 1' and 1°. 


The second step is the transfer of summator 2, 





We will transfer along the course of ths signal summater 2 in 
Figure S<19 through block t/e,,(t, D); we will replace it by two 
summators: 2' and 2" during tranation through node 5 and will fur- 
ther transfer sumater 2' through component a,,(t, bi) and summator 
8" throvgh sompanent a,,(t, 5). In Figure Gah the new lines of cone 
nection from the contrdlied value x, end in these simmators 2!' and 
2", Since with this value in edreutt 5<!G there were connections 
through blocks 1fBoo(ts D) and azo(t, 0). preserved alec in Figure 
Se22, the new connéctions includ6 these blocks with reverse and 
direct cirowits. ¢ 


| 


The third step is doubling of blocks a,,(t, D) and t/a, )it, D)- | 


‘through the blocks a, (t, D) and Vag (ts D) which ramain after 
the giret two steps the edritrolled value x, enters, otter node 5, 
Block a5,(t, ©) first and creates a new conection in parallel with 
component &53(t, D) and, secordly, block a.,(t, D), enbmicing again 
by a craated dnverse connection component Phaalt, Di. These connec- 
tions end on summators 3! and &' of the transformed circuit 5-22, 


For 3 system of control with constant parameters the structural 
represe:tation in Figure 5-21 remains cenpletely analogous, but in 
that ease all the ANP's are indepondent of time b.(D}, ay, (D)s and 

[open suostitution of 0 = p Figure 5-21 goes over Into nt structural | 
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In the structural circuit the Local circuits a .~ f are readily 
convoluted into general OFT's equal to 


_ OP} tay (PY ! la (P)b, (Pp)! 
= 6, Pe oN 
A (p) 2 (p) ay; 1 (P) ay, (P) | ay, (p) bs (py 
(5-31 a) 
ae aon (p) ‘ Ay (P) 4 (P) eee oy Usa (P)! 
hyp =f ay, (P) By) | aay (2) ao (Ph | 
(5-31) 
(Plas(P) Fa (Phane(P)| 
B a, ay uy 13! ; 41 
(p)- 3 (p)-- un (P) = (PY A, (P) Q,3/ pp)! 
+ (3-31e) 
b (2) As (P3 Ff ay (Pye (Py 
l(p)= 5, (p) — aetplet = 5 @y, (P) bs (P)| 





(o-31d, 
ate, 


In a Structural rapresentation with variable ADP's the convolu- 
tion of the eireuits proceeds according to the rules of Seetien 1~9 
with Sinvltaneous solution ef the equation of agreement for determine 
ation of the CADP 


aye(t, Dy ays (ly Ds a5 (t. D)s ays (t, DY. 


Thus, tor example, for tne connection between the input value 
¥, and the cutput value of summator i' of cireuit (5-21), Vigr We 
get the eavation 


_ [Saal V8, DY ae 
212 (1, D) thy | ce nee mie 082) 


The aeterminant on the right side of the obtained equation co- 
incides with the determinant written in the block in Figure S-2i; in 
exactly the same way the determinants obtained during convolution of 
the clreuits in Figure 5-2? eoincide with the determinants written in 
the remaining blocks in Figure 5-21, The additional CADP's Ay a(t D) 
enter all the equations of the blocks and do not complicate =iten of 
equations {1+92b) during the formation of the sums on swum. ‘tors g) & iad! 


J 


Tims the eee ‘tural representations in Figures 5-21 and &.22. i 
am completely equivalent. 


2. Combined Methods of Transformation of Strvectural 
Se shea and Structures Chrevita 


& Yunber of cases it is Laden’ to make up a structural ma. 
nbetion or 2 steuctural clrouit than to write the complete sys. 
quations of an Luvestigated “aubonatie control svstem. 


The oonvolution of a structural representation (airanit) passes 
i simply te a osrtein stage until the cross connections are pre. 
verted by transformations, and in tnat case it is possible ts sontines 
va the trensfomiations on ths ctasis of the methed of detarminante. 


Xt i6 possible to obtain a system © of equations by the structure 
of the sutornatic cantrol systen, by writing the eavations of all the 
gimmatora and intreducing inte the equatiens only the controlled 
values on the nodes, 


Te is necessary to exeinds one or several sontrealed values 
frum tne chtained syzten of equations on the basis of ons ot several 


x 
HE. 


vps 4n the expansion of the Sonleaentad a determinants, 


After any step in sralytical transformations it always is possie« 
bie te turn to a structural esprasentation of the type of Figure 5=21. 


Transformations by cowoined methods are fruitful for antomatic 
eontrol systens bcek with variable and with constant paransters. 


Lee: Lift Use ees 


Het, ECASteveatures for Systena ef Rouatilons 


4. & Canonieal Syetem cf Equations 


Ph 
308 


eysten of eatations with variable parameters waz character. 
deed by a matrix af coefficients A (S=27 


Ree 


the sonmmgate system of equations is characterized by a trans~ 
posed maiwin of ¢eceffictenta A with Hee sigas: 


" ‘y / ! 
(Ayy Day Zar. 


nO pees i qe 
aA ater Qs, & sy Osai (3 33} 
1 Ary Bay sy: 


on which 12 cempeged & homapenecua system of equations for the nav 
_ fusetion &: 
j ! 
Pome I 





B= VM ag) By (5-34a) 


hk we } 


A structured, representation of a system with a transposed matrix 
4 
i 


(5433) aan om obtained in two ways: 
t}) Resetting of the blocks of coefficients in the structure 
cf a sanonical eystem, as shown by the two arrows in Figure 5-18 


2) exchange of pleases of the input and output during raplace~ 
nent of the nodes by summators and the reverse, which gives the cir- 
eult of Figure S236. 


Thanks to preservation of the matric disposition of the blocks 
of coefficients in the figures it is easy to satisfy onese?f that 
the Hees way leads te the formation of the sum on the incuts of 
the integrators according to the elements of the colums, that is, 
ee tvangpeses the matrix, 


Consideration of conjugate Bystens in problens of autoratic con= 
trol is worthwhile in cases where it is important to kriow the state 
ef the avtematic control system at one given moment of tine, for 
which it ic suffioient io find the secticn of the weight, funetion 
of the control system 5% tf = c, = constant. It turns out that this 
saction is cbtained most meat from & solution of the conjugate 
aysten ef equations under defined boundary conditions. Lat uz pro} 
ceed to « detemination of those conditions. 


let us multicly both parts of system of equations (5-25) by g 
of eyster. of equations (5-34) by x_, and add than. Then on the relt 
side we eet the derivative of the hroduct , and on the wight side 
there remain’ only the transformed sum of the input actions. 


ay os : 
y Bet Ve, (*) 


q | 


To obtaia a singhe point of the output reaction x Be 1) an the 
moment of time ty, oy Wilk inteerate (*) in the limits®v oe uy: 


E (a, (t,) 4, (L) ~- 8, () x, (O)} = 


=\ ( 2, (0) y, () 48, (**) 


le q =i L) 
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where under the sign oi the integral the argument is replaced by &, ° 


from whieh the value of ths determined integral neturelly did not 
vary. 


in order to separate from the greups of xX, Variables the solution 
With respect to any one value of x, (in Figure 5-14, ¢ = 1), it 4s 
sufficient to assume 


By (io We &, is) =: O when gq 36 e, peri 


Tf. in additien, « system not previously excited Le exxninsd, 
for which, in aesordancs with (5-26 


ace G)e a DD) Mee ee 
X, (0) 220; g==1,2...%, (anes 


then integration of equations (**) gives: 


ten 


eel) SF (a, (gy, (0) a, 


a -td 


In order to fix strictly on which input of the structural cirowit 
the disturbance is given and on which output the reaction is to be 
Sought, a double indexation (q for input, e for output) must be intro. 
duced into the designation of the sought funetion Bae 


®ach action, for example yr) atq =k, vrings about the parte 
dal veaetion %, on the output: 
t, 
Kou (l= { Bye Op (0) AB. 
0 
in Figure 5-18, k = 3, that is, ¥5 # O, but ¥, =y; = 0 and 


@= i, 


If we compare the latter equation with (2046), 4t can readily be 
noted that 


Ere () = neg (4, 5), 


where according to Table 2-1 the index V notes the variability of the 
second argunent ¥, that is, at the same tins it is established that 
the sectic: of the weight function of a system ef equations with equa- 
tions of connection (5-265) with the plane t. = constant is a solution 
along the argument & of conjugate syster of equations (5-34a) under 


| sendittons (ee), 


ome 


eu = 
it AS peseible to gasian the valine Big (ts) = Yo te the cone ELE: 
by 'Suppivine ube dmrdse 


we with the structucs in Figure 5=232 
gp [rte taf t to its imput at the moment of tine tee The systan ig st. 
sumed to ke unexcited prior to the supplying ofthe iinmtlse; the 
time of supplying of the impulse agress only with the values of the 
wartablie sceffteients 4. gS Pt» 


further calovlation of the prosass aVity, Y) Blong the argument 
& 49 needed in the interval from a= 1*8o #0 O, that 4a, on the 
side of diminution of 4, and therefere it is worth while intecdueing 
the reversed arguments © = t, 


if we go over from tre homegenesus system of ceiations (%-3L) ty 
a heterogeneous one containing the impulse on the right side of the 
ttn sanatiocn, introdues the new argument @ «= reverse-displacenent, 
wailch varies on the reverse side in relation to the initial argument 
OY . ard in addition substitute aaa! ea (t, - }, as wel as 
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Yaotural sircult for this system of cquations et nu = 4 
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wiven jm Figura $—274, 


this systen are contained 21] the weieht funce 
Rite ho the ontput x in fe ocond ANS 
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che unknown fenetio’ can alge 


L@t ue nate that the mimo Signs chet exist in accordance with 
we deprivation can be mutualiy cancelled in tae derivatives aod in 
. “she coehyi fen of (5~355); shoreto: ra the eye of equations in tae 
' gagion of the arganent @ has a simply transposed witrix (5-33) with] 
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or to the now foravula: 
x al (t) x ait) x+ al (Qxcay", 


for which it has bean proved that se RGasystem in ciroutt 5«23h, 


exalted oy, the zingle impulse PEON » gives the section of the weieht 
function g “tq 6). 


tat us now construct the structural civeult according to equa- 
tion (*%), Sines the forms of the connections remain the old ones, 
we Will limit ourseiws only te cunsideration of the jines and sle~- 
ments elese to the neda, as indicated in Figure 5-234. On the basi 
ef the rules of transformation of structural circuits we will divide 
the soefficient ifagtt «~ Y), common to all three lines, into the 
individual component and transfer it through the node, which leeds 
to clrouit @¢ in the game figure. 


Since the final proba lax is to find tas section of the weight 
Pinction serressonding to eguation (*) with the input value y, it 4s 
necessary to take inte consideration that the single impulse y/t) = 
= Sf, ft « AT on the An rege of equation (*) correspponds to the 
noes of the srea t/a_(.9} on the right side of equation a, Te 

a single impulse is give : on tha right side of equation (**), the 
solution Will to the rolief of the ee function of equation (*)} 
on 8 senle inereeged ty ae) tines, 





Such & givarge of acale for the sections av’ constant naturally 
relates alss te the entire relief, In order te return to the sought 
reliuf, it Ly accessarr to divide the sclution of equation (**} dure 
dig such action by alo). On a structural circuit which gives the 

section of the ecight faneticn, this is equivalent to introduction of 
x componaat Aa tha oceffictent 1/a.U¥), i‘ which eancals out the cc- 
eftieient of the output biack of elrewit 5-236 and it is reduced: to 


eee 
ciranit c. 


| 
| 


Ti in this cirenit, az shown by the detted lines, all the con- 
nestions are nex transferred to a single sumestor, 14 1s possible to 
: rs 


ce net ‘ 


write the equation of this susnsator: 


Vp’ fa, — at [A OS 16), 
oe) & 


«iich colneides with (2-51a} at n= 3. 


-— 


Tavs it has been shown that the genera, Bc-equation (2-51a), 
ootainesa iv Chepter < for a system with a single output and input, 
is a partial sase of an RC system of equations. 

B, A Bleck System of Equations 


A Cascade Ciresit 


Let us write the equation of the blocks in Meurea 5-24 in canone 
deal form: 


X= OQ yN, 4k) (5-35) 
Ny HHO XH Aag hy Yi 
Ny Ay hy Ay XQ \ (5-36) 


XEN, Hy X, Hayrte | 


Here the biocks selected ara not of higher than the second order, 
Which does not disturt the generality of the derivation. The control 
Values x. and x, are used for the first block, and x, and x, for the 
second clock, which facilitates s single numbering of tha equations 
in both biesks and unifies the designations of the varlable coeffic- 
Lents . 


The output value of the first bloek is designated 4,; it is ob- 
tained after integration of the first equation. The inpit action is 
introduced into the seseond equation ef the block {in the general case 
in the leet equation of the canenical form fer each block). 


The catput value of the second block ia designated Xi Xys intro. 
duoad into the second equaticn of block (5-44), ssrves as“the action 
for the second tieck. Together, (6-35) and (5-36) forma single sys~ 
ten of equations of the automatic contre) system, The satrix of co- 
effisients siven in Figure 5-c5a was construsted on this systen of 
equations, One ean readily nete in the matrix 4 grouping cf the co- 
effieients fron the equations of each blioek and separately the coefe- 
ficient + 1, reflecting the connection betveen ths blocks, 


In the transition to tra kOesystem tne matrix is transposed, as 
shown by arrows in the figure, and equations (5~35) and (5-36) acquire 
the anpearance of (5-345) in expanded forz: 


See (5837) on pags 432Z, 


The cencretizasion of the general formals (5-345) was determined 


in the given exaaple by the conditions { = 3 (since the sutput value 
xX, is determined fron the third equation of the system) anv k = 2 | 
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noe the t Action y, is given in the right side of the second 
squstdon of Pi “sypten) o&praaponding te Figure Sefia, Ta the Ree 
eireutt of S248, therefore, the impalve is given in the right side 
of the tring equation and the solution fe “(54 4 @) is obtained as 


& result of & integration si the second equnts Lan of the 0~sveten 
fe ny 
Sees 7 

Toe transformation of the matrix of the entire o 


beet SS 


consivered as 4 separate transposition of the aber eey 
and change of tha ae ondLta tee af connection, Srougnat & Romie by tne 
transition of the coeffacient of connection + + inte the first ling. 
This leads te Rdecireuit A, wh rere the directione of the signals ara 
changed even in the comronents formed by the RC abr together with 
the aly, 





A rE Givens 
rani’ “eZéh, 42 4% is excited by an ismulse, a weleht tunes 

at tha sum of tne two weight Sunstions of sash black is 
farmed or. uupat x, Tha sewies of functions displaced along the 
argument, % forms a ralieft which also can be considered te congist of 
tee Gavers of tara’. Tm considering the weaetion of tha Ki-system 
ta the impulse we arrive at the same relief and the same two layers 
here give sections at variable (and constant t,, 

Tras for a matshing-yarallel elreuis the RCecireult is obtained 
ies 8 sepsrnliel comesting up ef the blacks, as ghown in 





ite cut the initial system of equations of the mateching~ 





Ss owri 
inenit; 
x Fgh ek rm 
Wy Ag Myo A i | 
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tha TAEtH aguation is asbtained by di ee of the scvude 


external connection #, 3 xX, +x, and xy and x. ara substituted 
sgaond and thin equations» the matrix of steiticieats cone 
fha35) 4s shokn in the figura, where the conditions ef its 
Reais as@ carked by ae The transposed ayvstan of eaua. 
tan meatily he rada up on the matrix: 





. 


eo An, ++ a58, ee aye 24,8; a 
= alg) +N) + and, + 0-0 


{ 


Ro = 28, 2 @ 28 ai 0 ae 0 or Qy.8, aaa 
Boal (g, eer QB, ae oo 


i 
2, — O-+-90 + 5.8, ce a8, ai 04.8; es 

=O AE 0 oo ay, (2, ee D+ Q,.8, ‘ 
eee 0-+-0-+- ik Ae 44,8, as .8s ae 
== -+ 0 +2,, ( - i) ae 24.8.3 
= [6]. 


Se . 
oe 


Since thé unit fvmetion serves at the selution of tha fifth equa- 
tion, it is introduced inbo the right sides of the equation: of the 
system, But instead of increase by unity of the ceordinates gf and 
g>, in all the equetions of the system it is sufficient to increase 
by the single impulse their derivatives in only the first and third 
equations, which gives: 


See (5-39a) on page 432, 


It is possible to arrive at the aame result from ¢ on the basis 
of ths structural transformations. 


Tne final result is abtained as the Sum of the two terms: 


a 


Blt Mees (4. + 2. ' (5-59) 


since tne output reaction in system (5-35) is cbtained fro tne two 
inputs: 


XH X, == X59 U5 ye 
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ook agate ¢ and the transition to the system of equations of the RCo 
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of transition twice: to the external connections and tlocks, and then | 
to the internal connections and elementary components within the 
piocks, 
GC. Invarétance of the Blocks of Constant Coefficients 

During Transition to RCaSystens 


tet the controlled values Kies X and X} ancng the 


lz 
equations of system (5.34). be connectsd & by aad ons with ecastant 
parasaters of the following type: 


BX pay Nga FE oX pag == Doky oye | (5-42) 
Xnee = Nagy 


Structural olreuit a in Figure 525 was constructed on the basis 
of these snuations. 


In cirzuit 5=25b the blocks with constant ccefficients have bean 
zonvoluted inte @ Single transfer function with exclusion of tna dine 
termediate controlled value ar 

f the oreblem of transition from the basic ecirenit to the Rc. 
eirons is now posed, ian all the branches of the general circuit 
corresponding to the system sf equations (5-34) must be subjected to 
transformtions cf a single type -- replacement of the nodes by sum~ 
mators and of the sunmators by nodes, and slteration of the directions 
ef transfer of the signais. ‘The part of the elements forming eircuit 
£.254 is transformed in accordance with the indicated rules into che 
eireuit in Figure 5-25¢, 


if we conveiute RCecireult ¢, we gat the transfer function ace 


cording to ciroult d, which in the operator nucleus eoincides with 
the initial transfer function in eireudt b. 


If we generalize the ontained results into bloaks of conttant 
goofficients cof any complexity, we can obtain a number of conciua- 
ions thst are important for practice: 


t, In the writing ef systems of equations in canonicsi form 
and the censtruction of the corresponding structural representation 
of an equation with constant coefficients it is possible to write 
any order ir. the convoluted form and assign it on the structural cire 
cuit in the form of a gsieral transfer function. In modeling, it is 
posaitle ts join tne real apparatus with the matric model. 


2. In the transition to the structural representation of a 
RCwsystem the nucleus of the transfer function, excluding the blocks 


_for delivery of the input values for sumuation, remains unchangec. | 
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; Obreuit as a whole are changed; the nodes and sumnators are mutual on 
replaced in ths external connections, The direction of signals in 
the external clreuits is sat from the new input to the new output. 
These same transformations are repeated in the internal detadiized 
oireuits of the blocks. 


Variant No 4. A block cirouit with canontoal representations 
in the blocks. 


A general matrix of the entire ciroult is created. The external 
connections between the blocks are changed in accordance with tha reo 
arrangement of the connection coefficients in the general matrix of 
coefficients, The internal connections are changed according to the 
roles for the transposition of matrixes in eash block. 


Variant No 5. A cireuit with single-channel blocks with cone 
stant parameters. ; 


- The equations with constant parameters are convoluted into a 
general squation of the block. In the transition to the Roesircuit, 
the old input and output of tne single-ohannel block and its equa- 
tion are preserved. Real apparatus can t4 connected into the RC 
ariel in ths form of blocks with constant coefficients, 


5-8. Structural Transformations of Systems with 
Differentiation of the Input Actions 


A. The Modeling of Equations with Derivatives on the Right Side 


Tne application of differentiating components in eleotronis 
modsling is extremely undesirable due to the unfavorable frequency 
charactertatios and internal noises of such elements. Meanwhile 
the typical equztions (1-1) of control systems contain operations of 
differentiatic: on the right side, which leads to the appearance of 
differentiating dlocks in the structural representation in Fig tel. 


Let us carry ont in (1-1) the aormalisation and limitation of 
the order (n = 3) necessary for subsequent analysis of the equation: 


[D? +- a, (¢) D® + a, (t) D+-a, (x= 
= [5, (f) D? + 6, () D' +b, (HD+ 4, (f)]¥. (543) 


This equation corresponds to the structural representations in 
both Fagure 5<26a and in 5=25b (for ofroult 5-26 only the input ele 
ements which form y, are given; the subsequent portion cf the elrouit 
contains the integrators and coincides with circuit a). 
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Fig 5-26. Equivalent differentiating components. 


If we trace on cireuit a the conditions of transformation of the 
input signal, we note that since the delivery of the signal to the 
output of the integrator is equivalent to the assignment of the derive 
ative y on its input, then“the introduction of the signal y through 
blecks of variable coefficients F(t) on the output of the three in- 
tegrators is equivalent to the assignment on the input of the deriv- 
atives of y up to the third order inclusively. It remains only to 
bring the form of the functions F, (t) into agreement with the coef- 

eee eseenre of equation (5-43). | 


*as shown in diagram Reape 
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For this purpese let us transfer in structural representation c 

three summators fron the outputs ef the integrators ante the input of 

the cirevit, that is, let us transform the structural representation 

e to the form of a, 


in cireudt 5-264 the conditions of such a transfer are shown in 
detail tor the branch containing the block F(t). The transfer pro- 
ceeds against the ecurse of the signal of th direct channel and along 
the course of ths signal in the feedback eirceuits, and therefore on 
the basis of Table 5-1 inverse and doubling components are introduced 
into the circuits that are formed during the transformation. The 
rumber of circuits was determined by the number of nodes across which 


the summator was transferred, in accordance with the mule of Figure 
5-82. 


Thus, for example, if we transfer in circuit e the summatoer 6 
along the direct channel, it is necessary to make 3 branching at the 
nodal peint xy: In a left branching the summator © is transferred 
across the integrator counter to the course of the signal, and there- 
fore an inverse component, that is, a differentiator, is introduced 
in the left branching from F.(t) in cireutt d. Further, summatcr 0 
approaches node x., during the transition aerosa which a branching 

4: again created. A second left branching ayain contains an integra- 
tor, during transition acress which « second differentiator appears 
in circuit d, and then during the transfer of the summator 0 across 
the node x, a third differentiator. 


The right branching fror Fo(t), by overcoming nede x,, chtains 
a minus sign, and therefore during tne transfer of the summator 0 
across the block #a,{t) 4t is doubled in the right branch of cireuit 
dad as positive. Further, summator 0 is transferved to the inmt of 
the integrating part of the circuit, that is, beyond sunmmator TIl, 
without any se: of transformation. The second right branch aiso, 
haying obtaired the minus sign after node X» auring transfer of 
sumator O acress plock a,(t) devhbles it in the second branch cf 
eireuit d with positive sign. The third right branch contains trans- 
fer of summatcr 0 across block ~a2(%) also with change of sign, which 
gives the branch +2.5(t) on cireuit d. 


Differentiating components are contained in the obtained circuit 
-8d, The action of the symbcl of shert differentiation DB” en the 


4 
signal with « varisole coefficient F..(t)y we will decipher in alige- 
praized form (1-82¢): oe 


(See next page) 





D=D,4+-D,; 
==(D,+-D,)* = Di, -+2D,D + DP; 


D? =(D,=-D.\' = Di + 8D? D, + 
4.3D,D2-- D.. 


ia 


‘yy geross ali the components sf 


rf we transmit the siznal F,(7 
ttuent of the equivalent signal on 


iroult d, we get the first cons 
@ uncut of the circuit: 


6 
A 
u 


ip == {{D,. +3D), D,4+-3D,D;,-+ Di) + 
“ba, (t) (Di, + 2D,D,,+ Di) + 
+a, (f(D, D) + an (t)} Fy (iy. (*) 


For tne block F,{t) of eir 


cu 
gives three oranches with transfo 


ito¢, development arnzisacus te 4 
mming components: 


D’, a,(t) Dawa, (2), 


which permits sia: the second constituent of tne ecuivalent 
Signal on the input 


y,=={Dy, + 2D,D,,-+ Di +a,(t)(D, +D,)+ 
+a, (t)} F, (t)y. Go) 


For bloek F.(t) the pees nas iWe te "ANCHE | ATS eae 
and the third censtituant of the equivalent stenei is ceaual te; 


=(D,+D,--a,(t)) F. (fy. Cy 


aransformavicns are not seourred for cicer 4 is tans it 4 Sees 
Sicle to oStain at once the fourth constituent af tn ingut corre. 


y, =F, (t)y. (ooo) ! 
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The total equivalent input signal equals: 


Y= Yot Us tye t Ys 


if we compare formilas (*) to (****) with (£43), we determine 
the Sought connection between the variable coefficients in cireults a 
end b on the basis of the balance of funetions in the presence of 
idéntical derivatives of tha signal: 


b(t) =F, it); 

b, (t)==3F, ()-b a, (t) F, a) + FO; 

6, (t) == 3F, (t) + 2a, (t)F, (t) ba, HF, () + 
+ 2F, (f) +a, (2) F, (t)-F Fd); 


b, (t)==F, (t)ba, (t) Fy (t)-+ a, (0) Fy) 
ea, (4) Fy (t) + F, (t) + a, (t) Fy (t) + 
a (QF (OF, (+a, (Fath + F(t). (5-44) 


The problem -- finding the funetions cf F,(t) «- can also be 
Solved anaijytieaily. For tnis, let us renumbat all the integrators 
in cireuit ¢ from right to left and use these same numbers in the 
sunseripts cf the output values on the integrators -- x, and their 
derivatives -- the input valuss Xi then we get the system of equa- 
tions: 


Ny AAO UU ALONE PY | 
ae ie +E iy: | al 
Xy =o: es + Fifth: | 
ee My Fy (thu. | 


which is a canonical system with an additional last equation. Let us 
sonvalute this system of equations, containing the unknown valves 4., 
Xe £4 and x into & Single squation with regard to x by utiliziag 

tne désignation of the non-commtative deterninants: 
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iD (5-46) 


The first step in the expansion of this determirant changes only 
the first two lines; sinoe in the given case the sonsistent ADP's 
coincide with the initial ADP's, we write the result of the tréensfor- € 
mations at once: : 
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ocr == 4 (8) mice | 
i -—-F, (f) ( 
The second stap likewise proceeds in a ainplse enough manner, , 
sines only the right side is complicated, where the symtol of differ- ( 


entiation 1s replaced by the sum D = Dy +d, which gives: 
| @, (t) 4-4, (t) D+ a, (t) D? + D* o| 


13 f 
\ |* 
tt 
! 


| 


i 
1 —1j 
|.. a, (t) Fy (a, () F, (QD + F, ( | 
= iter, (t) D+F, (t) D?--a, (t) F, n+ 


cies yes (Fe O+Fy (th+F, (t) D+F, (t)| 
F, (t) 


“Ss 





es 


rey : ae 1 
The third step perniis obtaining: 
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If we eguate the coefficients at identical nowers of Dt on the 
sides of the obtained equation and (5-433, we get the solution 
@apentk tu ty: soagnt functions of Fit), Vhien We write 1a 
cera 


bo ne 8 oe > - 5 o, + % 
than the order of its 14 
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sug a relation oS the emiers om % n is unnatural to real power 
sonbrol systems, since in chat ease tne reaction on the input step 
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the “Anput signet equation” on seperate blecks of the generator of nal 
the inrut signal (the sineeshaped signal 4s formnsd on two integrat. 
ing blocks, & polynomlai of tna neth order requires n integrators, 
ete), then if we include the blocks of the input signal gensrator in 
the general clreuit, we can take down the necessary derivatives of 
the input signal from tne inputs of the incegrators of the input gige 
nal generator. 


C. An ROwStructure for a Single Equation with Differentiation 
or the Input Actions 


In Figure 2~i4 an RC-structure was presented for the general 
equation (1-4a). But if a strustural rapresentation is prepared for 
subsequant modeling of an RC system, the differentietors in Figure 
g-i4a, are inapplicable. They can be removed from the sireuit by the 
method cf structural transfornations in the region of the argument 

, just ag was done for the direct circuit in the rezion of the ar- 


ry women’ t. 





Fig S27. RC structures for a singla equation with differ- 
entiating components. 


Sut it is simpler to taxe ths prepared structure in Figure 5.262, 


wich doas not have differentiating blocks, and to perform on it an 
vo trenefomation of the clreuit, which leads to the new RC-structure 
shown in Figure 5-27 and suitable for modeling. 


al 


D. An RleStracture for Systems of Equations with 
Differentiation of the Inpat Actions 


let the input estions in a system of squations given in canone 
ical form be differentiated, multiplied by the variable coefficients 
bi ft} and assigned to each equation of the system. Let us consider 
ints complex case on the example of the three equations: 
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Dx, ==0 or Aika tie 
te (On Se b,,D ae b,,D") us; 

DX, = By, X, whe Ba yXy + Ay Xs oe (5-48) 
+ (hy, + b.. D+ Gay: 

Dity = gts t Gqaky basta tb 
ae (4+ by»D + “fe byl") y- 


Tr we 


d¢signate tho derivatives of the input value 
symoois: 


by the new 
YG; 


EEE 


Y= Ys 
we meduce the functions of the input actions TI, (t), TI.(t} and 
Il,(t) to the forn . 


6, (t, D)y == /7 (= 1 
== Dy (1) Wy Oya) Yap Ors (YY ss 
bs Dy ye= 116) DRA 
5-49 
by (us + Oral) Get, (3 | 7%) 
OM Di == fi thes 
= by, (t) Uy a bya (1) te By, (t) Us, 


which pernits ali the coefficients to be 


tiven in the form of the 
mateax: 
H eae b,, b,, ! Fire 
Le i by, 9a, b,, Lae (5-50) 
fi ii 
Ht bs, Ds, by, i! 


the gtructural representation of syaten of «equations 


en ( 5a 43), 
Shown in Figure 5-25a), repeats the disposition of the pee aante 
in the matrix of the input actions EL. (5-50) -- the left side of 
the Sigure and in the matrix ef coefffcients of the system ae (5=27} 
=e the rignt side of the fizure, 
The solution of system of equations (5<48) can te replaced by 
the sus of the sclutions 
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In the precent case it is assumed that a solution is sought. 
with regnect tc the output valne % = x: therefore the third column 
has heen substituted in the non-cormutative determinant of the wight 
sida. 


In the sum (5=5ic) the terns » X35 and X5; ave constituents 
of the general solution x. from the’ Acrtdhe n, ac} given in the heth 
eokum (n= 1, 2, 3). . 


In the investigation of other soluticne of system (5-48), Zor 
example x, and x,, tha first er second eclumn of the determinant on 
the right side (#.51b) is correspondingly substituted. 


if the input action is given in the form of a Single displaced 
ingulse y =A ft mel. equations (5—5ib) ars transformed; 
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The subseripts 2h arg attached to the pariial weight functions 


Bay and Wane In the reduced partial weight fonctions bay the suo 
A > a. 


seript h designates the line in which, according to the rignt side 
of Figure ¢.25a, the impulse is assigned on the input ef the inte-~ 
zrator, 


The transition to the RC system changes the analytic31 connec~ 
tions only in equations (5-523), instead of which 14 i3 necessary to 
ootain equations for the partial reduced weight funstions of thse 
argument @, The eqvations for Re, ft, 8] are derived from the in- 
dijal system Cae upon replacemeAt be the initial matrix of coi. 
ficients AL by the transpesed matrix A_* during assimnnent of the 
impulse raz only on the right siaS $°.f the third ling (from 
Which soiution x. was chtained in the initial system) and during 
variation of the“subseript h -~ the aunber of the lins. 


The remaining equations, (5=52b) and (5-52¢), for the transition 
from the partial reliefs to the complete relier of the weight func- 


tion ara transferred inte the region of the arsument O by ollementary 
trans Tomations i 
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Fig 5«23, ‘The initial structure (a) and RCastructure (0) for 
a system of equationg with differentiation of tha input actions. 
1. Input; 2 - Gutput. 
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h=1, 2, 3. 
For expansion of the determinant a the last transformed column 
must be colurn h. 


Tae structural representation of a RC-system is shown in Figure 
Be 2BE 


The right side of tne circuit has the coefficients da? tise 
posea according in the matrix A. , but Since in circuit D, in cous 
parison with cirsuit 2, an exchitice of the inputs and cutpits and 
of the nodes and summators has besn made, the matrix A , tes been 
sransposer for the input JO}. The left side of circdf: » realizes 
transformations (5+-53b) and (5-53¢). 


The coefficients of the input actions in cireuit o have been 
arranged, JaSt as in circuit a, in accordance with tne matrix Enc 
But sinee « RO transformation was performed in cirouit oc, th 
actual matrix proves to have bean transposed: 


B hoe i ae ae tsa tl ’ (9-04) 
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The Matching-Parallel Gireuit 


For elreuit $-Zab the gsneral POYT is equai to tne sum of the 


POFT's of the para altel camponents: 


Wit, sy W(t + WLU, 8. 


A Cascada Circuit ef Initial Constant and Subsaguent Variable 


ents 


eB 5B) 


Compon 


For sirauit Se2ea, after RO transformation, the impulse in the 
region © is given on the input of a variable component, the POFT of 
whick is found by successive approximation from the equations 


[D a, (f-—4) - 2. a, Wile, (e. Gye: 8 [4], 


at if, 6] = :[D™6 m (i nite 5} +. See b, (fae hh}. 


g, A, 5}. cor (0, Oper We, 9). 


( 


Then for a constant component in the rezicn F the argument 


efiit w/t, @) as the cutpat, connected by ‘he squation 
’ v Be 4 . we sce, 
(2,D" -+...4- a) e*[t, 6)== 


== (2 DP... ROLE, f). 


If we maxe a Laplace transformation of (**), we 


i 


eae es 0-0 ap Re 





wait, Q) s erves as the input and the weight function of 
t 


the entire cir 


or 


Wee ee ay) 
: : .¥ 78 \ ) 


=: W,(s)W, (8, $}, 


where 


Ww .(s) Pas sorte Be 


s* + a 





reprasents the OFT of the constant component, 


A Gascade Circuit of an Initial Constant Cemponent and 
; Amplifier with a Variable Amplification Factor 


Sunse 


ne 


hs 


quent 
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ae 
| This partial cage preceads fron the preceding, wherein equation 
f*} sssumos the forn: 


w(t, Gok (t~—-6)4[8) = & (f) 8 [6]. 


t 


Whenee instead of equatisn (7*) we get 


(@,DY + ...a,)o[t, == 


et (7, De aa «s bt Bo} k {t} 3 4 ie i 


Tf we make «a Laplace transformation of the result at fined t, we 


WF, sha k (1) ¥, (5). (5-58) 
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A Cascade Gireuat of a Boosting Constant and Subseausnt 
Yarieble Components 


The arbitrary ingat sie: xy altls sxeiting the variable conpon. 
ent, must be subjected te Laplace’ trancformation: 


Nagi EN (5-59a) 


ap aie ar 








Then the formation of the output reaction can be reoressnted as 
ootaining the waight function of a casesde circult consisting of a 
forming (first) compenent, an exeited impulse onde variable (secend) 
OONPONSH 


: esas pot 
X, is) == W, (s) = W, (5), (5-596) 
formula (4.59) we arrive at the relationgsma 


A(t == X (Wh 3). (5-59ey 


Aust as fes conatant components, a derivation ef the cone 
i-n between the repressntetions carn 08 cbtained net only co the 





s af sonvoluti on [see the darivation of formula (3-8%017, but 
ae “8 the given differentia i equations which determine tha conai- 
| tiene eA Tormation of the atenal (5-5Sa) frem the inpulae and the 


¢ 
} 
i 
nocnand 


conditions of transmission of the signal by the component. 


The pasametric process 
KAlt, b+ Xt, s)=W, (5) W(t, s)= W sabt> S) 
can be understood as the weight function 
w(t, dW, It, 5), 


which has ite relief in the space of the coordinates t, W=t- O, 

Ww, The section of this relief along the argument O gives a series 

of output reactions at the moment te on the homogeneous action Xs) 

but with different displacement A, = t, - @. 

A Caseade Cireuit of an Input Amplifier with Variable Coefficients 
and a Subsequent Constant Component 


2% the variable coefficient be exponentially increasing: 


k(t) ==e**. (5-60) 


Aiter RC transformation of the cascade cireuit the constant 
ee exeited by the impulse generates a reaction on the argue 
ment Gs 


re, (6) — W, (5), (5-600) 
which is multiplied by the reversed coefficient: 
r \ a fe—3} af ¢ mod yay 
wif, dae w, (4) =e" fe~"'w, |8)}.  (5-60c) 


i? we make a Laplace transformation of (5-60c) at fixed +, acq 
coming to Table 3-1 we gst: 


W(t, s)==e"W, (s+ 3). (5-60d) 


£ uS 6xamine @ise the case where a variable ecefficient is ase 
Zz to a more complex function k(t), but after reverse of tne argue 

nt it decomposes inte the sum of the products of the arbitrary func} 
aon of time anda the tabular functions of reverseedisplacement: 


is 
| 
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ae <7 
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Rit By Vit ag (O) (61a) | 
je ; 


Where the a, functions coineide with the functions presented in 
Table Tel oF ara entained frem ther on the tasis of linear transfor. 
tions. Then, we make a Laplace transformation of the weight 

function of the olrouits 





w(t, H= Via, O02, 16 (5-616) 


fess 


along the argurent ©, we get the general POPT in the form 


Wit, = VAM AW (3 


e, 


, (5-61<) 


whers the form of the A, transformations is determined fxvon Tanle Dot, 


4 Casesds Chr 
Life 


vit of Two Constant Componenis and an Intermediate 
Amp. z ; 


ro 
er with a Variable Ampliffertion factor 


Let the cutput canstant coapanent he given an GFT ef she fern 


ere ae nae), 
\ tm? as aaa eat Tiverae ip) 
v, (s} as rasayana oat } 


: vi é °; tay + Poe eee y Eater $ ee . hatiaagd 

im the trangition te an #¢ eieeudt the inrut imoulse w:1) oe sunrlied 
on the output someonent and aring shout a vaaction determinaote ty 
the cepresentation (*); 


5 {3) no Kl, ff). (ry 





e coefficient kit! after 8&6 transformation be re. 
i (tebia js: then upen naltiplioation of ta precess 
G by tne variable on @ sosffistent (S-41b}, ihe 
ocess {*) undergoes Lambda trensfosmaticn and is 
of (te6ia), It remsine now te iake ints consid. 
netant eamesnent, which has beseme One cuteut 
elsquit, aceerding to (5-57): 





pace 


W(t, s)==¥ OP MACERLAY (sy. (6-62) 


pos 


For sore complex clrouits contedrding components with varlable 
parameiers the algebrale transformations over the FOFT's, used in 
structural clredite, prove ireufficient to obtain the POrT of the 
antive clreult. Here the metheds of transformations of OFT's in the 
structural airzayits mast be aombined with methods of transformation 
of the ADP‘s in gtsustural representations. 


The general] metho of transformation of equations written in ale~ 
gebrained form, stated in Chapter 1, permits coing from equations ef 
the components to equations cf the system as a whole and then finding 
by Succes#ive aperoximation the POFT of the system by its RO equation. 


For a systém wlth variable paransters, operating a limited ine 
terval of time and estimable by its state only at the end of tnat 
interval t., the partiel cperavor function of transfer composed for 
the given inpet acd output is an exhaustive characteristic ef all 
the propertiss = the sv tem, Therefore, in apite ef caleulating 
bei eb et it slways is necessary to strive toward caleulation cf 

2 povametric operator fuyttion ef transfer. 


S010, Structural Represencati. on of Linear Equations 
For the Deternination of Quadratic Forms 


fa w2S Shows: In Seetion 2-10 for an squition with variavcle para~ 
metare of the first order and in Seetion 3-14 for equations of higher 
orders. wich constant parameters, in the compesition of a Linsar dif. 
fsrenidal equation for quadratic estimation af s process a canonical 
system ef equations is rermed. 


ue ctrsetural representation of such a systen wiil be analogcus 
dr ae Figures Seiky $48 Paeeeaatins fagtures in Chapter 3 Psp 

Tha car eRe ROA of such cireuits reoviras reduction of alld the equae 
tions of comsanents with varhasie parameters Late a singie oauation 
of the control gyctem, which “sads to vary tedicus calculations. 

Ta® recresentation ef tne Snourt actions in tne clreuit Likewise is 
very rach complicated in thé development of the right side of the 
general equation of the sistem. 


if the block structure of the control ayatex is preserved, the 
structure of Coes form for such assignment of the linear connec~ 
tions can bo songtructed even without reduction te a Single eouation 
af tne systen, but then tne Anput actions Secome especizily compii- 
aated, The t2isulation ef the input actions in a block circuit is 


H 


d 
| 





(cca Sl 
i done on the basic cf determination of the initial values cf the roace 
tions of @ach bleek, A weneral approach to the calculation ef block 

Gireuits was given in Section %-5; examples of calvulation of the 
initiat conditiens were examined in chaptes 3, with use of fable 3-3. 
For anaivsis of the quadratic ferms when a single poue tian of & Gon 
trel systen with a right side ie given, an exam Le of caleulation cf 
the dnitial conditions was given in Chapter 1 5]. 


VN Zakharey, Cand Tach Sei, Docent, nas cemmunicated to us m- 
garding an analogous snalysis that has beon made fer an uncenveluted 
system of equations. In it the prebiem of recalculation of variable 
peraneters is taken up, out on the other hand the diagrams of the 
calenlation and assiement of the input oe strongly exceand. Bat 
sucn A prolbam taiis in the eirele of quastions of structural analy. 
ais, since it permits studying the formation cf quadratic estimates 
of an entire Syston inside each of its élements, 
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AUZUMATIC CGnTROL SYSTiMS 
CHAPTER 6 
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ppres-207 BLOCK DIAGRANS OF ZLECTSTCAL MACHIRES 


Fa Way wee me em aM It i <) ut@ctev ect ae are an * 
bel. SELS<EA0ITED GEnenaTCHS USING & “anOsTag? Ta THe 4#T 
CLacgultT 


1, Gaireuits, Frincisles of Operstion 


The circuit of a Caelf-excited)] cenerator is shewn in 


Fir. SOel(a). ‘The generator is driver at 6 esverd & by a ;rime 
mover, The fieid winding hae un ohmic resistance Ep and en induce 
tance Le. A control rneostat Re is inserted in series with the 
field and is usea to vary the cenerater voltage in the course of 
tae regulation crocess. 


field way cs separately energized, as in separately 
excited zererators, or it may ce caunnectsd in snunt with- the arma- 


€ 
ture circuit 


» a8 in self-excited generatora. Ve shall use tae 
followine symooia in tae venerator armature cirsuit: armature 
wirding onmic resistence Kg and Load onmic resistance “yi the 
latter will fluctuste as tee number of terminals in ‘ne netvork 
varies (the dnenetance of tne armature circuit will se considered 
later), 


TRE mesn eEsuatisn for the arretusa cirevit can ce 


aw 


Trasmuts 26 tse preaent ulgecussicn assumes etudle vane 
erator Oceration, wt can consider incremental cevartyures of the 
cortyvollec vaciaoles from ineir seminal values at tae sarticurar 
O,ecntine conmaition betas considerea and write 











al 
ta 
ig (R,, + Ryo) Al a LyoAky ae Ly, agp ae Way: ; - 
Choe eae ne 
VWsing operator notation and sclving for AI,(p), we 
can rewrite the above expression as follows 


i 
My (P)™ “TSE R, F Reo AU (P)— lwo, (PI) 
(6-1) 


In computing the armature emf frow the excitation cur= 
“rent, we make use of the magnetization [saturation] curve of the 
generator. The slope S¥ at the operating polnt gives the rate or 
increase of the generated emf as a function of the axcitetion 


current and we have 


SE (p) = SF Al, (p). (62) 


From the relationship described by equations (5-1) and 
(6=2), the left portion of the block diagram in Fig 4=2(a} aay 
be readily constructed. We aow procead to. build up the block 
diagram, 


3. Fulieload Overation of the Generator 


When @ load current Ij flows in the armaturs, the gene 
erated emf is reduced as a result of tne brush contact drop, the 
arnature IR droc, and the armature reaction, 


Fig G=i(c) sho#s tre variation of brushecontact drop 
with loud current for a Typa ED~32 generator. It may oe seen 
from the figure that at currents above 30 amps the brush contact 
Qrop shows little variation and approscnes a value of 2 volta. 
Nhen considering incremental departures of the orushesontact drop, 
the variation of the latter nay be conaidered equivalent to a re- 
Sistance the value of «hich is determined ty tne sicpe of the 
curve at the operating point, 1.¢., Rpg z ef » For last, the 
slope nae the value 1 voli/ 20 amp. = 0.05 onmset as 
the current dacreases, the slope decreases to Oo. iihen the zen= 
eratcr is cperated at nominal current values of the order cf 
100 ampa, Ry, = 209M U,/ 91) is neglinitly enail. 


: The demagnetizing effect of the armature reaction in 
unsaturated macnines is produced sy the demagnetizing srsature 
ampere=turns wgl,. The latter result from a‘ {forward} shift 
of the brushes from fseometrical neutral ih noninterpole nachines. 
In interpole machines the snift of the brushes fron geometricsi 

leepacttes way be the result of careless oseembiy or of vicration | 


40. 





oeeentr 


urine operation, 


The calculation ef the armature cemagnetizing anvere 
turns is elementary. It is sufficient to calculate the equivae 
lent fLleld current from the ampsreeturn ratice 


9g « u(w /wot 
af ( a/ fy 


and to add it to the [nominal] field current 


teen fatale <a 


The reduced field current I, “is used in determinines 
operating point on the saturation Eurve., Ae shownon Fis Ge1lfb) 
procedure for usinzs the no-load saturation curve in the cals 
culation of the terminal voltage fat a full-lcoad point] consists 

in guotractiags from the emf corresponding to the reduced field 
current tne voltase drop in tne srmature and the brusnecontact 
drop 2 AA Up, provided tnat the latter is not neligivle. Tne 
sheded triangle in the fisure is called tne shortecireuLt trig 
ansle of the generater. [TN: twa sucn triangles are shown]. 
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Tne relation derived adsove remains unchanged shen ine 
erenental departures Trem the nominal values cf tne varianles 
are introduced: 


Ww, 
Ms = Aly — a i,. (63) 


The relatione derived above remain valid when extura- 
ticn 4s present in the circuit, in which case they descrine only 
one of the effects of the urmsture reaction. [It shauld te nated 
that notwithatanding tne fact tnst the slone s+ must pe read fron 
the soeload saturation curve at tne displeced cperating point core 
resvonding to the raduced excitation current Tertwa/we digs at 
hien saturations tals enift in operatin= point will have very 
Little effect on the slope and tne resulting change in voltace 
will be neslicivly snall. 


Due secona effect of the armature reaction in saturated 
‘achines operates ince eae of the presence cf dematnatizing 
armature auperesturns and is suveritposed on tne demagnetizing 
affect. Tne second eivect of the armature reaction results fron: 
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Circuit and Jnaracteristics for a d<c¢ Generator 
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Block Disrcrams for a Shunte-jJoun 
Rneoetat in the Field Circuit 


2 Generator Usins a 





Cth 


j e fact that the armature reaction sete up & magnetic flux at 


right angeles to the main pole flux as shown in Fig 6-l(d); the: ‘| 
flux produced by the crossemagnatizing effect in part shares the 
path of tne main-pole flux. When tae armature reaction ampere 
turna oppose the ampere-turns of the main-pole field, their dife 
ference [sic] falla on the straight portion of the magnetization 
curve, and an effective decreass in flux is obeerved. When the 
effects of the aboveeindicated groups of ampereturns reinforce 
each other, their gum falle on the flat portion of the magneti- 
zation curve, and the increase in flux ia insignivicant. The 
variation of the resultant magnetic flux may ke expressad in 
terms of an average permeance of the complete magnetic circuit. 


We shall use the symbol_ (1,) for the effective main- 
pole fiux permeance and the symbol “4 , for its value at the op~ 
erating point on the magnetization curve (the netation used isa 
customarily reserved for the permeability; however, there is no 
possibility of introducing confusion inasmuch as the ratic of 
the permeances used is equal to the ratio of the average permea~ 
oilities for the complete megnetic circuit). The effective fiakd 
fiux is then given by the relation i 


har Pals Gx g) 


On introducing incremental departures we have 


- mM 

4 th 

Equations (6-3) and (6<%) are used in building up the 
block diagram in Fig 6-2(2).. Equation (6-5) is used to run a 


feedback channel from the armature current channel AI to: the 
; a 
neminal field current channel. 


for the evaluation cf equation (6<4), a cnannel for 
the [effective main field] flux A dG g is required in the block 
diagram. The latter is readily obtained dy splitting the calcue 
lation of armature voltage from the nominal field current into 
two steps. In the first step the flux is conputed from the field 
current: 


A® = SP4/,,.-: (6-5) 


i rn re re 


= ass 


. ‘ . : > . x i 
he Secong etap the armature voltage de computed from the i 


Ak = BP ae. (60) 


: e 


y aaa? : 
She gueatity St representa the slope-o? the praph siving 


tne variation of field flux with fleld current. Ite evaluation 
dees net recudiroe the cenatruction of additional grapke, since dt 
“ 


can ve obtained fron the ssturation curve of the genetatcr (Fig 
-105} by the relation 


®, ‘ 
ss @ i 4 
: re pent s re (6-7) 
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in the clock clagran [sr & Guatne, representing 
we comnmeet to to a Feedgack brancn from tne armae 
enh channel: this mranca cantains ¢née clement 
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poasty Marans Ce eS 


B repsevents the change in the fleld current preauced sy ihe 
aatugatiag effect of the arasturs renstion. 





ty Sry represents wi 
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Was. a i a ane 
ui re Sh m6 cuetion 34 oabtasaed eh 
ev arwature ext 2f resultine fron tha operation of thre varie 
futlors dincvaees above ia intredresd into the eyguationt 
ten in istocemental form, the letter tecones 
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Sen . Chaat 


[previcusly entered in the olock diagram, and all that vemains to | 
be Gore is to subtract from it the IR drop in the armature, which' 
ic taken off the armature current channel. This operation com~ 
pletes tne conatruction of the block diagram in Fig 6=2(a): addi- 
tional elements will oe cescribed in the olock diagram shown in 
Fig 6e2(b) in order to provide a clearer underetanding of the 
sequence of transformations and cf the "nudldup” of block diagrams. 


We shall begin oy neting that the feadback elements 


7 , b aaa 
~(wa/we) and =( p af 7.5 o Sta 


are equivaient in their effect and produce a voltage drop propore 
tional te the armature current. They can therefors be combined 

with the element R,. This transformation is effected ty moving 
the two summing points in the righthand portion of the block dia- 
gram in Fig 6-2(a) to the AU channel and by combining the trang- 


fer funetions of tne parsilel branches. 
in 2 : 
| Reg ; Sh —=. SF, (6-9) 
7 uy 
4é . hy 


Tne sum of the coefficiente ia designated as the equivar 
lent resistance cf the armature and is ghown ae euch in the block 
diagram in Fig 6-2(b). 


N@ now proceed to -tne analysis of the operating condi- 
tions of an actual self-excitation circuit. These conditions 
are as follows. 


The armature current is equal to the sum of the load 
current iy and the field current i¢: 


Ar: A Tye At, (620) 


The incremental departure of the arzature voltage A v 
forma tne input field voltage (when the equations are writtea in 
incremental form): 


A= Au, (6-12) 


The adove supplemental equations make possible the ad-= 
diticn of one forward and one feedtack Loop to the block diagram 
in Pig 5-2(b}. Finally, the change in load current can oe expressed 
in tergs of chances in the load resistance and in the load voltage. 
[sa introducing increnerntal deviations into the Mle hee 


= 437 
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__ YualSF Rd ; (6-13 
oP t+ HC + RY yo) 
Lbs ae Ba ¢ Hau 
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C (ph = 


Tne openeloon Lstatic) gain is wiven oy 


Yiuo (SF Ty R,) 


ETL ale (Geld 
1+ RY no 


C (0) = 


Tnagsmuch as the #enerator under discussion is net cone 


nectad toe an external power supply, the condition of selfeexcitae 
tion must be met in the sourse of ite operation. 





She ¢onditioa of oe ratian or selfeexcitation reduces 
to the arslication of peeitive feedback, which Is the caac, and to 
tog attainment of aa open-Leor palo greater than unity. Ia the 
casé Ruder Giscuasion, this condition is equivalent to stating 


£ 





that 
- f ty ne f LeR v ) " 
Bots Oe ae AAT hy (a 4 
ar (4=15) 


D Ro Cle yo d+k , 


Lie, Selfeexcitation requires that the glope of tae saturation 
curve of the machine 


ry "ts 


ak/di, Conms) 


exceea the sun of the total onmic resistance of tne field cireuit 
multiplied uy the coefticient (l+PeYga). representing the effect 
of tne oad ,and of the equivalent acmature resistance. 


Tae straigat portion of the saturation curve 
Snoan in Pie Geifbd} has the steepest slose, anc for that portion 
of the curve condition See) snould nold unconditionally. The 
Low veiue of the slope of tne curve at tne crigin is not detere 
miaunt for the coniitiois ef seifeexycitation inasinucs ec: At is 


overrvidien by thé resicual uacnetism of tne machine. 
celfeexcitation ends when the following relaciongcip 
| tween tne total variacler i 
. . ooo 7 
fd cae 
*u aS 


——_ Sa 


- 


re . — 
1. 2 UlLerlp) | 


is eatisfied. The acoove relationsnip is used in the determina» 
tion of tne nominal operating point on the curve and is axamined 
in greater detail in Chapter 13 durinz the discussion of none 
linear methods. 


In discussing the relationships between the incremental 


departures from the nominal valuee, it should pe noted that bee 
cause of the saturation -induced decrease in S¥ the inequality 
(6-15) usually is not satisfied at the operating point for the 
ateadyeatate case. 


then the eguality 


SP am Ryg tl + RY yc) + Ry 


y ws © 


is satisfied exactly in the neighborhood of the oneratinz point, 
the Seal aa of tne generator will be astatic [nonstationary] 


aince 


= U in the denominator of the transfer function which 


is Seeteed below ( Equation (616)). 


hood of the operatins point, the response of the generator is con= 
sidered to be quasiestatic, 


hen the inequality (6°15) is eatisfied in the neighoor= 


= 


The addition of en automatic voltaze regulator would 


give satisfactory results over the full range of conditione dise \ 
cussed avove. 
Let us now construct the transfer function on the ine 
put eaienal, using the block diagram - Fig 65<2(c): 
Fino (P) 
is +f 
< z ; 
see = I yo¥ ne (ST — RY (6-16) 
i (TP + il + RY ww aro Yu0 (sf— R,) 1 


Let us also construct the transfer function on the 


extraneous input siznal: i 


RY po! un (To? + 1) 


Wu (F) = (7,2 + 1)(l + RYx0) — Yo (Sf — 2) 


(6-17) 


les 
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For the static regulation of the generator in accord- | 

ance with the formulas derived above, we may set » = 0 and ote 

tain the tgtatic! zain on tne input sisnal. 








| ia isaatanaaees 
Fee a (6-18) 
4 i RY no as, Ying (Sp — R)) 
and the Lstatici gein on the extraneous signal 
RY yal ut 
= ht 
¥,Q0= . (HED) 


1+ RVing Yw (Sp= R,) 


AS may be seen frou the formulas, compared to separately 
excited xenerators. self-excited ceneratore sne« A greater gain on 

tne input signal secause of tne alfference term in the uvenomie 

nator. Thus an increase in field current resulting fron a 

decrease in the control resistauce Ry is reinforced oy an increase 

in Ip rescltire From an increase in output voltage, and vice verse. 

The overall reauit is an increased sensitivity of the svetew te 

variations in tae raverence input DEC. & second result obtained 

oy Llettins tie inequality (6-15) svpreach an equality, ie the @ 
achievement of a verv uizn rain. 

On tne other hand, self-excitation alse leais to ar 
increase in tne sein on the extraneous Signal corvpared to tnat aoe 
serveu in separately excitea generatora, since the crop in the sute 
Put voltage caacsed oy an increase in load current is eimultaneously 
ascravated oy a crop in fieid current. ‘ihen tne extranecus signal 
is fea in as Ake ratner tnan as Ig, the coefficient L/{ 148, YL) 
reduces the effect of tne extraneous cisnal, since the increase in 
tne [rielg] current is counteracted oy a simultaneous drop in gene 
erstor (armature) voltae. 


4, CompounGewcund Ganerators 


{ ‘nen the operation of the closei-loop voLtace-regulae | 
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Fig 6-3. Gircuit and Block Diagrams for a Compound Generator 
Ueing a Rheostat tn the Field Cirouit 
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[tion system of the generator is based cn the deviation from the 

"yeference input sigenal, improved performance and a resuction ir 
the effect of the basic dlaturoance, fluctuations in the load 
eurrent, can be acnieved by making the disturbance the actuating 
sienal. In the case under discusaion tata condition is aculieved 
by compounding the generator. 


The cirevit of a compound-weund fenerstor using a 
soecalled "long shunt" connection ia shown in Fig 6-3(a). ‘Ye shall 
now analyze the principle of operation of such a machine. 


A comparison with the circuit of Pig Sel(a) showe that 
the only difference petween a compound=wound generator and a 
shuntewound generator is tne addition of a series winding with an 
onmic resistance, and a leakage inductance Legs near the operate 
inw point. The presence of two flux-linked windines makes it nece 
essary to treat separately in the discussion of circuit processes 
the mutual inductance flux @linking both windings, ae shown in @ 
Fig 6<3(a), and the leakage flux which is expreesed in terns of 
tne leakage selfeinductances,. 


On the basis of the aoove discussion, the leakage celf- 
inauctance of the shunt winding ie introduced in the place of the 
total field inductance Ly appearing in Fig 61. 


Vaen the new notation is used and increments are con» 
sidered, the mesh equation for the ahunt winding takes the form 


e e 
(RytR,) AlyT pO RitLy Aten AG = As 


Nhen the sum of tne nominal resistances in the shunt circuit 
te expressed oy a sinzle syrool Re = R pth. and the above equa~ 
tion ts solved for Allg, an equatién very Similar to equation 


(SL) out containing 4 greater number of regulated variables is S 
abtained: 


‘Al, (Pp) = 
1 
: LewP F Rin [aU (p)—f woh, (p)— w,,pA®(p)}. (6-260) 
C / 


Equetton (G-20) can be used to describe the ceviation. 


To obtain the armature emf, we make use of the saturee 
| tion curve of the menarator. The shape of the curve will be as | 





fin Fig 6el(ce), wut the magnetizing ampere=turng are now obtained | 
by auaming the ampere-turns of the shunt and serieaz windings: 


(aw) s 2 Caw) pt(aw) 


Since the no-load curve in Fig 6-1 was constructed as 


a function of I iy, it is6 convenient to rewrite the above expression 
in the following form 


A (aw s) = we Ty+(w /wy) A 1) 


The quantity in brackets represents a fictitioue 
current in the ghunt winding, the magnetizing eftect of which is 
equivalent to that of the currents flowing in the shunt and series 


windings. Substituting this equivalent current in Equation (6-5) , 
we ottain the relation 


A@= Sits +iian). (6-21) 
a 


c¢2s 
ab. ff 
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in attempting to establish the relationship between a 
variation in current and tine corresponding changes in terminal 
voltage, one must take into account that in addition to the 
quantities which constitute the equivalent resistance R. of the 
armature circuit appearing in Equation: (6-8), in. the case under 

decusesion the «.rmature circuit includes a series winiing which 
Ras an ohmic recistance Ra, a leakage seif-inductance Les, and 
w, turns linked sy the mutual inductance flux QD. When allowance 


ia made for these terms and incremental departures are considered, 
the following equation ie obtained 


Au = An-((r +r.) A At +L, _ Al ew 443 


Rerzviting the above crpreasion in operator notation, we obotain 


aU (p) = 
ox BE --((R, + Ry + bycp) lg (P) + wePAO(p)}. (6-22) 


A Ree ae ig: i a sl 


es 


a aaa ~~ Se ae 


if Using Equations (6-20) through (G-¢) and Equations a 
(60) through (6411), tne block diagram for a compound-wound 
generator has véen constructed as snoan in Fig 63(n). The block 
diagram rataing ell tne elements appearing in tre block diagram 
in Fig 6<2(0). In acdition, two [feedback] branches have been 
adaed reprseenting the mutual inductances AQ and the total equisa= 
lent exciting current 


z + 
T= I, vi /well, 
and some of tre transfer functions have been nade mere complex. 


From thie block dlagran the tranefer functicns on the 
input Sianal and on the disturpance can be derived. We snall 
supplement the metnod used in reducing the bleck diegrams in 
Pig Get by dexiving tne required tranefer functions by the trane~ 
formation of systeme of equations diacussed in Chapter V. 


.@@ shall begin by rewriting tne equations expressing 
the rzlationships between the controlled variables. (TN: The 
Rugsiean text doee not appear to make a distinction tetween manipue 
lated and controlled variables]. ‘¥e shall write all stimuli on 
the righthand side of tne equations. Tne controlled variables 
snall be written in fixed sequeace on the leTthand. sigs of the 
equations. When a varticular equation dces aot contain one of 
tne controlled variables, & zere is entered in its place. 


It should te noted that if all of the enumerated 
controlled variables are retained in the equations, the systen 
of equations will consist of six equations and ite determinant 
will we of order 6, which makes the eubsequent computations-rather 
emmoédrsome. It ia therefore conventent ta reduce the number of 
equations by the elimination of selected controlled variasles by 
the method of substitution. 


A Gecrease in the risor of the method by the occurence 
oY random tranaformations in the course of the substitution can be 
avoided sy adopting the convention that controlled variables which 
appear in na more than two equations will o0¢ excludeu from the sye-~ 
tam, In the evatem under discuseion AE and A lIgare such variables. 


Tae block diagram can be very nelpful in the elizrination 
of controlled variables of the type descrioed adove. In effect, 
all syatec equations are input-output ratios about eumming points 
or. the branches of the block diagram. For a controlled (manipulated) 
variadle to anpear in only two system equations, Lt is neceesary 
and aufficient that the chnanael assigned to that variable in tha 
, olack Glagram be an output of only one preceding element and an 
[daput to only one following element, i.e,, the channel assigned | 


Ae ene 


es the controllud variable must not have takeoff (branch) pointe. | 
Thus the initial aysateu of equations can be conatructed 
in the form of input-output ratioa involving only Coutput] vard- 


atvles which have takeoff points on their channels. On the basis 
of the foregoing analysis we have for the system under dizcussion: 


oo? + Ruse) Aly (P) + @, PAD (Pp) + O— AY (7) = 
a Jy AR, (ps 


' 

| 

| 

| = 

| 0+ (Fer) 2ou— 
| — {Lye P+R, “F R.) Al, (p)— AU (p) = 0, 

| 

| Aligt Py + O— Al, (2) HV yg AU (2) = oY no AR, (P% 


SPal., (p)—- A@ie + 
sg 
+ So LI (P+O= 0. 


pia t yr SA men Yrk G38 
Tne summing points involved in the above equations are 
indicated by the numbers under the brackete in Fiz 6-3(>). 


The dsterminant of the aystem is 


A(p)= 

| Ley PA- Ru uP 0 a | 

| : Be? —R,—- Robe —! 

| ms 1 0 —! V5 | 

iw 

t | of i 

ot ce eee 

| (6-23a) 
| 
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Tue determinant ootained has no more than one zero in | 
any row or column with the result that the labor involved in the ! 
reduction of the determinant ia not apt to be affected much by 
the choice of the elements of o particular row or column for the 
expansion of tue determinant. However, from the point of view of 
the utilization of the intermediate computations Lo the subsequent 
discussion, we shall expand the determinant in terme of the ele-« 
ments of the fourth columns 


0 € --R, — Ro —Lyop 


A (p) we 1 8} -—] oe 
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z ae 
s? —1! Sf = ; (6-234) 
| Ley P + Rup OP 0 | 
— Fa | : - —Wp —R,—R, LD: | 
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nen the thirdeorder determinants in Equations (6-240) 
are reduced by tac arplication of genera) rules, wa obtein 
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Ne can now write an expression for A (p) using the 


standard notation for the coefficients of the Lefthand side of 
the differential equation of the system: 


A(p) = a,p? + ap + ay, © (6-23 
A= (Ry, + RIVE AY Rud + 


wher 


ap Rug = Sf ot ee (h+ Yea) 


th 


+R, +R) La Ley Sf ae , 
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aye be t+ Ly + 2u,SP + Yl Rete a Care 
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The sur of the leakage selfeinductance of the ehunt 
Sead it and of the sutuail industance of that same winding 
Stwe which appears in tae above equations can be replaced by the 
total inductance: 


Lg s Lee SG ¢ si La etMe 


Analogously the sum of the leakage self-industance of 
the seriea sindiug Ugg and of ite mutual inductance (Sfowg/wy) W, 
constitutes the total inductance of the series winding: 


‘ Mee Lge tbOe,/u,)™, eae le 


The inductances ara best evaluated in terms of tha 
‘ay constants Gf the windings under discussion: 


3 
we 


A eee ear ase 


Be and ® = L /R 
Sea © to ee a) e/ Bs 


Let ua new cenatruct tne substituted determinant for 
the evaluation of th input signal: 


J 


s* — 0 
pa | ¥ 


ems 


This detervinant can of reduced to a turrd-order 


idm 


tne evaluation of the deterninant of tne system (ef. tue 


rst of tne three deteruinants appesrin. in Equations (s=%5s5)). 


bby 


Ucdar tne results obtained anove, ve Gan ince itately 
write a -reneral exy-ression for tne transfer function on the 
input aivnal in terms of orerator polynomials: 


by ns by. we Le 
ap -ap+a, A’ 





Wy (p) = (6-240 


where tne coefficients of tie uenominator are viver ov “ivations 
(se¢5d} anu tne coeflicients of tie numerator nave tre values 


w 
ba tao | F(a, +!) + Ro | | (6-240) 
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nem the condition ag> 0 is 
gain may 26 Celeulcrea Prom tae tran.f 
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As in tne case of tue cinplitied vlock dlavranm with 
wna obtraneter function piven by Kouation (O=lu), an increase in 
rain can be acnieved firs: by inerencing the mavnitude of oO» by 





Ue 

nere 
ineveast « tne sleve ef tne no-load curve and the admittance of 
shunt Usde}| asd armature windinas, and second, be Secmeecene tie 


value of the csefficient ay. 


Ry ing aoprorch gevo from ghove, the ~menersater 
TERUUNSE Gal CO mad ary geneibive to chantes in the sneut 
Sivnul. static system oceratineg near tne vouude 





doen a, = 0, toe evatem acqailrea transient charac~ 
teri: ties which in a wenoer of cases iive valuasle practical ane 
plicativys. whe avove condition con be develoued «s !cllows 
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Tho can ce readiiy seeu from Eanation (Ge2y) that for 
= wound re = O, 2.€-, woen the series winding is eliminated, 
Lig @ggatios reduees to Equation (a-1.) fer a sbuntewound senerator. 


Tf tee sortrinpution of tne snunt winsine is te oe minte 


eegedg tn Baustion Ooe20}, vata sices of tne equetion ehould ve mule 
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afea the ginittance Ypro enould ve used in the place 
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where sf is the slope of the saturation curve for the current in 


the seriés winding. 


Setting Yeo = 0, we obtatn the condition for astatic 
{nonstationary] operation of a series-wound generator: 


SF = Ry +R. + Ry: (6-26) 


When &9 DO, the system ecquires quasiestatic charace- 
teristics. 


The conditions a,y O are identical with the conditions 


for self-excitation of the machine. Generally spsakinc, it matters 


Little wshetner the excitation approaches linearity as a function 
of the time (a, = ©) or exponentially (a,< 0), in view of the 
fact that the use of these concepts [sic] in the linear theory is 
justified only for small deviations of the controlled variables 
from their nomine. values. *yhen the deviations of tne controlled 
variables become significant, nonlinear nethoas of analysis have 
to be sudstituted for linear metnods of analysis; nonlinear tech- 
nigues are discussed in Chapter 13. Hence in the discuasion of 
selfeexcitation, it will be sufficient to establieh that the co- 
efficient passes throush zero in the region of negative values. 


Let us write the ceterminant for the transfer function 
en the extraneous signal, which is input in tne form of chanzes 
in the load resistance A Rp: 
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- It will be immediately apparent tnat an increase in the| 
susceptibility of the system to chanmes in the input signal i 
achieved through a reduction in the value of a, simultaneously 
leads to an increase in the susceptibility of the system to load 
disturbances. aA distinguishing feature of the transfer function 
described above is its ability to allow a decrease in the effect 
of load disturbances by decreasing the value of tiie coefficient 
by in the numerator, since the latter contains difference of 
two terms as enown in Equations (6275). 


Nnen the two terms are made sequal, the systam will be 
insensitive to a constant disturodance. Thus the condition 


ot 
bad 1] 


Si 5, A+R) (6-28) 


determines the optimum setting for regulation on a constant dige 
turbance. 


The block diagram in Fig 6<3(c) gives a vetter illustra- 
tion of the principle of regulation on the extraneous input. The 


pete diagram reproduces a section of the block diegram in Fig 
a3 b). s 


An examination of the block diagram shows that the 
effect of the eeriee winding is structurally equivalent to rezule- 
tion on the disturbance with feedback of the compensating eftect. 
Equation (6-25) is a particular case of the general equation for 
this type of compensation (5-18c) which was derived in tne pre. 
ceding chapter. Of course, full compensation cannot be achieved 
in the cage ufider diacussion because of differences in the trane 
sient processes in the circuits havine the transfer functions: 


RNs st (u,/u,) and D(p) = Lear * R+R, 


Nevertheless, for accnstant disturbance in the steady-state cone- 
dition, the effect of tne load current is eliminated. 


The discussion of self-excited l= and gewindine gencrae 
tors [anunt= and compound-wound generators, respectively] presented 
above illustrates now the metnod of estructural analysis can be 
used in the investigation of control systems. Starting with the 
sinplest possible tlock diagram, the metnoa permits the stepwise 
introduction of additioual elements to account for corplicatisis, 

[introduced in the process cr for'previously neglected factors, | 
. on ond 


o> 


If the inductance of the armature winding were to be | 
taken into account, the value of the coefficient Ly, in the 
glock diagram would have to os increased. 


The addition of a third, independently excited field 
to the generator, illustrated in Fie 6<3(a) wakes it poesible to 
remulate the generator output voltage by adjusting the external 
sontrol flux Ges 


The new reference input can be readily introduced into 
the block diagram by the insertion of an additional summing 
‘point on the A branch in Fig 6=3(b). Fig 6=3(d) reproduces a 
section of the block diagram in Tig 6<3(b) showing the connec- 
tious requirsd for the introduction of the now reference input. 


Tne audbstituted determinant for the evzluaticon of the 
transfer function on the new reference input can be written a8 
follows: 


: A, (p) = 
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The above determinant can ve reduced to a third-order 
deverminant which can te expanded to give the coefficients of 
the numerator of ths required transfer function: 
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The wenaral form of the transfer funetion cen be ex~ 
pressed in the form of a fraction: 


ad 
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Ye gnali give the expanded-form expression only for the atatic 
gain at v2 02 
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By assigning Values to the coefficients in the denom~ 
inator. suck as to make the eys em operate on the ocundary of 
selfeaxcitation, we can achieve an extremely hich gain on the 
control flux. This croperty has found practical applisation in 
desisn of special machines operating on the bounduerv ef self 
excitation (Regulex). The circuit in Fig 6=3(a) witn the extra 
fielc adaed, can be readily adapted to shuntewound and seriea- 
wound menerators operating on the boundary of self-excitation. 
Yor shunt-wound generators a rneostat ie inserted in the cireuit 
of the shunt winding. For series-wound generators.an adjustable 
shunteresistance is used. 


The current in the control field, and nence aleo the 
‘strength of tne field, are computed by solving additional equa- 
tions. Tne latter are used in building up the bloek diagram 
for tne system and make the determinant of the system more complex. 


5. Corrections Required by the Speed Regulation of tne Prime 
Mover 


If one were to take into account that a change in 
generator load produces a change in the torque and hence aleo in 
the epeed of tne prime mover, there results a requirement for the 
introduction of a new controlled variable Q or of ite increment 
AG in the system of equations and in the block diagram. 


| In the generator equations a chanse in the speed of = 
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; Sree 
he prime mover will affect the renerator voltare, Vhereas 


vreviously the voltare was comouted from the curve (Fiz 6=1(0)) 
éxpressisn tne variction of the voltage as a function of the 
fiela current alone at ‘2 = 2 o = const, i.e., as a single-valued 
function of tne maznetic flux, in accordance with the relation 


tne voltage now nas to he computed in terms of the effective 
screed, i.€., as a function of two manipulated variables: 


| B= gto, 


i 


Wnen tne avove relation is rewritten in incremental form, we have 


- 


AE = Fabs FE ag. (39) 
®, i, 


Tne introduction of the manipulated variable (E,/G 42 
into the blocs diarram requires tne insertion of an additional 
sums int point on the At oranch. 


In order to compute tne value of AQ » the character= 


ietic rezulation curve of the prime mover and tne change in torque 
mast oe <nown. 


The torque can be determined from tne product of the 
armature current and tie magnetic flux and from the generator 
efficiency ? » using the following expression: 
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Once atain rewritins tne expression in incremental form, we have 
0,102 
AM = ——— (@ydl, + yh) = 
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Fig 623(6) shows the additions wiich must be made to 


the block diagram to reflect the effect of the regulation of the - 


prime mover in accordance with equations (6-30) and (6-52). 


@ snall usec the symbol Kyoa(p) to represent the trans- 
fer function of the prime mover wnien expresaes tne oifect of a 


coanme in torque on the speed. dn expanded-forn expression for 
thie transfer function will be derived in Seetion G2. If we 
set p= 9, Keyy(O) will represent the slope of the mechanical 
charecteristio fevaed=torque curveJf&i = fim) of the orime mover. 
Tne nenative sign of the transfer function follows from tne fact 
that the apesd deucrsages as the Loac increases. 


Tne block diagray in Fig 6-5(e) illustrates the lingar- 
ized handling of the factore introduced ty the consideration of 
the charecteriaticsa of the prime sover. 


The increase of the load current along the path IemM=Q4 
lowers the #enerator voltages ty a factor of 


é y} 
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In a ateady-state condition the above coefficient ie 
¢quivalent to an additional resistance in the armature circuit. 
On ferminz the sum of tnis ana the other resiatancee in the arma« 
ture circuit, #9 obtain an affective resistance fox thot circuit 


conbiniag the ohmle cartribution and that made oy the regulation 
cf tae prime nevers < 
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sn addition, in a steadyestate condition the drop in 
tne speed of tie prime cover must be reflected in a lowering of 
tn@ value of the coefficient Eo/qh o to an effective value 
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In tne derivation of Zauations (+% ) and (mH), the 
branch contalaing Ky» was split in accordance with the rules for 
tae manipulation of block diagrame and both componente are taken 
in accovat in the merger with the parallel branches R, and £,/f1,. 


6-2. DUAL-FESD DIRECT-CURRENT ELECTRIC MOTORS 


1. A Control Scheme Using Separate Excitations with Allowance 
for the Inductance of the Armature tircuit 


A general circuit for an electric moter using both 
eerles-resigtance and field control is shown in Fig 604. We 
ahnall make uge of tne method of gradually building up the block 
diagroem fos the oygtem and initially set Ug = U and Uy = const. 
In acdition, the series winding wild te left out of the discussion. 
dovever, the possibility of the development of inductance in the 
ardauture circuit from other cauaes shall be expressed by setting 

@ the ccefficient La, = L. 


We shall sow write a serias of incremental equations 
whieh wilt se used in the construction of the block diagram. 


The equation for the armatures circuit is 

(tper DAL (pis Arte) = A up) 
Solving for Alip), we nave 

Atty) = (i/ayiritps tA u(p)- Ax(p)I 


The relationship vetween (armature) current and torque 
at constant field flux is given by 


& Aye) = a A 1/1, 


The torque equation, 1.a., the equation of dynamic 
‘equilibrium, can be written: 


Se le 


(rpc ON. (p+ A My (p) 3 A up) 1 
The above equation can ce solved conditionally for AC) (p) to 
rivas 

ae , a . ° x ¢ 5 

éS4a(z) = Cop) CA wp)-A Hp (p89 AD {p)] 


Tne Gependence of tne countereemf on the apsed et 
comstaat tluxy is gives oy the relation 


| py Elp) = Es 4S) 13% 4 
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Fig 6-4. Circuit for a Compound d-c Motor 





Fie GeS. Block Diagrams for a fCompound] dec Motor Using Armature 
Control i 
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The expanded equations derived above were used in the | 
construction of the olock diagram shown in Fig 6-5(a), ahich 
depicts the réquired interconnections. In actual practice, the 
feedoack loop shh around the intergrating element, representing 
the viscous friction in air or in some other medium, can be nee 
glected compared to the contributions of other rene in the 
systen (particularly that of tne counter emf E o/S% oo) 7, and the 
integrating element 1/cp can be discussed without taking into 
account this feedback loop. However, the integrating element is 
not “free'f,since it is included in a negative feedback loop which 
contains @ stiff component, the effect of which is to tranform 
the integrating element into an aperiodic element. 


The Loop gain for the rigid feedback loop containing 
the integrating element can be obtained by forming the product 
ofitne transfer functiantai:the elements in the loop; 

i M | & 
Seapets tae 
{iN: In tne above expression the subscript “att of the armature 
resistance R_ hes been incerrectly dropped in the text; in addi- 
tion, the motor armature reactance nas deen ignered), 


We shall call the reciprocal of the loop gain 


JR 
r. IM. EL (6-32) 
HB) | 


the electromecnanical time constant. Introducing the above notae 
tion and the tine constant for the armature circuit T = L/R into 
the clock discram in Fig 6-5(a), and transforming the latter by 
moving the tak:off point for the Lp branch ahead of elemant 1/R 
and the takeoff point for the A branch ahead of element Eo/Q@ 0° 
we obtain the sclock diagram shown in Fig 6°5(0). Fig 6-5(c) 

shows the finsl reduction of the block diagram to a fora fer which 
the closed loop tranefer function on tne input 6ijnal can be 
written as follows in expanded Zcrm: 


WNP = Fre eT poet ei 


Suu 





Inaeamuch az tne tranefer function obtained is that of 
@ second-order control aystem, velocity transients can develop 
when the damping natioy (see Table l-2) is less than unity, 


Oe ee ig Ds 
tap TV she BB eo was) 





If we cet T = O in Pig 5—5(b) and move tre control 
voltage fead channel to the torque branch [ past element Mo/IgR), 
we nave from Equation (6-34a) 


wit A ge aay 
OP", EMPEY TPT 


We shall now derive the transfer function on the load 
torque. ‘ishing to use Equation (654d), we shall move the dis- 
turbance feed cnoannel backward to the input gaumming point. This 
requires the addition of the reciprocal of the cverall tranefer 
function of the omitted [passed-over Jj elements. 


I 
i (i- ; 
RU p+!) iis) 
in series with the disturbance feed channel. 


Takinz into account the above addition, we can write 
the desired transfer function as follows: 


1,\ (2. 
RT p+h)\ a A E 
Rr eee IL Se 
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[the coefficient 1/Mo can be factored out of the abave expression: 


. g 
WO Tet hip+) My | O88 


Multiplication of the disturbing torque by the righte 
hand gide of the avoveoperater transfer zune 5eon transforme the 
disturbing terque inte a torque ratic. At, Mow AMy. 


It ia also convenient to define the relative change in 
speed ATR, 8 /LQ.5. The gain in terms of the transfer 
function relating the relative speed change to 5 relative change 
in torque will‘then have the value 


WO), = RIL/E, (6-36) 


2. Spesd-Torque Characteristics of Electric Motors Using Fleld 
Control 


Ne shall now pass to the discuseion of the regulation 
Characterietica cf electric motors using field control. Initially 
we shall find it convenient to treat the field flux as en input 
and to derive the corresponding relationships. Theee will oe 
used in constructing the basic block diagram which will then be 
gradually built up by taking into account specific metnocs of 
controllicg i-e field flux with different types of excitation 
of the elects: s motor. 


x 
Thve if the total field flux 4s considered to be 
independent of the number of windings and of the windiss scname 
used in the motor, the torque of the electric motor will be orcge 
portional to the product sf armature current and fielé fiux: 
i Mo 
AY we \ | 4%, 
[ON: Subserios "al not uaad for armature porameterc., 


j Feb. 


If increzents are used, we ostein an expresgsicn tnalo- 
sous te equation (6-52): 


i 


| 
at 








Ab Al} 
ce FY iy | peated 6.374 
oe Ms Son (6-37a) 
Ads = 
Vhs an ; GH 


ds the torque gradient (ke-n/amnpewolts~sec). 

The block diagram ie chown in Fig 6-66a); the portion 
of the diagram correspondins to the relations derived above is 
enclosed within the dotted lines. 

The buildup of the block diagram is carried out by 
the addition of elements expressing the depandence of tne change 
iu armature ev~rent on other controlled [manipulated} variables. 


The equation for the armature current can be written 


where (Eo/q) Cees: gives the volts of countereemf produced per 
unit fluxespeed product. 


introducing incregents, we obtain 


DiGi, men PACE CAR an © aie, 


ede ae 








Equation (639) bas been used in constructing the muped 
portion of the block diagram in Fig 6-6(a). : 


All that remaine to oe dcne is to establish the rela 


tionship between an incrment in torque and an increment in angular 


velocity [motor speedj. Such a relationship has already been es- 
tablished and can be written as follows in operator notation: 


! 
AQ (p} = 75 (4M, (p) — aM, (p)}. 


The anove relation waa used in inaerting tne last fore 
ward element in the feed forward channel in the block dlagran 
ghown in Fig 6«0(a). 


Prom the block diagram obtained we shall derive only 
one transfer function on the input signal, which we ghall cone 
sider to dé en increment in magnetic fluxA4CP(p). We shall 
temporarily neelect the extranecus input sienels, 4.e., chances 
in the armature supply voltare ZAU(p) and cnangee in the load 
torque L3Mg(p), and we ehall proceed to transfor: the bleck dia- 
gram, The first transformation is shown in Fig 6-$5(b) and con~ 
sists in meving the upcoer summing point downward bevond the 
element -EQRI, CIN: Actually three elewentes ere involved] inate 
colnsidence with the lowar summing point. 


The right portion of the reduced clock disgram contains 
an integrator with rigid nesative feedvack compensation. The 
tine conetant T. of that loce ia equal ts the reciprocal of tha 
open lsop gain 


JT,Q)R 
THE. * (6-40) 


Tre vain of the reaultant aperiodic element ta equal 
tO the reciprocal of tne feedtack channel gain : 


RI Qe 
& scuay nes 


@ 


fe shall fhad it convenient to aiavlify the notation 
ubemesots in the feedvack chanzel. The result 
shown an Pig o=5(¢). 
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Control 
{fiz Tne factor alg is missins fron tue n 
tne tranefer function of tne last element 
ir the reduced aiartran in Fix o-6(c).]J 
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.suetretine the Conditions 
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Q 
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Ve (p) = “Tp aaloe : a. 4 (6-41) 


The term 1/P po has been factored out to indicate that 
a change in magnetic Lux Ac must be converted to a relative 
cnange in flux ce) o+ This eliminates the need for tne dee 
termination of the absolute value of Do, which is usually not 
giver in stancard electric motor catalogues. 


An analysis of the transfer function ceacribad by 
Bquation (6-41) or of the ilefthand pertion of tne clock diagram 
in Fig 6-6(¢) shows that the sign of the transfer function is . 
Gatermined oy the difference 


1,R rez Ey 


If the nominal IR drep of the armature is expresesd 
ae the difference between the impressed circuit voltage and the 
motoregenerated voltage, i.e., if we write 


LR= oe = E., 


the (closed-losp] transfer function can ce written in the forn 


Q. 
(U,— 2E,) E. 
Welt) =e oa 


D, 


On the basis of the relation derived above, tne fol- 
Lowing concluaions cay be formulated: 


if the seninal operating conditions cf the electric 


moter (da Qo, Es Egra% #224) are such that the counter-en? 
is Less than Gneehali of the impressed circuit voltag: . on ine 


ereasa in the field flux will result in an increase in motor 
, speed. ; 


—t 


If the nosinal counter-emf is greater than one-half 
the impressed circuit voltage, an increase in the field flux 
will lead to a reduction in the speed of the electric motor. 


Thus at low speeds and during startup, the sign of the 
transfer function will be positive. 


Practical application of the positive transfer function, 
i.e., the use of field control during startup ar at low speeds, 
requires the insertion of considerable starting resistances, 
eometimes even barretters, in the armature circuit, since tie 
current-limiting effect of the counter-emf is small under these 
conditions. when starting resistances are not used, given the 
standard characteristics of commercial electric sotors operated 
under conditions of speed stabilization, tne counter~«enf will be 
greater than one half the voltage impresced on the armature cir~ 
cuit, and the "flux-speed" transfer function will take ona nega= 
tive sign which deserve special notice: 


Q 
CE, —Ud) p~ I 
Ma ooo re faa een (6-43) 


To obtain the tranefer function on the load torque, 
it is sufficient to limit our analysis to the second feedback 
loop in Fig 6-6(b), for which the tranefer function may be 
written as follows Q,/,R 


e 

T,ptl 
Inasmuch as the feed channel for the disturbing terque has been 
moved ahead of the element My (cf. Fig 6-6(a)}, the evove trans~ 


fer function must be divided M,. The resulting transfer function 
can be written 


< car eae aes (b-44a) 


Ne enall find it convenient to factor out the coeffi- | 
cient 1/M, in Equation (6=-44«): i 


ra Ri, 
Wy (pe Tipe oH,” (6-446) 


Ye can now first oxsress the disturbing torque as a 
torque vatio Coercent change] 


a 


@ / ANE, ex Ate, , 


which, ae may be seen from the transfer function, Leads to the 
following relative change in sveed in the steady atate: 


43, = So et AR AA. (6-45) 


The proportionality constant relating « percent change 
in torque to a percent change in speed is the ratisc of the IX 
armature crop to the nominal counter-enf. For greater risvidity 
feic} of the caaracteristics, this ratio must te meade emaller. 


3. & Generalized Glock Diasran for CespoundewWound Electric 
Motorg Using Various Con.rol Schemes 


We £hail return to a discuesion of the venecelized 


a 








cireait of an elactric soter having @ sevarately excited snunt 
& wdodiog and @ ceties windinte. Ae saorn in Fig 64,2 disturbing 
tercue My is ete to the shaft of the electric motor oy a 
Load baving & guced mement of inertia J. | 
Tre Giock diagran of a compound eleatric motor da 
the aedficint af the blieck diagran for 8 compound senerstor civen 
in fiz Geai.w It followa that tne canerator and moter equations 
Sor Correaponsinws Ghannele sre analogcus in nany reanects, though | 
the input and cutyut variables 4iffer in a number of caseg [alc]. 
%e econ) tnerefore retsin the notation used for tne controlled 
varisbilesa in the -epetor block diacram discussed in Saction 5-1. | 
Mean Eoaatione fer tne Shunt Winding. When the excitse 
ton currest is vresuieteo oy varying tie rasistance of the ehunt 
windine carenit, the relations between the curreste and voltactes 
_ in tue elrewit are expressed by Equation (6-29). Wen tie ren ! 
sictense is kept sonatent (A R- = 0), the equation ta staplirists 
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Pee acres i 
(LE pneR,) AI (np) = Avaw AQ (p) (6-46) 
Sia: f f f 
Equivalent Exciting Current Flowiny in the Shust jindines. 
Ve stall consider tne vasic saturation curve of the macnine to be 


given in terms of the atuat winding. wWnrena series fieli is 
preeent, the grach must ve antesred with an equivalent current 


At, = Ai,+(w a) Ar, eee 


Total Field Fluxes Tne total fiela flux is canputed 
from the slope of the saturation curve 


Ad = st a) (ser) 


Mesh Equation of the Armature Circuit. i small uce 


Eauationse (oez2) as =» oasis and rewrite it in a form more con 
venient for tne computation of 4 Ta(p): an aadition, we shall 
use the aymool RY to represent the total foumic oe cuatatwice of 
tre armature circuit: 


(prs )Orte) = A ulp~ Anew pag (b-49) 


Cnanve in Counter-enf. Inasmucn as tne eiectric motor 
operates under variable gpeed conditions, we snalli Hauation 


(5—50) 1 
4Q ‘ 
peene(ante er) (6-50) 


In addition, inasmuch a5 the solution reduces io the 
regulation of the variacles A@ and Ala, we cen wake use cf 
the Sollewine soquations which were derived for tre electric moter: 


For the chanee in torade 


Ad(p) 4 470 2) eer 
ip « tae 


2M (p)= M, | 


ror tne change in speea 


1 
AQ (p) = 75 14M (p)— OM, (pI] (6-52) 
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Block ulagrams for tne Compound [d-c] “otor sine Twoe 
Channel Controi 
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cts The transfer funetion “20/ 9 BnGU 
eEQLM? in the righthand corticd of Pig 
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Equations (6-47) through (6-52) were used in construct- 
ing the generalized block diagram for an electric motor shown in ' 
Fig 6¢7(a). The block diagram has many features in common with 
the block diagrams constructed for the compound generator and the 
compound electric motor shown in Figs 6-5 and 6-0, respectively. 


We shall now carry out a number of transformations of 
the block giagram in order to establish the time constants of the 
various loops in the scheme. 


In proceeding with the determination of the time constant 
of the field loop, we note that the flexivle 
feedback loops w¢p and Larp around the power elements cS 4 and 
(1/R¢) = Ye, respectively, act in parallel and ccensequently can 
be combined. To this end we first move the feed channel contain- 
ing the element we/wr in the leftnand portion of Fig 6+7(a) to 
the input of the diagram, as shown in Fig 6-7(@). In go doing, 
we multiply the transfer function of tne element Wa/We by the 
reciprocal cf tne overall transfer function of the paased-over 
elementa, obtaining the naw transfer function weRe(Teypel)/Wy, 
which is entered in the block diagram in Fig 6=7(b) iy = Lat/Re, 


the time constant of the field winding referred to the leakage 
flux). 


We can proceed to combine the element Lyep with the 
element agp. However, the transfer function of, the latter 
Cformer] must first be multiplied [divided] ty st as the takeoff 
branch is moved forward past the latter element. Following this 
rearrangement we can add the two elements to obtain 


Lag PengStp = (LypomeSP)p 


Since sf a 26 so I, the multiplication of & by 
the number cf [shunt] turna yields the selfeinductance of the 
shunt winding referred to the main-pole flux. The sum cf the 
latter quantity and of the leakage self-inductance constitutes 
the total self-inductance of the shunt winding, 


Ly = 1, peu, 

The time constant of the shunt winding referred to the 
total field flux thereby becomes 

Ty = Le/Re 


yhen the above-establisned notation is taken into ac- 
count, the transfer function of the elemant Yy aifRe enclosed cy 
the feedback loops discussed above oecones Yg/(TERe 1). In the 


block diagram this element has been combined with the adioining ' 


= | | = 


Soe One 


; ’ P 
aw € Hey af 


Transferring our @itention wo tae rignthund sortion of 





Eat ft S. we weve tne output of the element 1/62 4 to the feed 
Ot mgak rothé inyut sisnal As Vas past the 5 Leman Spe the 
OTe aoefer function for the orancn ty oes ee entered in 
ine wienthaud cortion of Fig 6-7(bd). 


- Finally, we tomuine the adjoinins elenents 
S,, in tne uiock disgeras is Fie o-fiea}. Berore cunuinarns wie 
elemente ve must Zirst rearranme the Laterveniu: 





Sumabne points. Tne branch point ie moved vac 





eRWAaL 

duciasr tne functiern 1/ '@ in series with the oraser, 

Anes ie moved anesza, “hus cnangins the tra 

tre 1/T, orsneh te ip/Z,. The reeviting ch 

Fie 6-2), 
= 

fne parailel branckes wep and Eo/Q Gael Ss Gey 
wined into a single elesent uavins, tne transfer 





35/2 5), as shown in Fie 6-7(b) 


Tne kiock Giegrem in Fig 6-2?{b) has undistorted [sic] 
fos the resulabed varias & /\ cb ; A nas ari “A het in addition, 
Sus block @lavrem ages input and output channels [xicy. se m the 
stam s number of ‘udgments soncernin. tae oxuc ing 

of the svatex can ce maae. However, ee aoing 
Zt convenient to renove the cross-over orancn 
summiny point 1. 





. 


fea anuil first meve tne oranen anead of the interretin 
element to point 2. Tee transfer funstion for the crosseover 
trench is then given by 


ey 
an Os 
RA Tee pt i ) 


ae 


(} 


Tio as Purtier necessary to move tse sumtin. roiat oest 
he talseoff point iz the direction of sien:l flow wit @ reculteanr 
<1? (G0 Sree celementi ey dn the craner cnd tee farcaticn of tad 
“ts ovenchne wot the te dicated ~ranster tuncticn (74 verni- 
Na.vins sh summing pointe L' anc i", a6 shown by the oroken lines 
Hi T4EP) iS RCT am 


Fe rears 
~. P 
at ee 


a 


Next, we move sumaing point 1' te point 5. This re- | 
arrengement requires the insertion of the function Mo/To in ' 
series with the branch, the transfer function of whien now bee 
cones 


aM (wy peE /LL RAI, (T gg P42) 


This transfer function has been entered on the rearranmed branch 
in the block diagram in Pig 6-7(c), 


The presence cf two parallel branches sf opposite sin 
petween the Aq and 4M channels indicates that the sign of the 
overall transfer function on the input signal can ba controlled 
by adjusting tne gaine in the two parallel branches. ‘Yhen the 
two branches are combined into a single sranch, the tranafer 
function of the latter relating a change in torque to eo change 
in flux becomes 


AM (p) Dap +E, M 
Vi)= 30 Riles + 1) |e vac 


In a steady-state condition (p = 0) 
A w/ Ad 2 “4 /Q 9 L(B,/1,R, )-2) 


ana all deductions concerning the rule of signs coincide with the 
deductione made from the analysis of Equations (6-41) and (6-42), 


We now move sunming point 1" to point 4. ‘The transfer 
function of the crossover branch is then given by 


E 
w Ry (Try P +!) (wo + z) 
Rage PET 


we: f 
The reault of the above rearrangement is to introduce 
a feedback loop around the aperiodic element, and we can write 
| for the closed-loop transfer funetion Be 


U5 


a 
i 


Wp) = 
Y SP Wy RyT seP + 3) 


= 


ee ee 


RTP DT yp +e SMT gue + 0 (wep +: ) 


weg C28 Az oe 
When the above tranafer function is combined with that 


of the adjoinins element ¥,{(p). the resultant overall transfer 
function is given by the Zquation (6-54). 


Walpy= (pV ap) = 
rats MY aS? w, HOw, p + 


“ie Ole RTP + INT. aoe 
+ E)-R, I(T cP + )} 


rE | —_. (6-54) 
+H S80 apt 0 (7+ a) | 


Next, we move summing point 5 to point 6 and insert 
the reciprocal of the overall transfer function of the passed-over 
elements in series with the branch. The resultant overall trans- 
fer function for the branch can be written 


4, Cp) = MO/T oy (p): (6-55) 


Equation (6-55) can be combined with the overall 
transfer function of the parallél branch CP rentactce at sumaing 
point 6. 


In tne block dtagram [Fig $-7(c)} the transfer function 
of the combined parallel branches Le labelled #,(p} in conformity 
with the notation used for the cascude element [sic]. The ex- 
Denies form of trensfer function We(p) is given by Equation 
x (5-50 } ° 

Ye 


2 Ry 
gas Te +h XK 
= “S#0,0 wPt+E-- 
rr 
SPT. wth (wp+ 


* 
| as Pi? + 1) |. (6-86) 
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the two fperallel brencnas referrad te 


a 


et 
{ 


Bm SLn.yéad of 
above anews that they voth are in a feedback relation to the ine 
tegrating giswenct 2fop. The interplay of the sions of the come 
ponent elements of transfer function W, (o} dz euch that tere 
oversil elan of the Function ia negative,and iff tuerefore con~ 
eatitutas » aesetive Feadbsck Lloep. the element wake (iggpel) /we 
introduces a positive feedback sigcal or seduces the effeat of 
the uegative feedback Loop. Thie arrangement increases the 
eensitdvity of the sehemea to chaneer in excitation veltare du 
@imultangously else incrsssés tne efiset of torque dinturbances 
on tng spesd errom, i.é@., the mechanical characte ciatis (mekhanie 
cheakava knarakieristixza: epeed-torgue curve?) of the electric 
motor iis thereby made “softer. When the directicn of tha flax 
im the méeries winding is reversed, i.e., the alectric motor is 
MAGE “anticompound," the sensitivity of the ssheme te fielé 
Gontral de reduced and the mechanical characterietic is msde 


° Sr ot 3 * ¥ 
‘etiffar, 








For armature sormtrol of the electric motor, the feed ®@ 
hack Loop around the integrating element contains only the ele~ 
ment ~E,/ 0 qa; trow aniech tne cverall gain is computed to oe 
A o/Eg. She overall transfer function of the armature voltage 
feed channel fp) has no effect onthe system transfer funetion 
in the steady state, though the overall syatem stecility i6 ree 
tained, 


Spua the block dlepram constructed in Fig 5=7(c) san 
o@ represented ae a single lcog achens. The closed Loop trans~ 
fer function can then be written 


i E 
Clp ~7a(-et W's (p) WAP) 


sine the transfer function notation introduced abave, 
we Can write the overall tranefer function (fquation (5=25)) @ 
for the detertination cf the setuatine eienal at the disturbance 
invut cumning point ot the relative tranafer function [actuating 
Bisausi ratios, 

@ ips= poo (O07 

{Tht Tne sien ccnvention followed bere appears ts contradict 
taat followed in Equation (5-16)]. 


Ne can easily write tne transfer functisne ¢n the twa 
input sizuslse as seli ae the transfer function on the extraneous 
Bifnal. 


The transfer function en the control field veitage ¢an 
oe written z 


je 


> 





[~ | = 


Wy (P) oe 
% 0) Ter CON as 


CIN; From Figs 6-7(c) it would appear that ¥,(p) should have 
been used in the numerator: cf. Equation (5=546) below]. 


The transfer function on the armature voltaze becomes 


&, _Cip) . 
by, 2) Eo 14 Gp (6-59) 


[DNs A negative aign in front of the factor Q./E, has veen 
dropped]. : : 


The transfer function on the disturding torque is 
given by 


ere 
Pua?) = Toi EC pate 


{Tis Incorrect sign; cf. Fig 6-7(c)) 


rom the avove transfer functions the static gains 
for a step input can o@ calculated: 


BSP Ee— Fs) 6.880) 
oye ey 
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Con: The symbol J, in the wumerator of Equation (6-60a) nas. ae 
not been defined previouslyl. : 


The essential steady-state characteriatics of the 
scheme have been Gisecussed in the course of the analysia of the 
intermediate block diagrams. The equations presented above 
merely provide a more rigorous corfirmation of deductions ore~ 
Vioualy atated. 


A more detailed descriptions of the properties of wlece 
tric machines by classical methods can o6 found in conternporary 
textbooks (Ref i and 2) and in the literature on the regilation 
of machinee (Ref 3). Structural methods [block diagram araliysis) 
aiso make 1£ possible to formulate a numoser of additional prob- 
Lema in a readily visualized format. Tenscr analysis (Ref 4) is 
another metnod of fairly broad applicability offering similar nos- 
sibilities. Hawever, experience cited in Ref 5 indicates that 
thie latter method is not nearly as graphic. @ 


bes. DYNAMOELECTRIC aMPLIFIERS~7HE AMSLIDYNE 


The circuit tor the system under discussion is shown 
in Fig 5e8(a)}. A load having a static torque My and » reduced 
moment of inertia J is driven by a separately excited electric 
metor, the armature field of which is controlled oy the amplidyze 
output. ; 


The amplidyne hes a control field with a resistance Reo 
and a total inductance Leo, a shortecircuited set of primary 
brushes naving a resistance A, and an inductance Ly (including an 
auxiliary series winding), and a set of secondary Drushes set on 
an axis at right angles to the axis of the orimary shortecircuited 
brushes. In the circuit formed by the secondary crushes should te 
included the feffective] armature resistance 2, end tne inductance 
Lg of the armature along the longitudinal axis Ceie], a5 well as @ 
the resistance Ry and the inductance of the compensator wiadin; 
which ia shunted by the rheostat K° The dietridutead character 
of the compensator winding, whicn is a mirror image Copposes] tie 
armature winding, and the ¢rovielion of a variaole shunt rosiater 
make possible the complete compensation of the armature reaction 
along tne lonsitudinal axis [i.e., resulting from the load current], 
wits the result that the fluz linking the windints can be neglected 
(in the case of incomrlete compensation, this flux must ce taken 
into account oy tha introduction of additional elements tnto the 
block diagram). 


We shall now proceed to write tne equations for tie 
varicus circuits in the saysten under diecussion. 


L For tne ohmic resistance of the control winding | 


ee 


pw y ss i eee 





4 K vh Se ETN 


( wrnotey ) 
/ 


Fig, 6-8. Electrical circuit for controlling a 
d-c motor with the aid of a dynamoelectric 
amplifier (amplidyne )} 


a) amplidyno-motor circuit; 
ths counter amt of the motor. 


b) sirouit for taking off 
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je Oh write Be « L/Y,3 the time con , 
ee ba written Tos Le/aas With tha | 
on, the equation for the exciting 


mateat for tne circuit can ¢ 
introduction of trhlis notati 
current bececea 
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Neste 
The relationsnin between the current in the control 
field winding (exsiting current) and the emf E, in the shorte 
circuited armature winding of the arplidyne ean be detemmined 
from the corresponding saturation curve, Following zectifieation 


of the unsaturated portion of the curve up to Eg, and I,,, the 
following = approximate relation can be established: 
ie 
aioe fay btn 


30 


Tus voltage equation for the shertecircuited primary 
cigtcuit can be written as fellows: 


E, trim (Rot Leph l) 


It should be noted that for tne suplidyne sa for the 
generator with only one set of brushes deserided in Section 6-1, 
we must determine tne equivalent resistance of the chrenit formed 


by the ehort-cirsuited primary brushes. This rele on réesia- 


taice, in a¢dittsn to tne armature IR drop, the brush-contact drop, 


and the [kK arep in the auxiliary series winding also includes cre 
demagnetizing effect of the armature reaction. The latter effect 
can ba quite large as 2 result of the Gecign of the maenetic cir~ 
enuit of tne amoliayne. Mere complete inforaation will ve found in 


- 


Ref 6. 

The inductance shown in the creceding formula likewise 
represents a Sumuation of the contrisutions of the internal and 
external parte of the circuit set up dy the shortecircuited prine 
ary bruahea. 


Ween the preceding equation is solved for I 


cp? in ope 
erator form ve have : 
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q = 
A fp) =F + £,(P)- | (6-63) 
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; We nov proceed to compute the emf at the secondary 
brushes from the current flowing in the short-circuited windings, 
which gets up the armature cross field. The functional relation- 
ship.between the exciting current and the emf is given by the | 
saturation curve Be « £(Ty). Rectifying the latter over the in- 
.itial branch fron 0 to Eg and igg, we obtain the relation 


E or 
E,= ie [gem SEI, - (6-64) 


Next, we set up the overall voltage equation fer the 
vain circuit composing the amplidyne and motor. 


B,(p) - 5 ,(P)+1(p)(ReLp) 


In the abova equation we have again used the total 
ohmic reaiatance of the circuit formed by the amplidyne, motor, 
and connecting leads; the inductance used iikewise represents 
the sum of the contributions of the circuit components. We shall 
find it convenient to solve the above equation conditionally for 
the mainecircuit curreats 


Y ‘pit | 7) 
i= Tp [E(p) — E(Pi- (6-05) 
”n 


Hhen tne magnetic flux in the electric moter is hela 
constant, the torque can be readily calculated from the current; 


M 
Af ee pt doe KP. (6:65) 
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In the absence of a viscous friction torque, the speed 
motor can de computed from the torque with allowanse for 
sturbding torques Bye ; 


woe 
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Bp) 75 iM (Pp) — AN Ph. (6-7) 
/ 
Va 
The system of equations is completed Sy writing the 


equation fer the calculation of the countereemf of the motor 
from the speed: 


a ; men 
Es é. Q ==: K&Q, (8-58) 
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Using the equations derived asove, the Glock diagram 
in Fig 6-9 was constructed, In the case under discussion the 
number of branches between regulated variables is minimal [aicl 
and the clock diagram obtained contains only one loop. In tnis 
form [Fig 6-9(a)] the biock diagram dcee not take into account 
the mutual inductance of the windings in the yvrimary and second= 
ary chreuits. However, given ideal compénsation ef the various 
magoetic fluxee, which is after all precisely the reasoa for the 
dneertion of a control shunt rheostat across the compensating 
winding, the block diagram under discussion represcente a fairly 
close approximation to real systens and is frequently used in 
the form siiown. 


de now return to Fig 6-3. Whenever it becomes neces~ 
sary for a given application to measure the countereemf of the 
electric motor durtnz operation, the measurement can be carried 
out with the bridve circuit snown in Fis 6-5(0). The resistences 
in the various arms of the bridge are proportional, i.e¢., Rg/Rm * 
R, /R,, and rence the emf of the amplidyne Eg does not uffect the 
voltage of the bridge. Hhnen the countermemi of the motor is ine 
serted in 2 bridze arm loaded by resiatance 2,, i+ is-transe- 
mitted to the terninals amplifiea by the gain K or the bridge: 


RAR, +R +R V+ RR 
KE RERDRFR TR PRR Fe 
mm Rs 


fae possibility of experimentally determining the guane- 
tity KE, appearing in the block diagram permits the further utiliza- 
tion ef the variable Ey as a regulated [manipulatedj variable 
| when new elements ara adaed to the sygten. t snould be noted | 





| that a Variable CLaienal] propor tional to the speed. Woe k E, could 


Ge 


be obtained from a tacnometer generator mounted on the shaft of 
the electric motor. Dhe letter method produces a wore accurate 
value of S2 imeamucn as in the brkige scheme discussed acove only 
chmic resistances were taken Inte account in sstablichias the 
bridge calance: however, the use of a tachometer generator compli-~ 
satea the mecnanical part of the sysaten. 


From the block diegran in Fig 6-O(a) we can write the 
transfer function from the Lamplidyne] field inwut to the speed 
of the driven motar 


i 


Pay cee anes, 
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and the transfers function on the diaturbiag load torque 


nut 
KEK}! 
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We shall now take up a number of acditicnal factors 
ffectinge the cperation of the motorearmplidyne eet and to thea 
corresponding buildup otf the block diagra”. 


de shall examine first the case of pera dae corbensa= 


ticn of the secondary field. Let Awl o¢ the difference vetacen 
the crossenaenetizias armature ampareetutns aud the compensating 
winding. The equivaient addéistonal exciting current in the cone 
trol windiny cuisulated frou the amperesturn tatio is 

Aw / 

we” 

Tna tetsal azuivalent meagnetiaine current flowilas across 
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For the detennination of the total eecondary flux we 
introduce the aymbol S*¥ for the slope of the curve giving the 
variation of the secondary flux as a function of the surrent in 
the snortecircuited windings. 


@ * ceesey 
= St . (ork 


_ For the calculation of the emf generated bacween the 
primary brushes at constant apeed, it is sufficient to introduce 


the corstant Eqo/ Dao: Ne then have 6 
| 


E | 
Es ai ® (6-73) 
. a Ps a. 


The detervination of the new quantities appearing in 
Equation (6-72) and (6-73) does not require tre recording of 
special experimental curves. All of these quantities can be 
computed from the magnetization curve for the primary circuit. 
The slope of that curve is given by 


E 
es ee 


Tha determination of the equivalent magnetizice cure 
rent, secondary flux, and orimary emt in accordance aith Equa. 
tions (6«72) and (6=73) is reflected in the block diagrraa in : 
Fig 6-3(5). Tee block diacram contains new elemenisc and an ad- 
ditionel feedback branch from the channel for the main cireuit 
current. 


Tne block diagran also shows additional branches 
taken off the secondary fiux chanre).. The dependence of the 
aéecondary 2.ax not only oa tae tontrci field current bet on a 
nurber of additionel factoce as well requires ne to account 
soon. tT Pos the ehangste un thé eaf of the control windiue 

peroduces Uy SG@Ug@e Gn 2. cece oka, aux. Toe mesh ejueucen ! 
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‘| 
Block Diagrams of Control Syratema for Electric Motors 
Using a Dynamcelectric Amplifier 
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Cror tne control circuit is theresy made somewhat more conplicated| 
compared te Equation (6=61): 


2.6) “ Ch, peR 7, (pew p P atv 


Solving the above equation for Ig(p), we have 


iy A 
ar pmo eee Fae ° z ‘ : the 4 
ftp) i pee, DP) — Wy PD APY (6-74) 
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the aoove relationships are expreased in the block 
diagram given in Fig 46-9(5). The symbols Ly, and T,, 2 lye/Rey 
represent the leakaze self-inductance and the time constant of 
the sontrol winding, respectively. 


We note imzediately that euch a distribution of the 
self-iaductances is useful only in the intermediate siace of ine 
vestigation. Once the conditions for current feedback in the 
diagram shown in Fig Ge9(b) have been determined, it will pe 
found convenient te move tne summing point in the contrel current 
channel te the input of the system, as shown in the block diagram 
in Fig 6-9(c). The feedback transfer functica thereby takes on 
a more conplex forn 


(Tt) A w/t, 


Bearing in nind the relationsnis 


hd « 

Lao*Sy¥_ 2 ©, 

discuesed in Section Gel, we reintroduce in the feed-forward 
branch tha initial total inductance and the initial time constant 


tee 

Changee in the secondary field can sleo affect tne emf 
balance in the rain Camplidyneedriver motorj circuit inesnuch se 
an additional anf ke impresasedusen the circuit by the contribution 
of the noncompensated turns to the secondary flux 


AE (p) =x — Awpd,(/). (6-78) 


Tois emf nae also been entered in the biock diazram in 
Pig 6-9(>). In the preceding discuseion we heve elresiy mentioned 
transformations of the bleck diagram in Fig 689(c} and the tartial 
reduction of that diagram to the block diagram shown in Pig 6=9(c}. 
We now Continue these tranaformationes. 
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pose ’ « ' tae | 
i First, the two Branch points in the - channel are : 
moved beyond element Eo/ c+ We Gan write Yor the conbined x 
trensfer function of the @lements up to the branch point [sic] 
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The overall transfer function for the modified feed 
forward loop to the right of tne branch point is given by 


va 


ys ® 
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g It will be found convenient to move the feedback branch 
“K™ backward to the input to the systen. The transfer function 
for the branch will thereby be transformed as follows 


Ke 


Wye) wy tp) 


The above transformations were used in constructing 
the block diagrsm shown in Fig 6-9(c), which dees not contein 
erosecd orancuse and has undistorted channels for the regulated 
vatiablesa, The reauced block diagram permite the ecaay determina~ 
tion of the derired transfer functions, both on the referance 
input and on the disturbance. 


We first proceed to the determination of the transfer 
function for the internal positive feedback loop: 
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Tne above transfer functicas characterizes the operatio 
of the anplidyne as a_xanerator with a load which does not pro= 
duce a counter-erf (Ke = O), 


It ia important to note that for 


Aw RR, : 
wr SF (6-77) 
¥ fy ry 
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the free term in the denominator vanishes {ay «.Q} and the amplie 
dyne takes on the. Oharecteristics of an antatic element For 


Anj/u, > 8,/33.57, 


the free term takes on a negative sisn, and the eveaten becomes 
quasiestatic. When either condition (6<77) or the condition 


E 
a s/w, RE a 8t0%tq 


ie fulfilled, the equivalent element can be used as @ corponent 
of a nore complex eystem for wnich the necessary stability condi- 
tions discussed in Chapter 11 must’ be assurred. 


The overail transfer function of the aystem ou the raf 
erence input {control ratio) is given by 
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f Waen the system ts in a eteady stats, the static gain | 
for & constant reference input is «iven by Y 
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The disturbance static error coefficient is siven by 
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no effect on the ateaay state speed of tne electric meter. ! 


It must te torse din mind th hat tha paseage ts the limits 
din (6=99) and (6-81) by astting po GO is justified oniv for 
stable syacems. 


Yue clock dlagrem in Fis 683(a), cepresentine the motor~ 
emplidayne cireunit, can alse be used to represent the cireuit of 
@ notot-genarator set a3 well ag .a quacratic notoregenerator 
schema fexciter-typs regilation wethod}, In the latter types of 
schaoe control is effected by varying the field voltare of the 
exciter, tne field af the power genevator is connected s¢regsse th 
exciter armature, and the generator supplies power to the working 
motor. Though the block diagram is very similar to that in Fig 
5=-9(a), the responee tine cof an actual excLteretype reculation 
eyetem ia considerably increased ag a result of the inerease in 
the value of the time constant ef ths second stage, in which the 
Loweinduc tance primary Gircuit of the amplidyne is revlased by 


‘the multipleeturn axcitation field of tne power generator. 


i 


Ths block diagran for one stage of the motor-senorator 
ae Ceic] wih] not contain one set of Leftmoat elements in Fig 


6=9{a) e 


The conclusions presented aveve were based cn the ase 
sumption that the epeed of the driving motor which is mechanically 
coupied to the amplidyne will remain conetant. siowever, in the 
prapence of varinaticags in the iosd torque, the requirement for a 
rigcrougiy constant sneed is equivalent to requirement of an 
infinitely larga motor rating, which is impossible. fa gnall 
apply a method analogous to that developed in Section 52 to ths 
investigatisn of thia question. 


Let a disturtance in the foru of s change in toraue & 
My be impressed upen the working motor. Thies will result in a 
change in practically all the regulates variables, si:ce they 
ara all interrelated, as can be seen from the vlock disgram. 


4‘@ ghall consider first the cnpncea in the armature 
current AT and in the primary flux QQ, inasmuch as the 
product <7 theee quantities detersiner tne electromamnetic ine 
artia of the amplidyne. 


Ne@ Gan compute the change in the torque of the driving 
moter ?rem Equation (6452), derived fer a single-stage generator, 
We uote thet the efficiency of the anplidyne wilh be smsiler 
inasmucn ga tnis parameter yveflects ali ate i¢ Losss2 in the 


windings (etrer than the control windin: 28 well 65 all mechanie 
cal lessees. 
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6,102 ; 
AM, = == (Dy AI+1,40)), (0-82) 


Inet CAviasng Mote) 

To determine the effect of the disturting torque on 
the speed of the driving motor, we shall. make use of thé dise 
turbance transfer function of the latter. We shall assume that 
the speed-torque characteristic of the driving motor is linear 
over the rangse involved and that the transfer function closely 
approximates Fquation (6-455). To simplify the calculation, we 
shall neglect the time constant determined by the self-inductance 
of the armature circuit. We then have 
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The fluctuation in the speed of the ampiidyne, which 
is computed from the relation 


AQ, (p) = K,(p} SM, (2), 


witli induce additional voltage changea in both stages. These 
changes can te computed by formulas analogous to Equation (5=30). 
Nhen these aacitilomal changes are taken into account, the total 
variations in emf Cin the two etages] can be written as follows: 


' E En ey 
sé, = Sy Al, + a. 48; (3-84) 
BE = SE bi, + et a9 (5-85) 
igre? Say 


Tre block diazram if Fig 6-10 reproduces tne feede 
forward ehoree) of the diagrar in Fla 6-$(%; In adciticr, tyre 
Clock disgram in Fig 2-10 has oeen budlt up oy tee inilusiv.w sf 


elements ccrresponding to Equations (5-82) through (0-45). 


reeiGing 20 cue viugram 4 channel tor cael 
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| new regulated variavle A Le pup) represonting the variation ee 


Fig 6<10 nave negative signs compared to Fig 669 [ate]. 


the apeed of the driving motor Cleft lower portion of the dias 
gran), from which tle incrsases in emf amplified oy the elements 


Eao/ D2 pao 884 Eo/SL.nus are fed to appropriate pointe on the 
feed-forward channel. 


To obtain AA Qon(p), wo introduce an element aquiva- 
lent to the driving motor, to the inpat of which are fed the load 
torque change components frou the AT(p) and AQ. (py) channels, 
amplified by the elenents > 5 and I, respectively. The coeffi 
cienta 0.202/% ie include $3 the element representing the motor. 

tt will be readily seen that the new vranches in 

The over= 
all effect ig the decrease in the sain change following on increase 


in the refereitce input made necessary by the drop in the spewed of 
the ériving moter. 


For the load torque, on the other hand, the additional 
branvhes repult in an increase in gain in the feedback loop around 
the integratinge element i/jp. The result is au increase La the 
overall gain on the disturbance. : 
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Fig 5<10. Block Diagram of a Regulating System Ising a Dynago- 
electric Amplifier and Taking into Account the 
Limited Power of the Prime Mover Driving the Dynamo~ 
glectric Amplifier | 
t fi Ari 4 wo ty (Da) ! 
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From the block diagram in Fig O10, all necessary | 
teanater functionn can ce obtained oy tne avgli¢geation of vela~- 
tively sisvle transfermations. fhe diagram containa oniy one 
erosgseover brancn from tne TAN (p) channel to the summing 
yoint; this oranch can be readily eliminated by moving the sum~ 
mine point beyond tre branch polst in the direction of signal 
flow. -fe shall not present these fermulas, being of the opinion 
that tue canetruction of the oleck dlagram is equivalent to the 
derivation of all transfer funactions. 


Hy way ef an ausiliary equation, we shall introduce a 


aimpiified relationshin, by means of whith the driven motor tovque 
orvesponcing to @ .canstant driving motor torque can oa nomputed., 
Nhe relationsauig is based on the ratio of the pewer output of the 

two noters when they are overated at constant epecds 


pet aed a6 
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The efficiency y, in Equation (6-86) takes inte cone 
alderaticn Lossere it the arriving motor, main elrauit, aad in the 


amplidyre. 


Lt shovwld be noted that the clock diagram fur the morvoere 
ampiidyns svatem clven in Fiz o-9 is based on ihe lingarigation of 
the esatucation curves. In tne case of the amrlidvaoe, these chars 
acteriatics, generally spescing, deviate ieee fvom jinearity 
with the reaclt thal the anaiytisal procedure agescrited avcve 
Can ne applied to the evaluation of bots incremental and total 
Varlaoieg,isclucing the change in ecisn of the referancte inowt 
ana ite pasdaare threvch gare. 








The tlosm dissram in Pig 6-10 hae seen censtrunt¢ed on 
thé vagle of the Linearization of the crincipel nonlinesrities 
.Gh are osually prescat in tne fern of the product of two 
lated Pacis oe it felLiava that care murct 08 axercised in 
:f fije ulezran only for relatively sali deviarions, 
pet, OTERO TACURUSET AbD AD GeCUSRENT TRAM SPOKE ont 
4. Hagic Varane ters 
As Conpeneats af autcmatie control syeterma, vransfornera 
@s@ used fia belh dec sad aet service. 





iscuas the operation of a dee trensforner 


with dual feed from two sources supplying voltazes U, and U,. 
The sircuit for this transformer is shown in Fig eae, Frown 
the sonsideration of tnis general case, wo shail leter find it 
easy to pass to a consideration of aingeler particular cases. 


Ia the circuit diegraa in cig 6~il(a), the primary (w, ) 
and secondary (Ww) windings coupled oy the mutual inductance flux 
are arbitrarily drawn seperately. The leakage fluxes are 
RAPER ates in termm of the leakage sallt~inductances iy, and I, ,. 
The Ctotal] inductances shown in tne figure algo include the tre 
ductanssas Ly gp and us f of tne orimary and secendary cireuite, 
respectively. We Sis can write 


ly 7 Ingtlng ty = ly gtlay 


The ohmie resistances mr, and vr, of the two windings 
are Likewlse ae id abe ot separated ana added to the ohmic rasiage 
tances ) apd i "af of the prisary and sesondary circuits, ta» 
epestive? “Vs Bo that we have: 


+o a ban +h y ; cabin = %% ry} £ 


She meen equations for the transformer circuLis ara 
given oy: 


ryt ld, + e@= Uy 
igh ty + Lal, a wb os Us, 


Solving the avovée equations ecnaditionally fo; the 
primary and secondary currenta, respectively. we aave: 
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LO)= par, ile % Pd{p), (6874) 
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The total couplings magnetics flux can pe 
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fram the sum of the atpere-turna 
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| Expanding the exeression far the ampere-turas, we 
' have 


D = SP (wyl, + wal). - (6-87) 


Equations (6-878) through (6-870) were used in con- 
structing the block diegram shown in Fig 6-11(0}). &y appropriate 
transformations of the block diagram, transfer functions for 
either direction of aignal flow can be obtained. Im carrying | 


out the trensformatione,we shall make use of the following nota- 
tions , 


& The mutual inductarces of tne primary and secendary 
windines, given oy 


ym . 
£4 105 Soon: Loy 82S aus 
The total inductances, given by 
Lye Lyk bys Ly = bat bays | 
Tne mutual inductence, expreseed by 


ac 
Me: 084 Soy> Vbidou 


We furtiner note in the block diagram in Fig 6=11(b) 
the presence of two [feedoackljloopese sharing a common channel 5, 


— mele 











w’ 
@ We shall construct the open-loop transfer functione C, Cp) and 
C, (yp) for tnese looses, which we shall nave occasion to use in 
tne discussion which follows, 
nex the time conatante, rapresenting the ratio of 
the selfeinductences to the resistances, are labelled with the 
sucseriztts of the former, tne following equations are chtained: " 
t 
i A | 
2 CD = te r | 
Cop; Ye S32? {35 ee “wP t 
@ a= = ™ —— © 
Pat) TiaPt i TP TaPptt 


Ne now pasa to the determination of the tranafer | 
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Fig. 6011. Circuit and Bleck Diagrams for a Transformer with 
Independent Dual Feed 
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i functions for the transformer. 
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Zz. The Operator Self-Aamittance of tne Primary Circuit 


The peifendnittance of the primary circuit defines 
the relationship cetween the voltage and the current in thet 
oireudt: < 


y, 
pi 
Vin (p= 12) Tab + 
11 (P) RG cc = 


or ‘ : | 


pase eee a 
ni SEN apt + legP + itm? ) 


Anelomously the eelfeadmittance of the secondary cire- 
cuit ie given by 


1, {p) 
UA = ls 
— ls +1) 
Ser ana -P ey Gee a cea) 


% Transfer Adinittanceae 


Tne tranefer admittance between the primary and aecond~ 
ais given sy 
(Pp 2 an 
Vs (p Pp): oad we 
— VY ye | 
me A A PO A I OE ee ; 
FPP OT kT DET Pt Tye CO | 
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a the transfer admittance between the gecondary and primary ; 
cirenits is given by 


Ay) 
Yast Tip 
—VYyip 


ee nr a ote nen ee (DY 
fpr pt year pitapo oo 


The equations derived above show that atructursily the 
felfmadmittences are real second-order driving elements. The 
transfer admittarces, on the other nand, correspond to real dif- 
ferential elements. 


The tlock diagrau in Fig 6-11(0) can aleo ve used in 
the snalysis of «a numper of a-c crsrating condition: 


4. Experimental Determination ef Ho-Lead Operating Characteris- 
tice for a-~c Conditiois 


The complex admittance for a-c conditions can be de- 
termined oy setting p = jW in the overall cperator tranefer 
function. To save epace, we shall not carry cut these eubsti- 
tutions in Equations (6-89) tarough (9-92), inasmuch as they ars 
fairlystraightforwaru. Instead, we snell introduce » number of 
sisplified relationships. 


For nc-losa operation (U; = O and ¥, » 0), tre loop 
G, can 5@ neglected. The remaining feedoack ioop C, 218 repre~ 
sented ov the block diagram saown in Fig 6-lLi(c). We shall Cind 
2¢ convenient to cGetermine the no-load operator impedaice rather 
than the corresponding admittance. To compute the ope r.\cirenit 
operator impedance, it will be sufficient to add the f2edbvack 
transfer function to the inverse of the tranefer funetion fur the 
Zeed-forward branch: 


a 





“on 7 P+ ! lace 
Zi, P= WISE, p+ ~ Y, 


= (Lig Fh) P+, 


RPearities tne saosy tpreso.con an complex notation, we have 


set 


ee | 


Ta 





Zi. « Uta) = " + ja (Lin & L,,) 2% 7 ry fit + By ids (6-93) 


whare x a @L,. 


for relacvively small values of r, and %. yy can ce 
Qetermined experimentally, I_;r can 24 Similarly determined for 
tas secondary winding . The wutasl anductancé M is obtained 
from the geometric mgan of the last two atiantities: 


Te dears 


M4 VO le y 


Fer move accurate computation the hystsresis Llosa and 
the eday current loss muet aino be taken into avecsunt cy intra- 
ducing an active componant (sie) in the openecircuit admittancs. 


5. Experiuental Determination of the ShorteCircuit Iapedance 


In the treataent cf the ahort-cireuited condition 
% y 2 Os Lye 2 OO), it de customary to neglect tna exciting cure 
rent (Tw, +tpm, ay CO). However, in ordey to retain a finite aec~ 
ondary curre nt, it is pestulated that 32, approacnes Lafinity. 


Tie permite the retention in the oliseck diagram of the nacessary 
raguleted variaoles, 


Hovever, whan the wadin in the feed-forward branch of 
a00p G, 26 increated withe.t limit, tae enclosed loop tranefar 
function will be nearly eaual to the feedcack tranefer funetion 
d.#., in the Gase under diecuseion, (Le pek )/wi er, as anown in 
Fis Geli fd). 


On forming the gum of tae complex feedback gain and of 


the reciprocal of the forwardeslement vein, ve ootain tne Coonslex] 


siortectrenit impecance! 


Zo. esr fx wt jor ie +p JX) (3-94) 
“mE i mT wa) "2 ar 
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The second term on the right in the 
regents %ns compley iapedance oe tne seconcar 
to prinary terue 1 v 
ow «Ge syuare of tae Rite Use aul Os ratac, woien ie given ov 
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1G. Deiving Point Impedanse in the Prinary Cireuit for aw 
Condgitians 


Nhe drivirg point Lapedanoe in the primary circuit san 


be detaurmined either frcm the complete block diszgraw in Fig 6-il(b),. 


locking fron leit to right, or directly by taking the reciprocal 
of the complex adnittauce given ty Bquation (6089): 


é iim ae fxg) a 
au (?) =r, Se ix, ss es ey hon" ety |. jted (6-25). 


From the abeva equation, the neture of the correapond- 
tug cirAuit can be readily deduced. The circuit cuntaina a com» 
plex impedence 2 «= % a jx, , followed by two partalel branches 
with impedances % yj = dey and 2, = ryy+jx,, weignted peer aes y 
proportional to the square of the ratio of transformation. The 
cireuit corresponds to the generally accepted equivalent eLrouit 
for transformers. 


From Equation (6-595) the shortecireuit tapedance 
(6-94) can be obtained by setting xy 2@O ond rr; =m. By Bet~ 
ting ryytjx 2 in Equation (6-95), the openecircuit impedance 
(6493) ts obtained. 


Ag neted avove, the dlock dlagram in Fig 5elifa) can 
be used as a baeis for the discussion of various transformer cone 
mection. scnenmes. Let us exanine » tranaformer with an spen gece 
ondary circuit. The oiock diagram in Fig 6-12(b) will then cone 
tain only the loop C, ,and the output escsondary eaf can be tapped 
off the wp bracch, 


The transfer function for the transformer unter these 
conditions is given by 


Woy. (p) = 


YL eiteSeyP ty, TP 
TP + (I + C,) w, (7, pt !) 


(6-96) 


The abova transfer function describes a real driving 
element. To make this element arproximate the ideal element dee 
scribed in Chaptera i-4%, yr, must be increaged with the reaultant 
decrease in the time constant T° This results in - simultaneous 
drop is wain corresponding to T oe = in, /m. For a=c conditions 
/8/ approaches ww, /a,. 
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soca | 
Io. Dual Peed from a Comnon Source | 
Ye eball preeesed to the discussion of the modified 
circuit shown in Fie Gele. 
in this cage voth transformer windings are connected to 


LUD Bene source whith ecenervates a voltave U,. : 

We now intraduce the notation Uy(p) for the input volt» 
ase, wateh de fed in between the tvo Input sumring pointe. Tas 
block dtastran expressing the transfer csaracterlatics of the 
traneformer fron Uy(e) to the primary current will coincide with 
the diock dilarrzn pioen in Pig Gelidp), except for the common feed 
chunnel a3 shown in Fig GeLeth). From the latter block diagran 

the desived transfer fuactionsa can be readily cerived. Thus tne 
cpannear Tunstion from Uy te the prinary current ia wiven by 


You, iP) = Vy, (D) + Va. (Ph, 


9 of the variasles from Havations (6<69) throoch 
statuted in the above expreseion, we obtain 


Yhen the vaius 
(5-92) are sut 





YiTyeti- Ye) 


Yui = FpE DT eS Cage + Typ O97) 


wnenu the secondary winding of the tranaformer ie cone 


nected as shewn in Fig 6-12(ci, the trascZer function taxes on a 
new Value expressed ty 


y Ne Y My + FVM) p+ i} Pe 
UO Ep OF + et Rae + Pye (6-974 


Nnem che remietance Rytlyp of tae conmcn cirentit see 
ment ahared py the ivo windinzs if amall, tae transfer funetions 
derived scove cen te used a6 shown and referred to the source 
voltase by setting U) 2 Cy. 


Woeo the impedance of the conmun Gireuit eesment muet 
Ge taker into e@cecornt. tne ingut voltage must o6@ rcelated to the 
geoures voltaze factuatinyg sienal rato] es follows 


u a (yee Uy tpy— iB, + Lp cei + Fs Cah) 


eon The Aueve ecustion anatles us te ould uv the bloce 
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Fig. 6-12, 





Circuit and Block Diagrams for a Transfermer with 
Dual Feed from tre Same Source. 
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(eee in Big 6-12(0) by tne introduction of additional pasviee 
as xhown by the dotted lines: the result of the eummaticn is the 
eatsblishment of a feedback losp whicn reduces the supply voltage 
(see Chapter &). 


6=5. ELECTRIC MOTORS WITH INERTIAL DAMPERS 


de sheil now exanine the changea in the dynamic prop+ 
erties of an electric motor produced by the application of an 
inertial damping torque in addition to the load torque. The con- 
etruction of the damper is shown schematically in Fig 6~-13(a). 
In the righthasad portion of the figure in shown a freely rotating 
rotor with permanently mamuetized poles, having a moment of ine 
erties J,. The rotor fite inside an aluminum or ecopuer can which 
ia attached to the shaft cf the motor. ’ : 


We shall now determine the torque applied by the 
@amper to the enaft.of the motor. If se let mw bé the speed cf 
the motor and §2,, that of the damper rotor, the usgnitudce of the 
electromagnetic Coroune resulting frem the interaction of the 
permanent magnet poles with the eddy currents in the walla of the 
can can be assumed to 2¢ propertional to the difference in speedo: 


Al, = Si 2,1, (6-984) 
fy 
rhece SAR 18 the proportionality constant. 


Nhen the sveeds are equal, eddy currents and nence 
aise «a Cdasping) torque are aorent. 


In seneral, the speeds are rot equal, ana the torque 
equation for the electric motor can be written 


LQ + SIR, Myf SHYQ, — Oe MB GY 


Where Sis the torque gradient of the alectric moter 
J. 46 thea moment of inertia of the motor 
Mow ie the friction torque 
4F is the starting torque gradient (eic] 


io The reaction produced by the electromacnetic tornue | 
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Fig. 6-13. Bleotromechanica} and block diagrams 
for electric drive using inert damper 
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36 balanced by the inertisl and internal friction torgues in the 
Aanper: 


St 2 @y Ben + M 
ip 


cn (6-085 


Introducing operator notation, we can rewrite Bqua~- 
dons (6-960) and (6-94c) as followe: 


ise 
se MET ph 
9,47) Tel oh 


— My, (p)— SHE{S. (py (PH, BY 


WwW : es 
where T = JL/Spp te the time constant cf the electric motor. In 


adcition, ws have 


sit So (Pp) M (p) 
any Oh ve 
2 aware ee pte (6-08 a}. 
a (9) = tn p+ s¥ 


Tae last twe equations were used in the construction 
of the nlock diatram shown in Sig 6-123(b). The fecd-forasrad 
cheanel in the cioex alagren carresponds to the normal motor con- 
fienration atthout a damper (Equation (6-5+b)). The introduction 
oY the additicnal elenents shown is necessitated oy the inclusion 
of cue damoet. 


For the Getermination of the transfer fanction fron U 


to dads, we fiver convine the feedback elements into a sinele 
element having a tranefer function Hip): 


y ae Wey a 
\ ar evan ft. aR tr “he 








jremnime a 


H = 2 “ 1 
Using the function derived avove, tie overell operator ransfer | 
Function (control ratio] san ce reedily cbbaiaeds : 
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where Tp = Jp / sph te the time constant cf the damper. 


fne inclusion in vhe runerator of the operator contrelL 
ratia of the transfer functioa fer a driver elemgut, Typtk, ine 
provas the frequancy rsaponse of the electrics noter vy reducine & 
the phase lag sver e given frequency range. at will be seen in 
Sucsequent chapters, this reduction in phase lar has a beneficial 
effect on the properties of the closed system wnoich insludes the 
@leciris moter under discussion. 


fo ecshieve maximum utilizetion o2 the positive properts 
of the scheme, the mowent of inertia, 1.e., the ee conatant of 
the moter, mustce reduced in every possible way. Tha cimplest 
method of implementing taie srinciple constrnetionsaily ta to 
make use of two-phase asynchronous shelletyge motore, shown dia-~ 
grameticaily in Fig 61300), Yor relatively stall valued of the 
time constant Ty, Equation (6-998) siapliss to the following 


ezpression: 
My Tap ti 
Wosth) = Stier = fa any teary ® 
gm: } pti 
“2 d 


A Gimilar set of equations and a aiviiiar block diagram 
are ootained when ths electromagnetic damper show: in Pig 6-23 (a) 
in replaced with a nercury damper, shown in Fig 5-13(d). ao before 
a orakiny torcis is absent when tre epeeda of rotation of tha 
ee and of the meres ury are equal and no relative displacement 
of the marcury takes place, When as difference in apead appears, 
the mercury Slows into the shell through opeaings in the partition: 
thia fiow sets up w viscous friction and a sesulting torque, 
eS Zn Gre d226% GLefORLMATIVE 25 eee 

“ads. 
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BLOCK DIAGRAMS OF ELECTRONIC AUTOMATIC CONTROL SYSTEM ELEMENTS 
Jel.e Negative Feedback Dec Amplifiers 


A simplified circuit for a vacuumetube negative-feedback 
d-c amplifier is shown in Fig 7-l(a). The circuit diagram clari- 
fies the conetruction of the equipment used in the block diagrans 
shown in Pig 1-9. However, the main purpose of the present dine 
cussion is not the establishment of tae external connections out 
rather the atructural analysie of the amplifier. We therefore 
hegin by considering a single input signal EB, impressed on the 
grid of tne amplifier through the input resistance r,. In addi- 
tion to the input resistance, the grid circuit includes the faed- 
back resistance r, and the grid leakage resistance r, (in the 
natation used in Sie 1-9(a), Poyz * 4, )- 


Yhe amplified voltage is measured at the output resis- 
tance Ro; the load resistance Rpis cconneéted across Ro and the 
source U,. The plate voltage of the tube is equal to the sum of 
the voltages of the two sources: U, = 0, +U,. The division of 
the plate supply into two parts is ea cendition imposed by the 
hulancing requirements. The choice of operating point along tie 
Linear portion cf the tube characteristic ie determined by the 
grid bias vc.tage Ue. 


Let us first examine the balancing of the anplifier. 


According to the circuit shown in Fig 7-l(a), the out- 
put voltage is determined by the difference: 


Ey = U,—IRy, (7-1) 
Th: object of the balancing of the amplifier is the 
determinatic: of the current I = I, for which a zere output volt~ 
age, U,-I.R. «= O, is obtained when BE, = GO. Inasmuch as under 
these conad tions the voltace preduced by source U is completely 
balanced by the voltage drop IgRg, the only active voltage in the 


piate circuit is U,, which assures the flow of the necessary cure 
rent. 


During balancing, the following constsnt voltegs values 
are sets 


U, 2 Gint Ya = Unt ue ae ee eo Sone 
The above voltages are determined by the correspondisg mesh cure 
, rents required to assure the condition E = 0 and Ey = C. 


; | oes 
In the discuasion which followa we shall cover only | 


dnoremental departures of voltesges and currents from their bal- 
ancing values. 


pase 


In our calculations we shail use the circuit shown in 
Fig 7-1(6), on which are entered only incresental values [of the 
above variatiea], denoted by lower case letters. The voltage 65 
is determined from the relation @ 2 E, Ig; the voltegua e, and 
@o ave identical with the voltages BE, ard E,, inasmuch as the 
former are measured from sera. 


By way of analogy with equations (1256) through (1-63), 
as well as directly from Fig 7-1(b), we obtain the following 
relationships: 


‘y= = (eh (7-2a) 
ig mmly— ty (7-26) 

ep mm ley + bys (7-28) 
iy es | (") 
Quw— key. (°*) 


The block diegram shown in Fig 7=i(c) has been con- 
structed on the basis of the above equations. Zquations (7~Za) 
through (7<2c) represent the actuating ratios about summing points 


1,2,33 Bquations (%) and (% 4) each express the amplifying char~ 
acteristics of an element [eic]. 


By moving sumning point 3 to the input of the diagran, 
we can reduce the internal feedback loop terminating at summing 
point 2, obtaining rr, ‘(eget ). We can thereupon reduce the 
direct feedback lcop terminating at summing point 1 and obtain: 





Lots / (ror +8 ols +; Tr ) 


The aboveeindicated transformations lead to the block 
diagram eliown in Fig ?7=1(4), which in addition to the reference 
input signal shows the disturbances whhch are active in tne real 
circuits; theeae disturbances are the resuits of voltage imbalances 
which are smoothed during balancing. The foliceins typan of 


ou 
awaeetl 


TIatalLi Laas gust we tanen inte accounti 


{2} Insteabiiity of the plate supply voltage Ay, : 
ee (2) Drift of the grid voltage AB, due to changes a 
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{3} ImstabAlity of grid bias woltage 5 U,y. | 


(4) Veltaze drop produced is the ald hak teen ns »y 
the Load cusrect 


A = foR, 


The above~eanmerated instabilities give tise to corcee 
epordizg errora €4(2 21, 2, 3, 4) in the cutpnt of the auplifier, 
which distort the transfer characteristics of the “latter. We 
shall ade analyse the conditions for the transmisaion of the ref- 
erencs input sigeal and the effoct of each disturbance (instabii- 
it type on‘ the aaplifier output. 


O. he gain aa the useful signal Ceontrol ratiol is 
obtaiaed by seducing the block diagrart tn Fig PeLidd fos the ine 
puta aad the watpuds 253 


@ —Cy's 


EC oha ct rare aad trate 








For lLacge valuea ‘of the anplification factor, the 
above vapreasaion tedussa to 


Gee. (73h) 


? tho uraally em. welue of tae adtittaace i/>, 48 
aagtlesved ie a cation (7~3e). Eqnatior, (1051) 49 obtatred. It is 
Amportaat to nv’. tha’ ths gain regalne upchanges during fincetveae 
tions of the ac ‘ification Pnecor ef tha tuba. 


1. ‘foo snange iz gate dus to the anstability of tha 
piate anoply foteages AA is gives by 


ee Aas s a Se eee IT-49) 
a0, sree Se | eS 


: Por Largs values of the waglifieation Vacto®, ihe mabye 
t£PSGASLon Taduese to 





7 a 


» Fey E loa trite 
@, = . rare . (7-Ab) 


When the admittance l/r, is neglected, the above expres- 
sion simplifies to 


oe fott, ; Y 
Oe ‘ (7-48 


For large values of the amplification factor q, the 


above instability hase an insignificant effect on the operation of 
the anplifier.. 


é. The change in gain due to drift of the grid voltae 
Ax, is given by 


on were ay 
Feat elated trits 


For large values of the amplification factor, the above 
expression reduces to 


Opn —eatidet ra, say 


Pils 
For large values of the resistance m, we obtain 
fetl, — 
Oo, = — ms se (7-89 
a . 


3- The change in gain due to drift of the grid dias 
voltase AU, coincides with the overall gain on the useful signal: 


33 d 
O = 5UT, = Oe (76a) 
O, = %o—3. (7-6) 


4&. The change in gain due to the load current at is 
obtained by multiplying the change in gain due to the inst bility 


040 





ic the plate supply voltage 9: by Ry: 


& g, va, 
~~ om RG. cr 
® TR no (7-7) 
t 2 

In view of the fact that the amplificmtion factor ape 
pears in the numerator of Equations (7-4), the change ia gain 
due to the load current as expressed by Equation (7=7) will be 
enali, Notwithstanding the high values of the resiatance R, 
(10420 kiloohms) characteristic of vacuumetube cirouits, the 
amplifier has a low impedance output inadmuch aa Zquation (7=7) 
may be considered to express the resistance opposed to the load 
current by the active circuit of the amplifier. For re ry, 


that reatatance 4a &/2 times smaller than the nominal value of 
the positive impedance. 





Wig 7ei. Deo Amplifier. 


Legend: (a) electric circuit for a single stage} 


(nb) circuit used in calculations; (ce) (a) clock 
os diagrans : 
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ae St can se seon from Houationa (73), (P+), aud (2-7) | 
that an increase in the value of the emplification factur k has a 
favorable effect on a series of properties of the circult. A dea 
amplifier (DCA) therefore is ueually designed in accordance with 
the jentage scheme shown in Fig 7-2(a). The overall amplification 
factor for this configuration ts 


wie 2 (ky ) (mk ) (ity ) 
and can attain valves of /«/ a 50,000 or higher. 


% will be readiiy noted that whenever it ie desired to 
increase the number of etages, the total number of stages veed 
must be odd. This requirement arises from the fact that the sign 
of the gain must be negative if negative feedback is ts be ine 
posed by the simple method illustrated in the figure. 


It can be seen from Pig 7-2(a) that the circuit for the 
last stage is Sdantical with that shown in Fig ?<l(a}. In the . } 
earlier etages the feed conditions are modified aa follows: addi- 

tional plate. supplies 0, and i are used together with additional 

erid bias supplies U, and U,. The grid bias voltages required for 
interstage covglicg are provided by resistances r and xr The 
scurces U,, Ug, Uy, and Us, are combined: in the efrcudt dlagrar 
they avs shown separately ia the interwest of clarity. 


The first-stage tube hes an aumiliary right half Ctwin 
triod] shich containa a low resistance in the plate cirouit. The 
right half of the tude is ueed to atabilize the operation of the 
left half of the tube. When the drift of the Cleft] grid voltage 
is replaced oy an equivalent voltage U,. impresecd on the common 
cathode clreuit, the compensation of the latter can be effected 
by the application of the so-called parametric method. Tae method 
Consists in generating a current increase MI in the common cathe 
ode circuit such that the voltage drop across the cathod resistance. @ 
Ry oR, Dalances the voitage equivalent tc the drift of the left 
grid voltaze: 


AU, = AI(R, +R) * 
fe 
For constant operation of the left half of the tune, the 
current increase JY I must be precucer entirely in the right half 


mee LA eee ae ED A ar be te ast ov te a Sa 


2 Veblags ak Haeved ay | 
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| Fhe ateve change in grid voltage is readily translated into a 
Leurrent change by means of the tube slope: 


ere 
ded 





[ AI=:S(QU,—Ra oy | 


Substituting for Au, its value from Xquation (*), 
we obtain the relation setneen the resistance 2 and tho slope of 
the tube required for parametric compensations 


sR | . as) 


. “The Na vextite procedure vena Yor the three-stage circuit 
in Pig 908 4s analogous to that used for the circuit shown in Fig 
Jam’. Since for eo *® O and a= 0 the currents aust be 0 [sic], 
the-incremental values of the variables coincide with their total 
values, and the calculation of the circuit in Pig 7-2 can be 
cartied out on the basis of the equivalent cirouit shown in Fig 
FHifd) with the following structural transformat:.oas. 


Bet us consider separately che effect of drift due to 
changae in the grid voltage of each of the three tubes of the. 
threeestags amplifier without parametric compensation. For this 
purposs we must divide element -K into three elements: -K,, «K., 
and «Ky, as shown in vig 7-2(b); the drift voltages for each of 
the three stages: A by AL ° and Ax are introduced between the 
stages. The drift at the amplifier output is readily computed 
from ths equation 


Mgt ag bag 
att sh afa st ahs) (— ROE + ty AE, — hyd) 9a). 
Toit telat rial +A). a) 


It «sos without saying that the effactwo? drift are 
most serious ir the first stage inasauch aa the disturbance is 
applied to the input of a highegain.element. The effect of drift 
in the first mtage can be decréased by the introduction of addi- 
tional atage anead of the first tube, as indicated in She block 
diasrams shora in Fig 7~2(c) and 7-2(4). The asplifisation factor 
Ox the element introduces? 224 9% the Ataturbance in bleck dia- 
graL ts} a9 Ro; in block dtagramia), che amplification factor az 
thy sonputed ts sy lek Eaic} following rearvangenant of the 
sutting points, 





By aakxing nse of suc principle that tha aladadet ann 
ciaractetiatic 4e merely equal to the inverse of the feechback 
gnaracteristis when the open-loop gain is large, we can derive a 
series of transfer functions relating the values of the voltae 
arift at the output aad input terminals of the DCA. ae 


= 





: — 
| for an unconpencated DCA we have 


tt fat Re 7-9 j 
aE, r am 1 40% (7-9b ) 


Compensation according to block diagram (¢) gives: 


t+ O° 
pSaba gee 08 . 
ab, Ke a9 


Compensation according to block diagram (d) gives: 


LE TK 1 +- Ky Goes "4 
For sufficiently large valves of K, (usually 300 and ® 


larger), the last two equations are practically identical and give 
a marked recuction in detft: K timem greater than that expressed 
by Equation (7-9b). 


Ye shall now indicate a methed for the practical rsaliza- 
tion of drift compensation according te scheme (d). The additional 
amplizier Ky obviously must be essentially é@rift-free. This ie 
generally true of a-c amplifiers, in which the use of the coupling 
condensers or transformers eliminates drift of the direct output 
component. The additional amplifier i8 connected as shown in 
blocs diagram (e), wheret 


The d-c voltage between pas point 1 and the ground ie 
sent to the modulator My 


Tne a-c output from the modulator is amplified by the @ 
s-2t aaplifier K, and fed to a demodulator; 


The demodulator converte the a-c voltage to a dec volt- 


assy 

The output of the demodulator ia connected to the input 
OX che DOA: the geid of the second (righthand) nealf of the 
inset] atege is frsqusntly used for this purposes the Voliage sue 
bressrd = this grid must be of opposite polarity to that impressed 
tn tie leftrand sridj 


The source of drift in the scheme nndar dtseuect 
shows in the form of a generator reas 


ee , a] 


044 
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Pig. 7-2. Thrae-strra d~c amplifier 
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a fhe aodulator and demodulator are uedally executed ea) 
the form of synchronove [single-tuned] cirowite. Tha’ amplifica- 
tion factor K, includes both the a=c amplification and the trans- 
fer functions of the modulator and of the demodulator. 


Tne amplification introduced by the auxiliary anplifier 
in the transmission of the control voltage affects the open-loop 
gain; aduce, however, the open-loop gain already was large pricr 
to the intxoduction of the auxiliary auplifier, the properties of 
the closed DCA Csic} are essentially unmodified, and the transfer 
fuvction of the DCA is determined by Equation (7-3b) as befors. 
aa dard phe accupeey of Equation (7-3b) is sakanced. 


; ‘Ik enol, be noted that the use of a modulator and de- 
odedutor reduces the bandwidth of the auxiliary azplifier. Block 
diagran (c), 4a which only thé control signal passes throngh the 
auxiliary asplifier,ia therefore preferable to dbleck diagram (4) 
and ite practical implementation expressed by circuit diagram (2), 
both of whieh retain the unit gain branch io the main channel 
{sic} aad ia which the overall openeloop gain cannot drop below 
the values of K. it follows that the basic DCA relation expressed 

_ by Squation (7-3b) remains valid. For more detail én ths 
soapensation cirenit used, see Ref 1. ; 


Jee. Magnetic Amplifiers 


Pig 7-3 shows one of the magnetic amplifier circuits 
which have found practical application. The magnotic amplifier 
under diecussion consista of a connected magnetic systen of Lil - 
abapec cores [sic], on which are mounted the d-c and the a=c 
windings. 


fhe d-c windings, of which there can be any number 
when the amplifier ia operated as a summing elezent, taxe up two 
of the cores. Ths aeo winding, of which there usually ia only 
one, is ssparated into two equal coils, each mounted on a separate 
2ors La such a cay that thetr fields oppose each other. This ar- 


vaigensat pravents interaction of odd-harmonic Sasmoed magnetic 
flux with the d=s windings. — 


Let us desienate the currents in the @-c windings by 
aan tes ead Ty and ths number of turna in the windinge by =. «=. 


ae A - wae ay Beem Va ure wi uad ass Gan ve Considered as a 
multiple- wai rndink transformer. 


& 


. 
We can now write an expression for the overall constant 
component af the mannatia fines 


le 6 dae Aarui TIE Daa | | | 
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or 
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fon Antroducing increments into the above equation, we obtain = 
AD =: S® (wd, + tind + wal, + w abl (F-1Ga 


The constant componen? of the magnetic flux, whica de~ 
termings tho degres of aaturation of ths cores, and the magnitude 
of tha laad curreat flowing for a given value of the a-c sources 
voltage and a given sat of values for the realetances 78 the dc 
circuit and in the asc ctroutt, including the resistance of the 
rectifying bridga; are related by a function I = f( The 

-atter function Ls frequently represented in the form of the 
gvaph shown in Pig 7<3(bo). 


. On dntrodueing inorenents, we have: 
c Al = Kad. (7-10p). 


The sajority of investigations of the operation of 
Masnetic amplifiers are based of the “osvse-presented approtiza 
ticn asenmption conoerning the presenc3: of an ampiifying siaaent 
which relates otangss in the constent somponent of the flux te 
Shangas in the coe output current, with a transfer function Ky 
Cref 2), Wader this ascamption the magnetic amplifier in treated 
a& a vurraat generator (Rg CB). 


The consizeratior of the rectified current ag an output 
variable of the magnetio onplifier ta in complete accord with 
normal rractice. However, in a number of cases tae inputs to the 
Bagaetic ampliyier are given not in the fora of currents but in 
she Yorm of voltages U,, 0,, Uy. cate 


The celationship between the voltages and the currents 
43 the aase fcr. all circuits. When the latter include only ohmic 
resistances, tue relationship is expressed as follows: 


U2 Rly + iw, ®,” 


Autrosucitus incretaats inate the ebovs aquatics and selving it 
eensittonalry Yor ie current, we Lave 


! CPR ACE (r)-— &, pAD 5). TOD: 


Byuarions (7-Wald throven (98100) wars waef an construct - 
Lag the olock Aiagraa sosn in Fig 7a3f0). When the circaits of 
the dec vindings contain reactances other than those linked by tha 
main flux ic the windings, aperiodic elementa must be substituted 
. 42 tke diagram for the amplifier elements 1/R, = Y, {sic}. 


: | 
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Let as determine the volt age-eurrent transfer function 
for ene of the windings, @.g., 80 sevond; the remaining trauefer 
functions are obtained in « cimilar manner, We begin by moving 
all summing pointe to the input of element ¥, aad all mixing pointe, 
to the output of element Ka, 4.0., to the exit of the blook diagram. 
Tne forward tranafer funct en then becones: 


fl =m Y,w,S%, Ki 


The feedback loop contains three parallel branches with an overall 
tranafer function 


| meld ive 
(p= — a ne a 
() ee w,7, Kh w,Y,Xy 
wi. + eit + Ks 
Y,w,Xq 


. Reduction of the feedbaek loop yields the transfer 
functions : 


Ya StyXKe 
LD rere Bras wy) 


The product of s? by the equare of the number of turne 
is equal to the nelf-inductance of the correaponding winding with 
respect to the coupling flux. The latter, when divided by the 


ohmic resistance (or mat tipiiod by the admittance), gives the tine 
constant, @.g.$ 


s®, wi 
Le Nag (*) 


Ta addition, the product 
#,S2,K4 = Ky, 


wives the dimensionless eain of *>+ zasnetic amplifier fron the 


gurreos iiowang in the control winding C[pramary circuit] to the 
[ rectitioa Gec output current. In terms of these values, the 
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Von (Pp) = 


it eer ve aece tooo BG (7-12) thar astwithaterding the fact that 
in ths detersiracion of the transfer functioa with respect to the 
volcage o, the ramaining voltages were saat equal te aero, the 
Loops remaiacd ciosed with a resulting increase in the overall 
tive ¢onptaat in the transfer function represented ty Equation 
(Fell). We note that the numerators of the tranafer functions 
for the various windings are identical inasmuch as the tize con- 
atani fer the precese in thr soupled system ie independent of the 
reint of application of the disturbance. 


The ciccuit represented in Hig 7-43 shows an adinticzel 
winding 4 which hag sot been disevaseds. This wiiucing ta consactoed 
in sories with the output cirsuit, and cue directs of the mage 
aatic field yroduced by it coincides with thet of <he contri liing 
macnatic Flux. Suca a winding 4s designated as a sasitive fead- 
back conrection. The cpenelocp cransfer function for the ccrre= 
sponding loop in she Slock diagras is civen oy 


Kym Kb S806 o 


In the presence of the above positive fesdbacik less, tas 
amplification factos of the magnetic amplifior takes on ta values 


Ko =a ae ° . (7-12) 


Tha praitiva feeukack loap is introduced simultaneously 
ete ench of th. loops in the block diagram, tneruby increasing 
She velaa of th: soafitedtents cf SH, in Equatisa (7-11) and the 
{ime constants 72 tne correapondiag loora expreased by Equation 
> vy aw Laetes of 1/Uieky )s 
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Lsdugsaieac of the range of fesdback: 
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I 
Ky Keoki (7-14) 
qT w; 


When the load voltage supply operaten in the neighbor- 
hood of the nominal current Ig, the feedback anpere-turns under 
conGitiong of sere input signeia will produce an initial magneti- 
sation w,Ig, which te indicated in Fig 7=3(b). 


In the absence of initial magnetization, the amplifier 
is jasensitive to the polarity of the input signal, 1.4€., dec 
eurreat amplification will be produced regardless of the sign of 
the reference voltage. This feature is undesirable in ACS reo 
quiring a reversal capability. 


initial magnetization and positive feedback can be 
achieved without the use of additional wiadings, ty allowing the 
dec component of the current to flow through the a-c winding. 
This requires a special rectification circait (Pig Palt), : 


In the schemes undsr diacuesion the circuit of the asc 
winding includes halfawave rectifiers; the current produced py 
these rectifiers is in the form of pulses, an shown on the right 
in Fig 7-4. By suitably redesicning the wisaing connections, the 
constant sompoaents of born currents and the corresponding fluxes 
aro added; the tasult ia a.magnetization proportional to the out- 
put current. ‘tne a=-c compovents (firet harmonic) ere in phase 
opposition with reaulting sero interaction of the a-c circuit 
with tha other windings. 


Tae ad=c current aupplied to the load 4e@ subjected to 
fullewave teotification. The block diaeram 4a identical with toat 
showa in fig 7=3. A more detailed analysis of the states of the 


chreuits of the magnetic enya tees during each half period is 
given in asf 3. 


fed. Linaar Accelerometers 


Fig 7-5(a) shows a schamatis diagram of a device ueed in 
measuring Linear-accslerations or an accelerometer. The devica 
ga@asuras Longitudinal acceleration when the frame moves in a direc= 
tion ef ciuangs of the coordinate » weasured from any arbitrary 
fixed teiorence point. The accelerometer comprises a number of 
moving parts witn a combined mass m which ie concentrated prinarily 
in the inertial masse which wovea with aoglikible static frictina 
along the snide pins. The linear displacement can oe meaairad 
-vSS a #663 powatioa on a eacale. The linear ALaplacamert of tre 

_inertisl aces is opposed by a apring of atiffneee Sf , The rate 


ep Abwatas 


2 Alagtacegent of the inertial mass relative to the frame ia i 
es : at 
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Tha equation of motion %9f the movaeblsa pert of the dew 
vice for the coordinates Selected can be written as follows: 
(dy X)+SGe She, 0, 
2 (hymn Fy fad Paar Joa | (ees: 
or i ay oes 


- wees 


| (mp + Sip + SE) X, (oe) = mz (p), 
wrners ; 


2(p) a # X(P) 


Thu 


m 


tae transfer funesion for the aceelerazater can: be 


. XP) m 
W Lp ees BA 3 eT eae ered peaiah 7-48 


“ue foove irenefer function is characteristic of pecont» 
crave eboueata. The corrseevonding gair ia given by k = r/S and i 
Besl in calibsstlag the acceleration ccale. Tne block dtagrem cor- 
reeporndii 6G kqnation (7815) is given in tne upper portion 71f 
Fir [#S0>) (shove tne dividing line). 


For omall seizes 37 the orifices of the deshpet , the 
couTreseibijity oF tne ate ~Lll affect the operation cf the accel 
exomerer. An analysie of thet effect ie siven helcw. 


Agcucnng tiucavisetion of tha coeffictenta, che compressibiiity of 
the ait in the cc Linde can be represented oy the cshematic Jiagram 
shown, in Fig 7 2(¢e). Tae diegram shows a second, fictitious pistoa 
connected to *.> main piston oy e spring wiich roprosents the con- 

preseboliicty «° the gir. The apace oetween the fictitious piston 
ane gha end oi the cylinder is assumed to be filled with an incon. 
Dravsiele lure, 


woo olet ys aE Tee the ddetunce Octraen tas Pacts chloe 


Bed the mein pistons, wt find that the dischnar#te volume will be aroe 
poerkionus: to the digterence yay in the stroke: of the vatn w.4 ts 
fictitious oletcis, reanectively (in tae ddagrar tho stiateaus cts 


: i 
afi hecd to cove co the left}. ft follows that che Ylusd resiasance 
which dr dgevelsped ia urepertionel fa the vate o° thang: of 

grove aitferenca, o7 
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oe: Sy (2-9) 
—_ Thus the iatroduccion cf fluid resistence aftacia oniy | 
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limited by ‘a deshpos of dauping ccert ustent 84. ' 


The equatrvon of notion of the mavable port of the de» 
vice for the coordinates selected can be written as follows: 


mt, Sed x) Le Sits “+ Se Xs, ae 0 “a a oy 


(mp? + Sop + SE) X, (a) == mz (2), 


whare 
Zp) a px Ce) : 
Thue the tranefer function for the accalerometer canoe 
written 
ae 
xX WP) m% mati 
iW (pp 3 ae POR EDEY ary 2 (7-15) 


(Pi mp? “+ SY re + § 


The evove transfer function is charneteristic of gesonte 
order elemeute. The corresponding gain ia given ty k = 2/3, aca is 
used in calloreting the acceleration wcale. The oleck alagram cor- 
responoing to Equation (7+15) is given in the upper portion of 

Fig 2-5(u) (aveve the dividing line). 


For small seizes o° tne orifices of the dashpot , the 
conpreasibtlity of the air vill affect the operation of the accele 
erometer. &n analysis of tnuat effect is given below. 


asumings linearizetion of the coerficlents, vhe compressioility of 
Pa air an the sylirder can be represented oy the schematics diagram 
show in Fig 7-Ute}. Tne @iegram chows a asoond, fictitieus piston 
connected to ths main eee DY & Svring which reprerents the come 
pressibility cf the air The espace setween the fictitious piston 


and tna end ae the cyls ndex ta assrmea: to ce filled with an incone 
preasible Mur 


revresent the distencs betwaen the fictitious 
wa find tnat the discharge volume wiil oe prose 
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ne Thug the introduction of fluid resistance affecta only 
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vircuits and static charesteriatis 
of magncetio amplitier 
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Finaliy, we agave 
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met (Sp P+SE + Sp(SE +57) 9455S, 
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z 1 1 \ ’ (7-16) 
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whave Taz. 


the numerator of Equation (7-16) differs from that of 
Eqvation (7-5) [sic] by the presence of the additional factor Tprtl, 
which corcesponus to the transfer function ef the driver element. 
The sresence of that factor improves the frequency response of the 


aCcelercmeter sy introducing phase advance in a siven frequency 
cand, 


Accelerometers with Electric 'Srrings.' The astion of 
tne spring in gereratins a force which opposes the moticn of the 
main mass can be auriicated by an electric circuit. The principle 
undeslying the ccenstruction of such cilrouite will ba examined ve- 
low, using the construction of the 'pendulum' accelerometer shown 
in Pig 7eo(a) .- an example. 


Let ws picture an electric motor with its armature 
an te attached «2 teo vertical supporite woile the nousing is free 
to rotate turough an angle § under tne action of a torque pro- 
muced hy tne effect of Linear acceleration on an unbalanced mass 
a. As tne nousing turns, it stoves the arm of the potentiametir. 


Wie reeiltinge veltase @ ig amplified to a value ' ond causes 2 
arieue i te Liew Unezvugh tae armature of tae electric petor. 


one Ben och temas . ‘ y at 


~ as rid vlaeak tet cle cre ons He oss coos evinnediog DLL 

an3z croduces gn electromagnetic aah waich oppeses ee motion of 
the meusing and increases in rroportion to. the angular sisplocemenc. 
‘ne gitnation is completely ansloccus Be that which would have ree 
suited if we han coupled the housing to the frame by meana of a 


Se ecnetil 


25m 


Sears | tl 


We can now pass to the quantitative evaluation of the 


conditions of operation of the adic The torque equation can 
be written: 


fa + Sia + gL sina + Stim mLZ cosa, (7-17) 


where J is the combined inertia of all rotating cartel 


sit ia the viseous friotion torque gradient (wher a 
is used} : 


g is the weight of the unbalanced part; 
s¥ is the electrowaguetic torque gradient; 


L Cate}; see Bq (7-19)) is the radius of travation of the ] 
of the undalanced mass. 


In calculating the current, we must take into account 
that the voltage in the armaturecirenii consists cf two terns, 
the amplifier output voltage Kyo an@ the counter-eaf of the arma- 
ture, which contributes to the increase in braking torque ond in 
the current, i1.¢e., we have 


U ma Kya + Kot. 


When the induchance of the armature circuit is L and ite 
resistance R, the current can be calculated from the following 
ecuation: 


Li + Rim Kyat Kgs. (7-18) ® 
For smali angular displacements of the housing, we can 

eet sin X= Nand cos (X« 1 in Equation (7-17). Rewriting the 

latter in operator notation, we obtain 


1 | 
a (ph=x 753 [mlZ — (Sip + gla(p)—SMi(py. (7-19) 
Equation (7-18) can likewise be rewritten in operator 
notation to give: 
i 
R 


lip= Teri lk, + Kyrein (7-20) 


the block diagram ehown in Fig 7-6(b). Reduction uf upper 
[feedback] loop givesi ; 


| 
Equations (7-19) and (7-20) were used 2% ci uocructing 
ees | 


i 
? i a 
| | ip pop ta 
| Prog et & 


Redvetion of the entire block diagrax ylelda the following trane~- 
eo function froe the acceleration to the uengular displecement: 


ay ee eee 
Veal Rep + NUP + Shera) +SP Rep + Ky) | 
(7-218) 


| 
aad fron the esoeleration to the current: 
ri (Kae che K y) 


[am ROP + NUE + SE Pre) sh mip + Ky) 


(7G 
. bees 
@ ‘Bor the eteady-state conditios we have ( ) 


ia oc lea 





| Y 2, Opes ao (7-22) 


| v = | (7-23) 
21) Ror shix, * 


Thue the “urseans .5 pfopvortioral to the acceleration 
acd the eacorteleretion can of reagurad with an amuweter innartea in 
the artinture circuit. 


To aceure that the angular dtleplacesent of the housing 
& de actually excl and to pravent the degradactior. of the propor- 

thorality of ¢ neLeurements cy toraus of facts from urbelanced 
componente am’ Vo ether fectersa, it is suffietent to vatMer tus 
oplifter gain .,;. we chen have 


mir 

i ¥ (0) es oD (7-25) 
Masan® SHK, 

eas ae 
| W ap (0) oy (25) 
asad § t 


Smell engular c4atlecerncnte wee podntlenn tus usa of 
aotcre. decignod far sontiayous rotation. Af# a rule, euch dis« 
plscemente are produced hy svecial Limited-stroke rorgne motore | 
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mney 





[oz the sype Of el¢strouaezchanical relaye. Information on tae oon] 
ntruction of olock diagranus for other types of slements can be 
obtained froo Ret +, 


7=+, Gysoscople Elementa Be 

Two Degrees of Fravdom Gyroscops. Fig 7<7?(a) is e 
schematic representation of the conatruction of a two degrees of 
freedom eyrceecops, When the base’ of such a gyroscope turns 
through an angle i, a torque is applied to the inner ginal; 
tne apaee orfentation of that torque La such as to tend to nake 
che criientation of the engular monsntum vootor coinside with the 
angular velooity vector of the base, The magnitude of the torgue 


ds equal to the product of the anaular momentum H ty the angular 
velocity cof the base: 


pled 


As @ result of the affect of the mberectederibea torguc, 
the internal gimbal kegina to turn about the axis Oy. Tha rota- 
tion of the gimbal Le reatrained by a spring and « dashpot . The 
cavlllary eise of the orifices in the dashpot. requires tne com~ 
pressinility ef air be taken into account. We now define tha 
faliowing verinbless ; 


. 


J is the mement of insrtia of tis movadie couponeate 
BE the axis Oy: 


sf Le the change in angular momentum produced oy the 


reoizalaing eprias per unit angular displacement & of 
she fac dals 


a - 49 the chaage in angular noserntum resulting fro 
rivtloas in the compressibility cf airy 


ad 
Ss. 16 the change in engular momentum resulting from 


variations dn tne fluid resintenss of the dashpot outs 
Gry 


Velug the above notation, we can write th: motion equa- 
tion of the eyateai 


¢ M ah : 
e ¢ an Ss P 
{re +ste| aeee tye - 
Sok + Sas ; 
From tov atove @quation a block diagram can be conetructed waich 
in wony respecte ie analogous to that shown in Fig 2-5(b). 
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Pig ;-O. Fenivlus, tecelerometer with Flectric Paedback: 





fig 223, Two Deerses of Preedon Gyroscope 
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Ag in the dorivation of Squation (7916), we doternine | 
tha componente of the overall feedoack loop 


sMp 
~Kyglim St Ste 
x feect bitek . 
where T = Bi, /eeqe 10 the tine constant of the dashpot. 


The equations derived above were used in gonstructing 
the block ddagram shown in Fig 727(b), in which the two compon- 
eats of the feedback leop are shown separately. 


To tranefer function of the device is given by 


Zcr+ip @ 
s (7-28) 


ESTATE TE 
sate + +S (sat) e+! 


it can be noted from Equation (7-26) that the device 
performa as a pickoff for the velocity \! Od 2 0, @ # 0) and is 
Called a rate gyroscope. 


Tf tne apring is disconnected, the upper feedback loop 
in the block diagram must be removed. The transfer function will 
then bs of the foru: 
H# 
me @ 
) 
. (7-27) 
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snen Operated in accordance with Equation (727), the 
device ie used as an angular position pickoff. By analogy with 
Fig 7-6, an ‘electric spring' could be used, in which case the 
operations of connecting and disconnecting the spring would be 
rerformed by switches in electric circuits. 


Three Degrees of Freedom Gyroscope. We shall analyze 
the overation of the sechaniem of Pig 7-8(a), in which the suspen- 
sicn of the external and internal gimbals is euch that the systes 
as a whole can precess about the axes Ox and Oy. 


is , zl 
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: if w2 assure the aystem to ve approximately Linearized,|! 
we oon write tne rollewing system of squatisone fer amall angular 
dicplacemants >of and f3 about the axes Oy and Ox, rescectively: 


feb SHE + Ha= MM, 


i ; ; ; (7-28) 
Li+sMa—Hiam,, | 


wnere J. and J. are the moments of inertia of the movable system 
avout the axes! Ox ames oy3 


™ 
re nea! and 3 y 202 the G¢smping torque gradients resulting 
fron natural viscous friction in air or produced hy special 
dasnpots; 
M. and Uy, are the distursing torques alon: the same axes: 
‘i ig tne angular momentum of the gyroscope, 


a t 
The terns HX and -uf dn tne torecue egquationa represent 
peteseion usrques which determine the interaction of motions 
to axes, Je recall tnat in the preceding exsuple, the 
« wes the basic input in the torque equation. 
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Equations (7-28) were used in constructing the block 
diagram ghows in Fig 7~9id). The block diagram is conetructed in 
the form cf a closes Leop. 


The open-ioop transfer function is given by 


H 2 
C (p) = — 7 ir 
UP + S)U Pp + 39)) 


The .ctuating signal ratio is given by 


p+ Sh) yP + SB) 
Sa ee i ee ae a mo (7-29) 
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4@® snail now list a numter of transfer functions: 


The transfer function from the torque M. to the angle % 
de 1 ; 


1 
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1,0 + So he (730) 
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ae The traneter function from the terque Ky te the ancie fl 
is. 
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oni — tt, (7-31) 
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An examination of the expression derived for the open- 
loop transfer function shows that is the absence of damping 
(ah, = shy = 0), we havet 


| om 
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i.e., two integratidg elements are obtained. The addition of a 
negative feedback loop around these elements yields an oscilla- 
tory element which produces an oscillatery response with an an- 
guler frequency 


H 
oe = / 7,7, e 


In the case of a free gyroscope this angular frequency 
is called the nutation frequency. Damping leads to the attenua- 
tion of the nutation frequency. The attenuation conditions are 
readily determined by inspection of the denominator of the right- 
hand menber of Eq (7-29) or of the corresponding terms in Equa- 
tions (7-30) and (7-31), which can be reduced to the denominator 
of the transfer function of the oscillatory element. 


@yre Ggabilizer. The addition of an ‘electric [Lelectro- 
mechanical) spring’ to the free gyroscope mechaniam discussed 
above would give it the capability of performing as a stabilizer. 


Fig 7-9(a) shows a three degrees of freedom gyroscope 
with a disturbing force Fy applied to its external gimbal. The 
disturbing force produces a torque M, which tends to rotate the 
ginocal about the axis O,. The rotation is opposed by the electrae 


mechanical spring, consleting of an electric motor coupled to the 


save axis Oy» which produces a torque of opposite sign to the dis- 
turbing torque. The electric motor is controlled via an amplifier 


by a potentiometer which produces a voltage proportional to the 
angular displacesent ; 


ie 
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Fig (8 Three Dezrasa of freedom Gyroscope. 





Pag 7-9. Gyro Stabtliser — | 
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Ir we Gesiznate the pranutar function of the electric | 
moter from the eagle fb to the torque along the axis Oy by K(p), 

a new block éiegram can be obtained by adding to Fig 429(b) a new 
element, -K(p), 4m parallel with element -Hp between the and M 
channals. The new block diagram is shown in Fig 7-9. Ind the in= 
terest of pimplioity, the damping torques rspresented by BM 

aad Ma y have besn neglected. The transfer function from che 


disturcing torque to the angular displacement of the stabilized 
giwoal ia given dy 


lw aP 7-32n 
| Veh= TPF AR i+ Ae (8 


if in addition steps are taken to attenuate the drift 
of the gyroscope and the results of these steps are rofleated in 
tne transfer function K(p) eo that K (8) 4 9, the constant dise 
turbine torque in the steady-state condition ie given by 


W,, (0), = 0, » (7-32) 


i.e., ths disturbing torque does not displace the ginbal from ite 
reference position. 


Ye 


i may be desired to feed back the characteristic anzu- 
lar uispleceaent [aides of the stabilized gimbal. It will then be 
uecasaary to mount the potentiometer on the Oy axis and to neas- 
ure tae angles between the gimbal and the pendulum. The solid 
“K(p) branch shown in the block diagram will then have to be re- 
piaced with the channel shown by a dotted line. In the latter 
saee the transfer function from tha disturbing torque te the 
angular diaplacement becomes 


| 
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J, 
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ror a constant disturbing torque in the steady-state 
condition, we have 


: ! 
(= TKO PAT , (7-32¢) 


ie@., a chanse in orientation of the atabilized gimbal is une 
avoidadle, 


When the damping torques she fp. and shy (XL are taken 


jiate account, Equations (7-32) take on a £ligntly pal complex 
ee 
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Aa beseoxse for amoall values of shy xo the cagult come 
puted by Equation (7-45) 4a more favorable thea oe compated 
from Squatica (P= 333). Thin conglusion can be modified only by 
gn actiafictal inerease in the Garpang. 
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system about the more sangitive Sx axis. 
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rensfer Functions of ELementary DwoeTerninal Networks 


Gtictl electric circuits, sometines referred ta as 
Piutere, ars vs quently used in the main channel and in tne aux~ 
iliary loots of automatic control systewe in order to modify the 
ayetei Trequency response 24 
figures of merit, 


for the purpuse of achteviags erecified 


tlement of an elcetric chesoit La the twoe 
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WP) YO) — 24, (1) 


‘then the input to the filter is taken as a voltage, 
anc the cutput from it, a current, the transfer functicn for the 
twoeterminal network (in terme of tne image quantities) is ex- 
preesed by the operator edmittance: 


I 
Ws tr= Ee =Y (82) 
The relationsnip between the aanittance ard the impede 3 3 


ance is expressed oy tne well-known relation 


! ; 
sy way of example, transfer functions for idealized 
two-terminal networks epecified as pure resistances, pure carfaci« 
tances, and pure inductances are listed in Table d-1. These ex- 
amples will assist us in effecting tne transition to the discussion 
of 20re conplex cases. 


TABLE 6-1 


OPESATCR ELEKSNTS CF LLECTHIC Clacutts 


ELE Sv? 2(p) Xp) fog 
Ohmic resistance R 1/R 

Capacitance 1/F Cp 

Inductance Lp 1/Lp 


2. VPseo-Terninal Networks connected in Series 


LG MAA OP SN sips) 9G Clue En IClre iat Dube OL: 
twoeter pons ceetions in series. in practice, tne inputs to such 
circuits as e& rule sre voltaces, and the oupute, currents. The 


| overall tranefer function of tne network therefore is identical | 
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easequately exoressea cy Yquation (s5e4a). ac. y =qQuation (aio 
“aden reflects t1¢ tersinal characteristics of tne circuit, 
Orie ts out anditionai internal relationships ina the ¢irenuin on 
the oasis of wai the structural coroperties of tre circuit can 
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c# ceterminea. In effect, if tne Grerator functions % atu -., 
are treated as transter functions of unidirectional elesents, 
tquation (hero) cer ve vena in conetructins tne oleck disarray 
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it see(e), acicn represents a feedgack natwor’ cornrise 
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Whenever a negative feadback loop has to be added 
around an element in an ACS, the ection can be economically dupli- 
cated by the introduction of an equivalent series impedance 2, ‘p) 
in an electric network in the same ACS. 


When it is desired to renove a negative feedback loop 
from a circuit, and it is found impossible to effect that removal 
by a direct modification of the circuit in question, the loop. 
can be compensated for by the addition.of a positive feedback loop 
around some other elemert of the ACS, provided that the second 


loop ia equivalent to the first in terme of the aigebra of block 
diagrams. 


: We shall dilustrate the last of the abdoveenaned methods 
by giving geome examples of its operation. Fig 8-3(a) showa an 
electric circuit ¥,(p), %(p) which ia coupled to an amplifier; 
the input to the latter is the current flowing in the circuit. 
When the problem is formulated in terms of the compensation of 
the negative feedback loop in the circuit without at the same 
time modifyine the circuit, tne solution is obtained dy the addi- 
tion of a positive feedoack branch from the amplifier output to 
tne input of the circuit as shown in Fig 8-3(a), where 


ntorm 2, 


or by closing an internal feedback loop around the amplifier as 
snown in Fig 5-3(b), where 


iY sae 
HP) = HW TS7-y Zip 


KU-+Ys(P) Za (PN 


The block diagram in Fig 6=5(0) can also be uned tc 
determine the amplifier feedback leop wnich is equivalent to the 
fecanack loop in the circuit and,conversely, tne circuit feedback 
itor watch ic cauivelent tc the amplifier fesdtack Loop: 
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since after the shift of the -2,(p) loop to a new element in the 

K channel, the sectior of the block diagram between Y,(p) and K 
does not correspond to a real circuit (see the shaded portions in 
Pig 5-5(c)). It follows tnat the compensating loop cannot be in« 
troduced directly in accordance with Equation (+#»») [sic] and re- 
quires the prior evaluation of Equation (#). 


In Fig 5-4(a) the circuit is represented by the field 
of a generator and the amplifier, by the generator (armature). 
The input is represented by the exciting current, and the output, 
by the armature voltage. Inductance and resistance are irsepar- 
able ;:ropertiea of the field winding; kcwever, since they inter- 
act se serieseconnected simple twoeterminal networks, we can set: 


I 
Y,0) = T5i Z,(P)=R. 


The transfer admittance of qa network of pure inductances 
is of tne same form as tne transfer function of an integrating 
element and as such cannot oe used to represent a resistance, in- 
cludins tne internal resistance of the winding. Since the ef-~ 
sect of tae internal resistance of the winding is represented by 
@ negative feedback loop, as snown in Fig 6-4(b), this effect can 
ne cancelled oy the application of positive voltaze feeuback from 
the generator output. The setting of the voltage divider is de- 
termined frow the following condition 


4 
Sip aR 


The above condition is equivalent to the condition for 
selfeexcitation of the gensrator. Standard genecator designs do 


not pernit the use of voltage dividers and require full coupling 
ef tne field winding. 


Following tne introduction of tne positive feedoack 
loop, tne overail transfer function of the twoeterminal network 
and generator comoination is given by 
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ay ee 
| V ip)= Lp 
enstead .o ou current. cue cutyut from tw. ceriese 


cosnectes two- verminal networks may cz 7 volteare dro: across ons 
of the resistors in the circuit. In the latter case a voltage 

; amplifier rather than a current amplifier is used. The prin- 
ciples on which the aboveediscussed transformation of the piece 
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Pacers wag OSeert remgin uncnansed, 


Let us turn our attention to thé achame ahows in Pig 
SeoCo)}, witch sentaias a rGeclreuit and 2 voltage anvlifier, He 


i i 

1 =e: 2,(2)™ GD: | 
(nan capacitance coupliag is used, the overall transe 

fer functios for the achame is of the same form as tant of an 
agertowic element, diecuased in the preceding chapters. dowever, 
we gnall rapresest tals transfur function 26 the sroduct of two 
operators: the transfer adnittance of the circuit and the trans- 
fer dapscance of the elementary twoeterminal neuwork represented 
ey the conderser. 
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j ast 
e In the scheme just descrivad the cendenszer oy itael? 
act# as an integrating element, but its integrating characteris~ 
ties are suppressed oy the feedback loop in the first term rep~ 
resantiog tne admittance of the cireuit. 


Fig &=4(d) showe the block diagram for the scheme, in« 
cludine the. generator and the takeoff point for the output voltage 
feedback, The feedback is negative. The feedback loop can be 
sospeneated oy the addition of a positive feedback loop from the 
anoiitier autput, through a voltage divider, back to the input to 
the circuit, provided that the condition K(r/re) = 1 satisfied. 
When this te tne case, the cversll operator transfer function for 
Une echené becoues: 

I t 
Vv. (p) == Rep Fp 

Su¢cn integrators have been used in electronic modei~ 
ling by i. I, Quténmakner (Ref 1}. VThougn simple to construct, 
thaseintesratorse require a high degree of gain atability. 


4, woetevminal Networks Connected in Paralioel 


¥ig 3-5{a) showa a cireult consisting of two twomtersinul 


networks coanected in parallel and having operator sdnittances 
¥, Cg) and ¥, Cp). The overall admittance of tne parallel network 
AS siven cy the sum of the adsittances of tne tranches: 


Y (p)== ¥,(p) + Yelp) (Ba) 


The aoove equation cen be generalized to include any 
nurber of corsllel oranches. 


: The block diseram in Fig 2e5(c}, from which tne overall 
admittance can Be ontataed, sloeely recembles tne electric circuit, 
fe the clock diagram le constructed from the impedance funetian 
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tae ptructure ootsined is in the form of a feeddack loop, as 
shorn in Fis se5ic). sowever, i+ must be noted tnat the plock 
| Qlagram tnue obtained reflects the etate of tie electric soe 
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only oetueen tne terminals indicated and #nereas the block dia. | 
‘eras, belas unidlrecticnal, permits tye buildup of the elenents, ' 
the cleetric circuit upon the addition of new impedances will be 
transformed into one cf a very different type. 


4. TwoeTerminal Networks Connected in Seriesefarall el 


A network conteining series= and parallel-connected 
tro~terminal networks represents a combination of tne networks 
discussed in tne preceding sections ani is usually characterized 
by ite impedance function, which is equal to the sum of the ine 
pedancee of tne meshes containing parallel-connected admittances? 
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Fiz <¢-5(d) exowe a circuit ouilt up of serieseparallel 
connected simple two-terminal networks. For tnis example ¥,(p) « 
i/Ry, HCP) = C;(b), and the total imesaance is given by 


Reset ho Re 
ZA) = CR +1 ul CLR.p +t cee) 


ihe block diagram in Fig ¢-5(e) nas been conetructed 
fron elementary networks on tae basis of Equation (d<5) and of 
the transformation indicatea in Equation (S=5:s). From the block 
ciazray, the total impedance of tne circuit can of obtained. 


5. Ladder Fijtcr Networks Built Up of TwoeTerminal Sections 


The nane #xivea tnis tyve of network is derived fron 
s confiwuration, whieh ie shown in Pig ¢-5(f). The individual 
geterminal ratworks in the bleek disgream are uumoersa from vient 
G iett and ere represented by their ogerator adnittances ¥, .(p) 
t oy their operator impedances 2% nei(p). Using tais netation, 
&. geneteal PIormula for tne edmittance of the complex two~terminal 
BeLWorKk Can ce reagily ootained: 
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Fig Go. 
Legeats (a) Parallel connection; (d) Serfterersr (74) 
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(b, ¢, ©, #) Hlock Diacrass for abov? sircrins, 
respectively. . | 








; rcacaal 
: The denominator of the righthand term of tne anove i 


equation is equa to the total fingpedance of tne complex two- ‘ 
terminal network: 
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(3-8 vy) 


be 


foo tse determination of the general properties cf tne 
&€ Syuations ootained above are reduceti to tne usual 
Lexing tne numerator ana denominator; sowever, the 
the oreperties of the various elements of the network 





are Lireetly visualized by using the untransformed equations. 
‘he to As even more graphic when tne block diagram in Fig 


air the place of the electric circuit in Fig s<5(f). 


i 
glasrin is constructed fron a series of sinple equations. 
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ak A == 
entre: circuit ean be connected in a variety of ways. The typi¢ 
cal conzections discussed above can be wade more complex; aa the 
number of internal locpe between terminals increases, the two- 
terminal network becomes a multiple-meahn network. However, in 

the absence of internal sources of enf in the network, the latter 
remainge passive. Overall impedance and admittance functions can 
be calcuisted for any multiple-meeh two-terminal network. The 
first step in the calculation ia the application of the basic 
rules fer the transformation of networke (figs 3-2 through 885). 
In the case of intersecting cirevits [lattice networks], it is 
sometimes uceful to perform the transformation from wye to the 
equivalent delta and vice versa. Finally, multiple-zeah networks 
can always be treated by the genersl methods inveiving the solu- 
tion of mesh and nodal equations, ueing matrix symboletry (Ref 2) 
to abbreviate the notation. 


de shall now pasa to the determination of tne imped- 
esnee function for the complex two=terminal network shown ia 
Fig S<6(a}. The righthand portion of the circuit contains two 
stara Lwyes] which cantot be combined in view of the differences 
in the leg impedances and the resulting difference in potential 
at pointe O' and O''. We shall therefore transform these wye 
connections into equivalent deltas. 


The formuias for the wye-delta transformation are as 
fcllows: 
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Y, 
(3-9) 


Ths resultant transformations are indicated in the 
cireuit diagram in Fig 8+6(A). 


To facilitate the application of the formulas, legs 
of the game type in the starting diagram in Fig 8-6(a) are 
lahelled with the sane letters, and differences in thoir imped- 
ances are denoted by the number of primes used. Subetitution of 
io nae imzedancee in the formulas (8-9) gives the admittances of 
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fnasmuca as the alemeris obtained are connected in 
pairs to liks nodes, the summation of their admittances yields 
ithe total admittecnces of the eides of the delta connection snown 
in fig S-0(6): 
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Yuin = Yay + ¥ 5a: 
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Following the combination of the impedances of tne 

parsliel tranches in the diagram shown in Fig 6-6{b), we shall 
‘fand it exredien~ to transform one of tne deltas, e.g., the one 
on tae left (incladiag all of the bridse arm), into a wye. Tr 
formulas for tne deitsa-wye transformation are as follows: 
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fa¢ notation used in tne adsuve formulas is clarified 
oy tne circuit e:own in Pag Seo is). Woen the above transforun- | 
tion is carried out, the circuit shown in Fig Getfc) is ostainety! 
"sie Citeurs car Ge Sendiiz7 reduced furtner to a sivgle innede 
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#ig- 5-6, Convarsion of a Compound Two- 
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wias to obtain tse impedancs function for the network. 
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We can new insert the values of the intemediate 
paraceters into Squation (3K). We shall now examine in greater 
datail tre frequentiy wacountered bridged network. Tne latter 
was obtained in the form shown in Fig 8-6(b) but will be re- 
written as shown in Fig 5-664) in order to eduplify the iadex- 
ping of Cha leg impedancea. 
{ 
; The impedances: Tunetion of the bridged two-terminal 
[network in Fig 5-6(e) can be written 
| Z {p= 
les + + Lh(Zy + + ag + 1+ 2,242 2-> Z + Zit+Z, 2fZ 2) 
: fléy-b 2+ 2. a bei + Zee t 23 
| B-t1) 
We ahall cow proceed to trenaform the cireult in 
Fig 8-£9) into ths cireniz: chown im Pig 3-542) by the meat 
curress method. Ta do a6. wa muet introduce ag ipteismediate 
varisties the current and voltage of the source U connected to 
the tecmineale of the twuoeterminal neteors, even theugh wa only 
i 
’ 


Tse iscavidual aeanse and the pouitive airesticon cf 
ifhow of tra mass reer 4,5 7), and I, are indicated in the 
cirous+ shown 1: Fig 8-6(2)., 
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We can now wilte the system of impedance *quetionan 
‘aeprsgaies the yeoltase balance in each sesh: 
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[than che differ-see bscwean the number of branches and the num 
[bat of nodes. In the emaucle under dissussioca, this rele gives 
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The number os independent meshes is always oxe elas 
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U aol (Z, + 2;) +142, +1,2; 
| Owe lyZ, +1glZ,+2,+ 2.) —1,2, 
ed an 1,2, —1,Z, + 1g (Z3 + 2,425) 


The determinant of the above system of equations is 
given by 


* oem Z; Z,+2,+2, —Z, ’ 
| 2: —Z; Z,4+2,.+2, 


or ix expanded form, 


A (p) = 25 (Z, + 2) (Za + 2.) + 2,29 (2Z. + 2.) + 


A(p) = 
2,+2Z, Z, Zs 6 
i 
| 


+ 2,2, (2, + 2y). 
/ ipyes oak Z,+2,+2, —2Z, - 
; 4(P) —2, Z4+24+2,| | 


=U 23(2,+2,+2,+ 2,) + (Z, + Z)(Z, + 2,) 
| i. Ripe ee ace oe 


} 
| Cn forming the ratio of 1, (p) to U(p), we obtain the admittance | 


, function for the bridged two-terminal network in accordance 
| with Fig a-1:3 
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Solving the above system of equations for I,, we : @ 
| 
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Y (p) = 
wg ow Bat Sat Zp t ZZ, + Zeh(Zet Ze) 
ZAzZ, +2) Gare Za} 242, ZiZat 2 Zar 224(2,+ 2 Z)° 
(8-12) | 
| 
The reault is verified by comparing it with Equation | 
(8-11). Thus the applicaticn of the general metiod has yielded ? 
& golution to a relatively siople problem, as wt might nave exe | 
;pected from the very forsuletion of the problem isiel. 
} 1 
: The eystem of equations discussed abave can alse de | 
| represented an terms of a block diagram. An enstysic of the 
block diasram corresponding to the three simultaneous equations | 
indicates that a large number of additional problems ariging in | 
jtns invectigation of feureterminal ne works can be solved by the | 
acpiteation of clock Alagram algebra ov anulyticaily, on tne | 
baris oF Equation (§~1z2). 
| Ne shal. sow svuccify cwne conventions used in writing 
the determinant for the nultiple-mesh twoetersinal network and 
| describe somé of the rrovoerties of that deterzvlnant. 
{ 
Sinse tha rows of the determinant are formed from the 
| coefficients of the lefthand sides of the mesh equations, and 
ithe aunser of each column corresponds to the subecript of the 
jcurrentd associcted with the respective ec ez ttc 2e ota the follow | 
| tng rules bol: 
| The iiagonal eLementa of the determinant are equal | 
| to the selfeimpecances of tne associated mashes. \ ; 
H 1 
3 
The rensinirg elements of the determinant represent 
: coupling factors (mutual impscances] which inuicate | 
: the impedance (branchj Zs, in which a current Ip i 
: (% = column index) in an adjoining mesn prosucee a | 
} Voltere drop whieh is included in tne i-th equa- ' 
i be cere Packs oe eer ee a Ree ! 
| trades, | 
The usual convention istoassien double suascriptsa to | 
‘the individur. Srencuts, Tne intersecticn of the row and column | 
_ thus indicated fixes the position of the element. The deterni- | 
‘mant vor the system can then be written as fcllowe: | 
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A(p) = (8-13) 
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Inasruch as the impedance Z;y, weighting the.contribu- 
tion of the keth current to the ieth mesh equation is identical 
with the impedance Z,4 weighting the contribution of the i-th 
euErent te the keth aban equation, i.@., Zy, 7 24, tne deter- 
(4.13) is alwsys aymmetric. nis property can be veri- 

constructing the determinant for the bridged two-terminail 
network discussed above. 





When the equally general method of nodal voltages 
(medal equatione] is used, the coefficients in the system of 
equatiais waich is obtained represent tne uodal self- and. 
mutual adrmittances, The itransfer] impedance of the twoeterzinal 
network can be calculated directly from the determinant of the 
latter system of equaticrs. 
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Tc. scould ce noted that ceoth the nodal and mesh meth- 
ole yield syatems of equations containing a minimum nunber of un- 
KMowne, Hovaver, tueee unknowns, e@.@., the mesh currents for 
interior W4@65, aré obtnined in the form of alvebrude esums of 
regs Srene: currents, In addition, tne impedances weich sre the 
elements of determinant (S-12) Caie}] likewise represent compli- 

Cated expreasions, Finaliy, the same impedance apvears in nore 
than one rows of the detercinant. 











Tae representation of real branvn currents snd real 
paoee balences in each cf the branches of the syutem of enuse 
~: [ste] cr of the black c2iagras conetructed cn the baaia of | 
rel oF egastions requires taat the aumbe: of egvations 
1 to tne number of meshes, including external meanes 
z s 
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the order of the determinant of the system 


ea thereby; however, the determinant wili contain 
ce ffictents, since not all of the eyuations ara 
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Sy way of an sxauplhe, we shall write the e} pater ot 


1 equations for the bridged twonterminal network (rig Sebe)). 
eneart in the external circuit will ve designaied by I, 
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iis 8-7. Bloek Disgras for a Pridged Two-Terminal Network 
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while ¢ne branch currents will be labelled with an index corre= 

sponding to the number cf the impedance in the branch, aoeee we 

haves Jy, Iz tty» trys and Iy. The Roman numberale are intro 
duced a eee eitbeesty the branch currents with the mech cur 

reata. The positive direction of flow for each current ia shown 
in Pig &=7(a), 





From Kirchhoff's fiser. and ascond jaw, we obtein one 
of the yeeesuze configurations of the syetem of equationst 


1,2, + hyZa=U; pe Tae 
TyZa4 IyyZe= Us hore fee Doe lyy + Ly | 
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The coefficients of the six unknown branca currents 
in the above squations are the branch impedances and #1. These 
ssefficlents secome tho elements of the Saterminant of the eyt- 
ten; tue form of tno coeffictentea indicates the type of 
coupling: an iinpedance indicates a coupling sd aden whereas 
& cooffialent of unity indleates a node. 


The starting aquations thus have been reduced to 

fori ad eiuplicity, even though their number has increased, 
the equivalent block disgram can now be raadily conatructed. 
» consteneting the block d4agrame ehown in Fig 8-7, we uac 
, fivet tue enuetione having ecofficients of unity. From thse 
equations tle current sums in the rigathend aide of the tlock 
diagram in Pig 8-76) have been constracted by connecting the 
appropriate brancn current ohannels to the sumaing points at 
which the algebraic aum of the currenta is formed, when all the 
cayrent cannnels and voltage inpet channels are snown, the ad« 
Gi tioned connections in the leftheud side of the block diagran 
in Pig G-70>) can be readily constructed from the remaining 


voltage taianca equations, which ean be rewritten in conditional, 
form: 
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Se ths Diwts diagram dgirectly trom the Riectiie circuit diagrcan, 
even without firet writing the system of equations. 
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$6 0 EXEMGLe of a particusar eoslution which can be 
gutained, ed shell determina the sdmittanea of tha twoeterminagl 
ndteerk by carsyiog out appropriats raductionsa of the block 21a- 
gram chown, 


Tnasauch as the outpot current de the sum of twa 
terxs, and tne voltage ia impressed on tha network at two 
points, we enall use the principle of superposition and exprees 
the cterall adwittance function a8 a sum of four terust 


Pid ee ’ o? 
Y ass Pb Vy be Ny + Nig, 
WNAeS Yiy.. ig tha mdmittance funeticn from the firat 
vottige faput point to the current I1,, in accordance 
with block dlagran (¢); i 
fyi, ies the admittance function from the sesond volt~ 
ogo Laput point to the current Tit, li accordance 
with a black diagram which is s @tric to block 
diagssn, (A) Ceicds 


i is the admittance function from Eee first voltage 
ut point to the current beg in accardance vith 
ieee diagram ia); 


“it isn the edeittance function from the first veltarce 
ihbat point to the current ip) in accordunse witu a 
plock diagrar thich ia ayusutzie to block dioerem 

ce) Cake. 


pormita che ready reduction of these adiagrame ard the guick 
evalustion cf itry and Yyy. When Y, is replaced with Y, and & 
alter Gy in Viy7- Y4y de obtained. An analogous AMS Hd 
pies dure yiein- yt z fron Tyy. 


{ 
Tana separate anal;sia sf block diagrams (c) anc (a) : 


Wen.avrite tne expressions for tha above admittance 
“‘fuscttone obtetasd by the reduction of hleck diagrams (0) and 
vit) and on the basis of the above substitutions! 
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The sum of the above partial functions gives the 
overall admittance functios: 


a Y,0,+-YoZs+ 2) + 
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It can be readily seen that on replacing Y,, ¥,, and 
Y, with their reciprocals, i.¢., 1/%, 1/2), and 1/2, we obtain 
Equation (8-12). 
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S=2, STRICTURAL ANALYSIS OF FOUR-TERMINAL NSTWORKS 


1. Duale-Feed Operation 


| A, foureterminal network ia an autonomous electri¢ cir~ 
cenit which may contain any number of meshes and has four acces- 
sitle terminals, as saown in Pig 8-B(a). A four-terminal net~ 
work 1s designated active if one of its component meshes contains 
a eource of electromotive force; in tne absence of such a source, 
the network is designated passive. We propore to apply the 
metzod of atructure analysis to the study of passive four-terming 
networks which are inserted along with twoeterminal networks bee« 
tween generators, and to build up the elementary block diagrams 
ghtained, ; 


yore 





lline circuits implies the possibility of the sinulteneous im- 
preseaion of two voltages U, and U, on the foureterminal network} 
these voltages ceuse currents I, and I, to flow between the re- 

iszective paire of terminals. We ehall find it convenient to be- 
ie the study of the operation of four-terminal networks with a 

Cigeussion of the general cage from wnieh we can then proceed to 
& tiscussion of particuler cases. 





.The interfacing of the foureterminal network with the 





The aboveesdescriled operating conditions for four- 
iterntinal networks are encountered in ACS in which a four-terminal 
necsork feeds the control winding of a magnetic amplifier, the 
|fieid ef am uncompengated asaplidyne, and other magnetic aystema 
jin which an extraneous sigaal is used to induca an emf in the 
secondary circuit o2 the four-terminal network. As will ce ap- 
parent from the discuasion which follows, the operation of « 
peters aicey network under these conditions has many traite in 
leommon with t:. operation of a transformer which couples teo in-= 
dependent clreeuits, woich was diacussed in Chapter 6. 


Nala connectec to 2 source of emf contains n meshes, snorte 
icireulting the output terminals through a second source of emf 
[roeulte in the eatablishment of an additional mesh. ‘the total 
inumber of meshea in the network thereby becomes K = n+l. 
fig S-4(4)} shows a four-terminal network which has K, 
ys ata meshes, In writing equations for such syvatens, tne 
tut mesh de always given the subserint 1 (eurrans I, } and the 
at mese, subseript 2 (current I, ). Tne positive airestion 
or the mesh currente i@ aasumed to be closkwiee. In addition, 
3 


; erminals 1 and 3 are assumed to be positive. Since the positiv 
| dissections of current and voltege do not coincide in the output 


_ ae 


ve e as 


Tf a fouretermingl network which cas ite input terud- | 
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potas 


mesh, the impressed veltege U, is introduced with a minus sign. 








The solution of a syatem cf equations cf the type 
| U,=h2ytheat «+> ‘ 
| Uy TZythdat oss 
Del Za thent sss n+l 
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reduces to the construction of the system determinant Op, ,andit 
yminora = At, Ai? and a, FAN 2% The input and output cure 
rents sre then given oy the following equations: 
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The coefficients of the voltages in the righthand 
eides of Equations (8-14) are equivalent to admittances and can 
mot only be evaluated anslytically, but also determined experi- 
mentally. 


i In effect, dquations (8-14) express the superporiticn 
icf tue short-circuit current I} produced by source 1 eat the 
ltorminals of source 2 and of the short-circuit current Iy' pro- 
duced by source 2 at the terminals of gource 1, dee., I, = TY + 
Ty'. Simiiariy I, = Tf+ls'. The tests which follow era dee 

| aigned cn the baste of the above discursion. 

Test for the Ehort-Circuit Impedance at the Input 
ifermiaale. The test is set up es indicated in Fig 8-3(b) and 
;@ives the value of the short-circuit impadance at the input ter- 
iminela ",, or of ite raciprocal, the snort-circuit aduittance at 
‘the iuput terminals: 


Tt) 

ea preg en se (8-15) 
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Test for tne ShoerteCireuit Inspecance at the Output 
{farainals. The test is set up as abown in Fig ¢2-3(s) and givee 
J tae Yaiue of the shert-carcull impedance wi iia wutput ternisais 


ior of th: corresponding admittance 
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Determination of the Short-Circuit Tranefer Admittance. 
The test ia eat up atcording to Pigs 8-8(b) or Bs8ic). The ours 
rent through the ahortecircuited.terminals is measured. When the 
impressed voltsges are aqual, the current values racorded with ¢ 
two setups will be equal because of the reciprocity principle 
(aynsetric deterainante), The ratio of the current to the ime 
pressed voltage gives the deeired admittance 
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#hich Le given by 
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Ta the course of the tests described above, only 
ehuche meaeatements were mads on four-verminal networks cecatain- 
lag whale resistances, In tha esse of operator foursterminal 
networka, the sdmittance or impedance frequency regponse trans~ 
fer 2unctions are recerded iu the frequency erace of the ACS 
in which tne circuit under Luveatigation is used. 
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Tne substitution of the notation introduced above in 
Equaticns (8-14) transforms tue latter ag follows: 


I; = Vt, —- Vay l— U3. 
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He anali now re nt the coefficients in Equatione 
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, couretesminsl netwcrs (Fig €-3(d), without evucecripta). 
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VREN the @norb-Ca Tui Lave Aecereand C) asaecums 
’ Ses ed to the T network shown in diacram (4), | 
a6 itiieowhnag values are ootained for tae impedances: i 
= 
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2,23 we “122 “4 2,23 “+ 2,25, 
Zn 2+ 77, Z,+2; ’ 
! ‘ Z,+ 2, a +Z 
| big = Zig OZ = hy Gt = 
ZyZe+ 2,25 + 220 
: 8 
The oorrergponding admittances are given by! 
oe ene a peers 
Ymk™ ZZ,P LiL, 4 Lily 
a Z 
Yir = AF Y ap (8-198 
i 
Z2,t+2, ,. 
| You ney 2 3 & Yee j 


She inverse problem can also be solved, {ay the ime 
pedances 4a, yar Se Cf the branches of the T network can be 
evaluated from the given coefficients Ye, Wee Yan? 


Yor Ye | 
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wy ya? 
H Y sah oR —YVir 
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Is = Ee 
| Vitor Vine | 
| Aa tar ap the relationships between the input and out- 
| aut voltezges and currants are concerned, the circuit defined by 
{Equations (S20) is fully equivalent to the multiple meeh four- 
terminal network, the paramsters cof which are defined dy Equa- 


tione (3-15) through (8617). The circuit defined by Lquations 
| \8ecG) te therfoxecalled the equivalent T network. 





The noelead transfer functions can be expressed in 
tors of the paraneters of toe equivalent network ox of the com | 
afficienta of the original aystem of equations (8-18). In ef- | 
fect, a4 obtaha directly from diagram (¢): | 
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Substituting the values of tus Z'r from Equations (8-20), we have 


Ymb Y mk ’ 
V = Vie? Cesta 7 5 (8-21) 


Block Diagram for Duale-Feed Cperation. The behavior of | 
a foureteruinal network can be conpletely described under all 
conceivable operating conditions in terms of only three param- | 
eters, @.g., the shortecircuit impedances % 4%, Zyyy, and 2p. 
Shen this appreach is used and additicnsl parameters of the four 
terwinal network are expreseed in terme of the voasic parameters, 
an insufficiently clear formulation cf the dependence of these 
other parameters on the basic parameters is obtained. 


The interdependence of the various modes of operation 
of tne fouretertminal network Ls beat trought out by the methode 
of structure analysis. 
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T1g 5-3. Electric Circuats of FoureTerminal Networks 


: Léesvuads (a) GualeToed overation: ib) erngretien with 

output terminals shortecircuited: (¢) opera- 
tion with input terminals short-circuited: 

i (da) equivalent T network 
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| . Fig 8-9 shows a nuuber of clock diagrans which repre- 
sent the various operating scdes of fcur-terminal networks. 














Disgram (a) shows the electrical connections and ia 
given for the purpose of repeating thea notation and rules cone 
cerning eigne which were used in Equations (8-13). 


Block diagram (0) was constructed directly fror Zqua- 
tions (3218), the coefficients in which new becone tranefer 
functions for unidirectional elements. The rule concerning tue 
sign of the secondary voltage is reflected in the "reveraal” of 
the U, input channel. 


The above arrangement permits the analysis of the posi- 
tive coefficients of Equations (8-18), whica are characteristic 
ef these equations by virtue of their physical nature (eic). As 
an example, we shall examine the components of curreat I,, Tf, 
tne shortecircuit current at the output terminals produced by 
Beource 1, and I}', the short-circuit current at the input ter- 
minals produced by source 2. The directions of flow of the cou- 
ponent currents when both feed voltages are poeitive are indi- 
eated in diagram (a). In the interest of simplicity, we shall 
assume that tne four-terminal network ie given in the form of an 
equivalent T network. : 


The current components will then effectively suotract. 
If the directicn of the current I? te taken to be positive, a 
negative sign must be obtained for the second component, assum- 
ing the line voltage to de positive; this is acnieved in the 
i block diagram Dy the reversal of the U, channel. Similar con~ 
siderations also apply to the components of current I, . 
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| Taxing into account the Internal kesairetance of zhe 
(Sources of exnf. snen the two pairs of terminals of a four- 
erninal network are connected to different sources of anf, e.g. 
, and E having internal resistances Zp, and 2s respectively, 
ne iilscussion of the network parameters must take inte account 
ne fcllowing obvious relationships: 
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U, 2 Bly 2p 


B, = Hot, Up 


Using the above relationusnips, olcck diagrarn (b) can ve 
readily built up and transformed inte block diagram ‘¢) by the 
addition of the indicated f-cedback locps. nen the summing 
{gointe and branch poijis are removed from tne feedback loops in 
i dleck diagram (c) by the application of the rules of alwepra of 
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bloek diagrams, including the rule concerning duplexed a 











the block diagran shown in Fig 8-9(4) is ovtained. 


On the basie of thie general echeme, an enalytical re- 
lationscip elmilar to that expressed by Bquations (8-18) can 
azain be derived, this tine between the currents and the enf's 
dustead ct the voltages: 


Amok tml Ey i= Oi E+ mE, 822) 


Before proceeding to the determination of the coeffi- 
clients of the equations from the block diagram, we shall write 
the product of the open-loop transfer functions Coveral3 open- 
loop transfer function): | 
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| 
| 
| In addition, we must take into consideration the direction of 


signal flow and the number of inputs to the scneme; we then 
obtain: 
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a, FoursTorpinal Networks Connected to 9 Single Source 


PulleLosd Operation. We Bhell set EB, « GO dn the bleck 
diagrvan shown a ¥ie G-9(¢) and eliminate the summing point 
previously used for the intreduction of the Input B,. Phe ine 
pedsnee of the external sircuit can now be designated as the 
joad inpedanca, L.e., we Can maxe the substitution Ze, = 2p da 
the oicey diagram. Finally, we shall include ina the sutpurd of 
the blows dhageant An addition to the currsnts, the output voles 
age of the fouretermingl network, U9 > LZ, Tnaesuch as, the 
ig 4 eee the channel wh 2h, the sign of data taken of f 

sl is changed. 





Yee transformuatians indicated above lead ta the dia 
os.own im Sig S=$fe)}. The internal connections in that 
diasras acs identical with those shown in diagram {(¢),end we 
Gan tuereflore appar to it the goneral traneformation leadiag to 
(a), axeluding the provieion for an input chennel for 

d the correapending cumeing pointe [sie] and substituting 
s@oty branch #U, = Uy. Ghe modifications fust described 
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Gere Lhe study of complex everating vondi tions ia petworks 
Ge aA two impedances in the supply circuit and in the 
loed oc: ite Ne can again wene vec of Euuntioa(S-22) retains 
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Ag ge aie (6-25) 


i if ons 3. interested only ‘in tne relationship uctyveer 
tov o.fpuy aud arput voltages, the elaments used in forming 
ta@ livput)] volicge from emf &, can se dropped from diamran (4); 


the resultant block waa ts shown in Fig 9<9(r}. von ree 
| uvetion, tlock diagrean (¢) yLelds the fcllowing trane for 
b Sanettont 
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We shall derive the above eavation directly from the 
electric circuit shown in Fig 8-10(a), in waieh the product of 
tue functions in the amaller [sio] loop in the bicck diagram 
snows in Fig 89(e) 


zy ae = 


ae 


in designated as the relative load inpedance. 


In tne derivation we shall maxe use ef the theoren of 

the equivalent generator [reciprecity theorem] and construct 

the cireuit shown in Fig 8=10(b), which ia idestical with cir- 
cuit (a) in terma of loading conditions. The voltage of the 
equivalent generator introduced in the load circuit in Pig 
S=10(b) is set equal to the open-circuit voltage of the Zour 
tarminal nctwork “and 4 46 distributed over the load impsiance and 
the short-circuit impedance of the four=-terminal network. 


{It foliowe that the overall transfer function of the 
loaded four«-terminai. network can be represented ag the product 
of the no-load transfer function exprecaed by Equations(8-21) 
aud the tranefer function of a natwerk consisting of twee 
tevwinal sections connected in series: 
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2uYon Cy aie 
T= Tee Mele EM ee 
eV on P+, 
For emall vaiues of the shortecirenit input impeaance, 
tte fo. tien fn Bnovation 60-26) approaches walty, and the noe 
inad tranefer Zunetion de not distorted. Ae Y; incressea, the 


cheucitsion of tae nomload transfer function becomes signif ticant | 

za uetally operates to decrease tie modulus of the transfer 

Yunetion., Eauation (8826) can be represented by the diagram | 
i 
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cwn in Fig &@10¢ce), which contains a ‘rigid’ (airset] negative 
act cack Loop. 


we 


| 
when the tyre of block diagram ie establisrcec, nonogram 
Can be used te cosputs the frequency response af the foureternindl 
network at trogresaively higher load levels and etructural changes 
reauired for the elimination cf undesirable system effects can 
he noted, 


Hien tne fouretarginal network and load consist of 
purely ohuiec elements, the inclusion of tne load operates ta 
Getrease the noeload transfer constant of the foureterminal 
network, # condition which muat oe viewed ae a negative faetor. 
When operator Giemects are present, tne multiplication of the 
nea-iaed tranefer function ty an additicnal factor gives a new 
Gyevator transfer function with a corresponding change in fre« 
quency reapense, which can be madé to eperatre in the deeired 


3 
adisect 2. Lon. 


"ne effect of tne additional factor ia most cleerly ob- 
eerved on the inverse of tne tranefer function given by 
Bouation (9=26): 
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Inclusion of the impedance of the Feed Circuit. We 
| snall now use Fig S=9(h) to discuss the effect of the impedance 
i of tne Laput circuit (input termination] om the tranaiticn from 
t 


enf Z, to tne (isput] weltace. For the sclution of this special| 
question, we <seneform vdliock disgram (e) ee diagram (n), in | 

| which oaly the E, aingut channer and the UW, caannel are retained | 
i tne Latter channel 13 now considered the ie Ute | 
The remaining parallel [feedpack] loops in the diagram | 
reovenent the inpus Cérivirg point] admittance of the network: | 

| 

| 
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for the loaded foaurecerminal network, we have 
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and tre voltage reduction coefficisnt Lactually tne transition 
is wiven by 


equations in terms of the basic rparametere of the four-cermninel 
network. 


eificient can sleo be ottelred from the generalized tlock dis- 
' gran (c) oy bringing together the tee 
' point, thereby obtaining 
{ 
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Insertion of tae above eum in the ls 
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for the no-load (Leper-circuit] condition, we have 


. 2 Vy = Y- y 
Vee! 6 = (8-27 > 
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the averall feedback tranefer function in disgram (h) 
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We have thus expressed the quantities usci in the abevei 
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Fig celO, & Four-Terwinal Network Coupled to a Lead 
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Legend: (a) electric circuit; (bo) design diegram 
based on Thévenin's theorem: (a), (3), Ce) 
block dlagrags 


No-Lond Gparation, If wa let cy in Pig BaO(h) ape 

proach infinity, the transfer functicn of The ne zative feedback 

Loop will be equal te the inverse of the feadveck Seis teristic 

She transfer function thue obtained, «(i/T,%) 7 iaigs is ee 
Ol x 
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in the no-load Topenecircuit] block diagran in Pig 


The so-losd transfer function te readily derives from 
the Jiaegrant 





Weep) = Vine Zap = : (8.29) 
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The representation of the roewLoad operator transrer 
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futetien as the praduct of two terms, represented Ly Equation 

(5«29}), hae already teer iliustrated in Fig 6-16(d). Such s H 

‘egregeatalaon of the operator teranster fencthion permite tha i 
, wearoforestion of dtagren (é) inte @iagran (2) by moving che 
| Yaoutsckt channel eahaac cf element 2y. Ddagram (e) will o¢ 
1 frequently yaferreod to am tne course of tue discussion wien { 
i howe: H 
| | 
The no-load eperstor tranafer functions for a group : 
, of lapis four-torminal networks can be derived directly from | 
. the corresponding electrical circuits. Sone typical examples | 
; are shown in Fle All, 
meee : Pa aS es as en peas eee 
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“Glreyst tad qi [uetrates the genersi cage cf toeload 
operatacn. 





Gireuits (6) revresentsa a general Letype feureterminal 
networics cireuite (¢} and id) represent general T- and 7 «type 
four-terminal neteorks, reeapectively. All of these foure 
taruinal networks have identical ac-lead transfer functions, de-~ 
rived trem the formula giving the ratio of the inpedances in the 
Voltage civider 


OW, tp) os oy 48-30) 


Z,-+ 2, 


Circuits €e>, which has a square configuration, nas a 
sinilar transfer function ieusmucn se toe input impedance Z, 
(as in the esse circust (4)) de not invelved in the voltage 
diatirioution, Tae latter funetion is discharged exclusively 
by tne circult coeprising iupedances L'o2.1'', 


if we resresent the sum of the ispedances an tne hori- 
gonte) sites of tue square oy a giugle ayubol 


ory 
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li obtain an expression identicel «ith Equation (3-30. ior tne 
ransfer funetion of tne voliage diviser,. 


The Aacluwion of inpedancea 5° ana & deas not change 
tha iravsfer funetion, Howsver, if the square circuit ie axe 
tended oy the inclusion of additional meshes, a ladder-type 
four-tersvinal aeatwoeek Lis obtained, the transfer function of 
whem will be more conplex. 
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For the determination of the transfer 40 InGtLa 
ladder-ivpe foureterminal network shown in Fig %-71(f), ne 
Q- Tound conyvealent te number the impedances pony rignt so Left, 
Tne saifeinpedances Caic] in each mesh are labelled with the 
same nutersls ang diatinguiehed ky the numbes of primee shown, 
She sum ci the seifeiepedacces is wrigtan without _rimes: 
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dy % BfeZh ts 2.0 = Zr+Zi's ete. 


Tt will ve found convenient to consider the ladnere 
type Lfoureterminal network as a multi-sectionsd voltage diviver 
The firet wesh impresses a fraction iy L(2y +%, ) cf tae voltage 
on impedence Zt the event acrossé 2 ir turn is a fraction of 
the voltage acrocs 2g; ete The yvaltage drop tr each mash is 
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for a threa-serh network, we Have : | 
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The transfer funetion far a network contalning a Large 
number of mecseg Gan be ooteined by the application cr the basic 
Squation (3«3ia) and of tae following recursion formula whieh 


wakes use of the simple equations presented shove: | 
* 
1 anet TF “one2 | 2 | 
mmm aS anny eres aan =— 
w av “Zana af aie \ a 
Ine! cans Senos {8-31 2) 
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+t will be readily noted that following the cancination 
the even-numbered impedances, the ladder network shown in ] 
S=-1i(f) reduces to the ladder network in Pig 8=5(¢) when 
cutput from the ladder is considered to be the voltage drop 
across impedance % . It Yollewe that the block dlagram 
SC 


¢) is fully adequate for the representation of the transfer 
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Ee Shaveebertetice of ladder-type four-terminal naetworke if the U, 
1 channel is considered theautput channel. This can be easily 

| confirmed by carcying out the reduction of the olock diagran 
between the input channel and the asovesindicated output channel; 
the regult should be Equation (8-31c). 
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The circuit shown in Fig $-11(¢) represents a lattice 
or bridge network, It will oe found convenient to cansidar it 
aS two voltage dividers having lege 1-3 and 2-4 connected tow 
gether, Tre transfer function is attainea as the differense of 
two transfer function of the type descrited by Equation “ 

| 
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2: Me ee 2223: mea 
(7) = Z,42, “+2, “yredleartZ * 
(8-328) 


Uhen the impedances in opposing legs are acval, 2, = 
Z, and Z, = 2,, and the network becomes symmetric. 


To avoid repeating the figure, the symmetry conditions 
are entered in parentheses in the circuit. Tne no-load trans« 
fer function then cecomes: 
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Wipi= C7 


The cireust in Pig Gell( hn) differs fron circevit (xz) 
by tre inclusion of the additional ispedance 26. , connected 
diagonally across the oridage. This change introduces conside 
eradle modifications in the order of derivation of the trans- 
_fer_funstion. The situation is relieved sonewhat by the fact 
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tnat the Lattice network under dissussien if 


expanded would coin 


cine completely with the bridged network shown in Fire S-5(e). 


x 
Whew the last-indicated network is cnerated 45 a fours 
terainal natwork, the output voltage produced oy the mesit cure 
rente I, and =f, (from Equation (8=11(n))is taken off dnpedance 
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Using the resulte from the analysis of this network 


when operated as a twoeterninal network, the transfer function 


for the foureterminal network can be computed: 
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Exoansion of the above determinant cives: 
V.(n) = ee 

A FIG tlt oleate 

+ (Z, + 23(Z, + 2) (5-05) 


The above exanple shows tnet the solution o. weitaple= 


aesh foureterminal networks requires the aprlicaticn af wore 
xeteral soenpitatioual orocedures. 
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9 o0teing method of mesh equations as foallews: 
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find within tas Pour-terminel network the shortest 
pacha jovelving inpegances Gig wees Um, Linking tae ouhsur 
varminals: 

Eetaolish tae reiationship between tne mesh current 
ueed an constructing the system cf eauationa andj the trareh 
cufenta Jlowhng through the impedances Ze, «2+, Mat this 
feletionssip can be expressed in the form cf the conditicnal 
sum 
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lwhere the number of coviponunt mash currents $; and their eigne din 
ithe expreasion for each branch current are datermined from the 
jdiagram (in turn, the meah currents entering the sbove summation 
are camputed from tha systen of equations by the general formula 
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quantities: 
W, (pis re ay Se not" {8-34} 


7s wk 


Nnen the internal sdireuit Cele) of the foureterminal 


network linking the cutput terminsls contains cnly one impede 
ance, Equation (S*s4) will contain only one tern 


Wy (p) = oy ivae (3-35) 


{ Such 9 Gage wae diecussed in the course of the caleu-+ 
j lation of circuit (h}. lt goes without saying that in the con- 
fatruction of the system of equations one can always eelect the 

layetem of mesh currents which is woet convenient for the aubse- 
| qMtent computations, hen the method of nedal voltages te used, 
i the input YOLisce must be intradussd as one of the voltages 
pace wit tho sysbem of equations and tha eolutions muat be ax~ 





assed in veres of the input voltage snd in the Zorm ef dotar~ 
nantall rati 


xpended system of equationa in terue of the 
ed, one obtains inmnediately the real cure 
SEORGINg Keel volteare drops in the chain sof 
cy the output terminala. In the block dia- 
Gane to the couplete syetem ef equations 
L@ Ontputs cag alwayea 22 indicated: reduction 
(arms of these new oucouts then e¢ives Saneetly| 
fy cLon. | 
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.¢ function expressed by Equation (4=34)! 
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ean te obtained from the clack diagram far the oridged network 
given in Fig &-7 by selectin the channel for the voltage drop 
expressed ay the product of current Ty, and iupedence 7%. This 
chaonel forms the Lnvut iS element ¥,. Reduction of the diagram 
betuecen the imput Ury and the output U, gives the tranefer func~ 
tion avpreneed oy Equetion (8-53), bypassing the selution of the 
Byated of equations. 
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3, “ThreseTerminal Networxe 


When homorolar input end output terminels of the four» 
terwina! uetwork are oridged., e.g¢., if tne pair c-4 ta shorte 
Garcuited and the veizr 1l~4 te connected through an operator in 
pedance, the vblieck diagram shoun in Fig &-12(e) is obtained. 

He note tnat short-circuiting terminals 2=4 makes tham eynaie 
potantisl. 

The e@nalysis of cirenuite of the tyve described above 
is of caunsiderable practical importance, since in the majority 
of foureverninal networks @igcusaed so far, terminals 2-4 are 
at ths same potential because of the internal cirenit Lesel, 
The le, Te, and Wf ~type foureterainal networks shown in Fig 
Gell and the ladder sstwork shown in Fig Se5(e) are of that 
tyve. It was noted cbove that the terminated lsider network 
stow in Pig 8-1l(e) nag the seme transfer characteristics as 
tne lsovrresponding) uaterminated network when 4; + Spent’. 
Inasmuch ac the latter network has fewer elemente, it inc to be 
preforred and should be used. 
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Pinally, ‘sinele=wire! circuita, in whith tee ground 
Sineve acts as the aecaond terminal, are widely used. The trana- 
formation of tne mesh voltages in such uetworus ia @lasys per- 
formed in terns oF the eyuivalent threa-terulaal network. 


wietermings nsteerks having their termiaugis § and & 
ed are represented by the Glock diagram in Pig 612 
1» four-terminal netaorke tne croevigion of en addi- 
Fore ott on between the upper terminals threugh the Juped~ 
ance ny sarea ft pesalole to abtedn enay desired transfer echarac- 
veristic. 
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! The potential sifferance between tne bridwed nomopolar 
| tOthinesrs l-3 is fiven by the expression: 
Woo=a UY, ef 
| cyl 
: Using the above expreseion, the transfer function 
from the pau ¥oitere to the potertial difference between 2 
pte ef ae 


lterninueia L=3 can ba written ae folless: 
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Tf impedance 2p is now areutiee between the aouopyolar 
ergingla, the side ofreuit will be placed under load and tha 
oaded form of the transfer facetion defined above La given by 
the foliowing eavation, baged on Eouation (S20): 
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we mean from efteuit (a), the shosteciveult impedance at 
aia leS Ls identical with the beuis short-circuit impede 
the Tceureterminal network al che output terminals, 
niigattag the noe gor any fuother analysie ef the 
lord eisied net work, j 





We new reture to the ordiginel voltage balance eqnuasion 
of Py MU 
us eae 


Brox the ateve relation @ new expressioca can be ceadily ootained 
ifor the pasie trsrafer tuaction of the three-terminal netvoric 
iwaen ¢p@ iced ia appiisa to the nomepolar terminals: 
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! Liowg tnet the loading of the pomenclar teraingla 
; Sl natwerk hes tne anes affect on che no-load 
: hoes the application at a direct lsadand intre- 
vere L/Clels), the block diogrem for the fonre 
(dtagcan (4S) ia augmented by e@ Farailed 
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‘Athen bridgleg tne hasmopelar terminals of @# loaded four~ 
terminal netuore, Equation (G-56a) maat be referrad te the full- 
Load cranafer function Wip? for the fourstermine. networks in 
Ae the dead | sirew.t must be taken inte account in the 
idetevminatiog af Hee « Since he lead Ls connected in peraliel 
wiih 2,3 du the ahortecirvcuilt toet, the wee short~-sirewit adimite- 
es corresponding to dlagran Ce) is alven by YeytYy. wad the 
relative inmpedarce of the bridge arn oesomes 
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Frau The abeveeLucucatead changes are implenernced, the 
fulleLoac tenagfer peneeaee for 9 feur-terainal network with a | 
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guppiemantsl bridge are (ois) taxes on the form: 





j Cy 
Gr i os ers pe 2 aa W (Pp). (8-960) 
Ht 1+ch en Os tt 
ack a= DB 

If in addition to tne load applied to the homopolar 
(terminals, the foureterminal network discussed above also ree 
célves a direct load, its transfer function according to Equa~ 
ition (8~36e) ia multiplied by the etandard factor expressed by 








[Bavetion (8825): 
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| WnlP=| pe +h Tre | iron , (8-37) 
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e anall new discuss some examples of very simpls 
bridged three-terninal networks. 


fne Letype kO circuit shown in Pig &8=13(a) witaoat 
the bridced arm has the transfer function of a real differential 
SLecent 


Cp) = T, p/Ch, pet 


Such an element w rot trensemit a constant signal; when such 


b will 
% Gignal Ls regnired, it is euffictent to add the bridge arm R,. 


ot tages em eee ee ne meet ees Stem poe are RI OY 


Usicw tne circuit shown, we obtain the following rel- 
ative impedance for the bridge arm: 
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The complete transfer function for tne circuit is 
that of a real driving elenent: 
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ing equation. 
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(en Letype RC circuit and proceed tc recompute the transfer funce} 
| tion on the basis of Equstion (8=37). The load has an impedance! 
: ae | 
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ac recantation ee Te ces ON mae ea en 2 a ee en eee 


Zy 2 eyeiyC, oy the output ehert-circuit edmittance of tne fire { 
‘ < $ 
{stage is given ty 
| eae 
Ye ic = xy +% +, p 
The relotive adnittance of the load le gives by 
| (10 + V(r, + RK, Ry +r, RiCyys orn | 
¥,R,Cop u H 
J 
Using the above reiation in expanding the value of the 
correction Tactor U}/ Clety) and substituting the expanded valua 
of that factor in the ex:ression for the tranefer fs netion, we 
obtain: | 
7 t 
Whip) ARC P+ VrCe 
=~ TyRCsP + Cp +, +R, yb PRC DP) i 


(8-38 ») 


The shave teanesZer function also fails to essure tae 


tranestission of 2 constant signal through the network. #2 shell 
therefore aneiyas the conditions for the istroduction of an ade 
Aitaonal ovelewe arm. as Showa in dtazran (co). 


4. 


In our anaivyete we snall start with the fons-terminal 
atwors snheoan in diagram ; 6) and eassuse that the tren-fer tunee 
won given by Equation (66520) corresponds to the nusiosd trange 
fer function of the anew Loureterminal nevwork. #e nave for L413 


Eorerae 


I 


Y 5, = 97° 
ah Zon : 
we PERC, + Cy 2 + Cae (ry + Rite) 


meter, +R, + FR C, # Cs?) ‘ @ 
ané for the relative inpedance of the aide cirenit: 
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{8-323} 
From Equation (%-+55a) we have: ’ 
; 1 | 
! ‘ 
fe” Ree a fat ee ee, § 
Win (P= (W5 IC + Ij er aa i, 
1 i 
j ‘ 
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' “4 ’ “ * 
| Following a geriags of transformations, the abute expression 
; gives the transler funesticn for the circuit shesn in diagram (ch! 
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She shove tranater funchion deserices a second~ordex 
vecl driver element. By adjusting tna peee cues sR, und ki, 
tha ee can be made to yield deazred values of the various 





















aoeTiierents, withia certain Limits. 

i Diagram (d) da Pig S+L? Likewise represents « ond 
ferder driver clement, Its trasafer function can be a 
j ebbaine pod teo Touretecminal networks of the tepe 
;deserioed 4 Fe 2 tO b6 Connected in tascem, For high 
jvalues of the immedance cf the second stage, the overall] trana- 
ifer punetion pproximatelLy aqual to the sroduct af te trane- 
i fer Pang tiers pesaged by Equation (3-358) with sorresponding 
;vVaines of the Tiigiats of bie func ticasn bade. Thin resalt ie 
fdiachkesed in wer detail in tne followlus pavagreph. 





We mow nese tea tne Gerivatios of the tranefer function 
tae cirsult snows in Pig &-13(e). Prior to tie addition of 
the oeldgs ava, ce nave fran Equetion (5-520) 
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Fron Equation (=S0a) we nave: 
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Ths eonsumption of power at the input of the ofreuit! 
ji8 freauently Jimited by intreducing an input-resistance Ro | 
jag ehewn for a type “art cirsult in Pig. 8-13,f. The effect! 
ee the gdditisaal resistance on ths voltege-division sogt+ 
ifhoiant (802%) is the game as if it were a resistance in 
ue asures of supply E:. The Ky Yor a given four-texmpinal 
lInetwoxk is computed from its short-elreniting resistances. 
ithe Ry-velue of above clreults can be computed directly by 
the olvoult-coaversioa method, or from the squatious whiak 
iheve been aotained for similer circuits. 
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Tha transfer function fer clrcuit £, will os: 
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L. CAédozds Sonmnsoticn of Non-Unidilrectional 
SevureTermingt) Netwarka, 


Piz, 8-lh,4 shows a Slaectrioai casaads conneotion 
¢ fouretarainal networks with an output terminal ef aach 
Inve scatce ecegade crunected te the input terminel of the 
next of6 and s loaé sonneated to thea oextrete cauzcads, 
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tleetrioal or bicek=~diagren cascadiues are both alike 
ithe colnelderce fa misleading besause the former centeins | 
jaoneuniairestionsl units wheae transfer function ohurgea 
with wa load connsahed to the cutput. All thease fx ATLISS can| 
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Lat us start with the axtreme casexde to tracsa *~he 
Zoruigture ai this dlLasrem-. Its transfer preoercies from tol 
itege Uy to the ee ‘tage agross the loed are fully detornined 
Pro tha nloekee lagran @-1060,a. [his diagram is repeated 
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Z 4 Rlastrival cascada connestion of 
aoaneurclilvesticnal four-terminal networks 
and its aguivalent tlock diavrans 


The sgonditiang raquiread to obwala a tranusver from the 
yoLteags tg te ‘saktage Uy tor the second cascade are shown 
tn tne widédle scaotdion of ths chain of Sleeks b. It repeat 
ay tee Gireot chasned the conditions reavuirad te transfer 
hla sktrede cauaade, Dut the oe axing of tha rasiuteuzes is! 
Ouest ta Lediests thé dumber of the eeall, 3 
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For 268 $scond o6.scade, thi 3a 13 rep- 
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for computing the opsrator transfer function by the 
method of building up the Eleek diagram 


According to diagram 8, the transfer function of the 
thied location, is 
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Hor example, if the entire cireult i6 regarded as a 
shinee ee ar of a four-tarminel Hetwork , che Final aquattort 
tad ¢ he also obtained from euustion (&-3le4, However 
12, paanado-by-casoads « sorputanion trovides many Valuable 
intermediate resuita. In addition, an application is found |! 
ivory oaseada oirouits with a given tand of freyuoncisa where 
esgcads having ¢ sertaii resistance is followed by a aas- 

ade Raving e considersbiy lexgzer resistance, In such a 
age, the correcting tars ¢/1eC appreesch unity and the 
verell transfer funotion of the eirouit becomes @unal to 
se product of the no-load trarefar functicne: 
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‘tha Bea amplifler shows that tne input part ands by forming | 
@ Oursent and, thersfore, the voitegs tranafer funseion 
‘sunt Ua diviced ty 4: which makes 1% possibie t2 multipiy 
levarything by the transfer function of the sscond part of 
tha direet-ou crent amplifier 25, which providas: 
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as inspection of the work performed oy the parts of 
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W (p) ae —~- Wy (p} = ES oF invari (8-408) | 
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Tra transition in the block-dicersm t from voltags to} 
urrent is obtained by transferring the unit to the Geloop 
(Fle. Bei D3). 
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2e FOUR-TERMINAL NETWORK IN THE FEEDBACK 
CIRCUIT OF D-¢ AMPILIFIER 
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The connsestion of a T-shaped four-terminal network 
to the feedback of the amplifier is shown in Fig. 8-18,a. 
As shown in the electrical diagram, the feedback with the 
existing polarities of the circuits is supplied also with 
current I, from the grounded branch, which increases the 
transfer fatio. 1t is more convenient to compute the trans 
fer function dy using the block-diagram b, instead cf the 
| 
{ 
| 
t 
i 
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electrical diagran. 

The current Ii = ¥,Uy, is first to be determined from 
ithe data availeble in tne input circuit. The feedback cir- | 
iquit is here regarded as one that generates a current. The | 


lourrent qy ereates along the resistance 2, a voltage “arop | 
Uy which is equal also to Ug: | 
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Fig. 8-18. Electrical and block diagrams of 
Dec amplifier and i'-shaped four-terminal 
in the feedback circuit 
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The additional current is determined from the voltag 
1, # U5%4 


The coefficients of admittance and resistance which 
enter the above equations ere written in the block-diagram 
as the transfer functions of the unidirectional components 
located along one chain of blocks. 


Next, we add up the currents in unit I.,= I,+ 13, 
which is represented in the block-diagram by“a réspettive 
coupling line and a summator. 


The voltage drop along the resistance 25 is computed 
from equation U5 Zols and the link Z. is introduced inte 
the block-diagran. 


adding up the voltages across the resistances 2) or Z 
and Zos we obtain the output voltage Vout U4 Ups 


into the blook-disgram are introduced a second line 
and a second summator. ‘ithe diagram thus obtained has no 
cross connections and, after the carry over of one sumnato 
it is readily locked to furnish the transfer function of 
the circuit: 


W(p)=Y¥, [25+ 2Z,(1+Y,2Z,)] 


or 


| W (p) x Seat 2120 t Zale a Pests (8-43a) 
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Yi0i.+%e+Y) (8-436) 
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fhe carry-over places of the nodal points are marked 
in the block diagram b so, that the oarry-over oan take 
place only through identical nodal points and links. after 
thia it is easy to convolute the diagram and to obtain the 
following transfer function: 4 





Wp= M22 YetVetVet reba t%ayx | 
Xs +0). (8-44a) 


Writing the expression for this function in term of 
admittances, ws. have: 


y (p):=: Y; {Ys (Y, + Y, 4+Y¥ ot Y,) a Y,+Y,) ere) 





{ 
| 
Y,Y3¥, 

: (8-440) 


3. DEVELOPING THE PRINCIPLES oF 
ELECTRONIC MODELLING 


The Dee amplifier shown in Fig. 1-9 served together 
iwith impeadanoes and capacitances to obtain integrating, 
scaling, and adding components of an electronic model. The 
number of integrating amplifiers in the electronic model 
i was éetermined by the order of the modelled equation, and 
ths number of the other ampiifiers -- by the relationship 
jprewese the terms of the equation. 
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| fhe Introduction into the amplifier oircuit of some- 
hwhat more complex four-terminal and two-terminal networks 
isynthesized in accordance with a specified operator trans- 
ifer funetion can reduce considerably the number of units 
joontained in the model, aithough it involves the loss of 

lyniversality for the principle of setting-up an equation 
ltrom typical elements, and each equation will require a 
ispeoial method of modeiling. 





We will cite certain examplea of expanding the trans 
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erties of a direct - gurrent amplifier ty incluéing 
ee 


r 
circuit a glightiy more complex two-terminal netw work. 
The RL portion of the direct-current cireuit provide 
lan edmittance-funotion and, consequently, also a transfer 
jfunotion for the direct-current amplifier, which oorrespon 
fee the following aperiodic component: 
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the part in tha feedback cirovlt made up of A aud C cone 
nected in parallel, will ziva us: 
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Trenafes functions of Les amolifiers 
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A sexvies-parallsi chain ef gueh cells forma the 
funetion of resistances (2-7). Placed in the fesditack, it 
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fon the thecren of fastering- (ses Ch. 3}, any fraction- 
ppatlonal trensfer function with real poles can be formed 
‘in this manner in the left half of the plane. A similar 
reffect is produced vy series-paralile] diagram in the input 
loirenit. made up of t tha seme Slements. _The transfer preger~ 
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[ies of D-c amplifiers with elementary two-terminal networks 
fare shown in Table 8-2. 
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8-5. THE SYNTHESIS OF TWO«THRMINAL NETWORKS : 


1. Initial Date 


The very simple electrical circuits encountered in 
automatic control systems in form of poweredriven circuits 
for supplying current to control (excitation) windings, 
;control lines, etc., are synthesized by following natural 
logical reasons evolving primarily from the necessity of 
providing a connection between the individual parts of the 
automatic control system. The initial data for such an 
elementary synthesis consist of; length of line, current 
for the load, heating conditions, voltage of the line, and 
the insulation-breakdown voltage. 





the problem becomes more complex when dealing with 
automatic control systema econtaining correcting circuits 
designed (together with other components of the control 
isystem) to oreate for the system a common operator transfre 
function that would enable the automatic control system to 
operate undsr specified conditions with a performance of 
ispecified quality. 


Tnés question of reasonable requirements for the over 
‘all transfer function of automatic control systems is by 
:itself a complex problem and will be considered in the next 
ichatters, but it can be noted,even now, that an automatio 
jcontrol system consisting only of power, amplifying, and 
‘eonnscting components has, as a rule, a transfer function 
which is entirely different from a needed one and, in the 
majority of cases, it is required to have correcting com- 
iponents, the transfer functions of which ¢an correct the 
‘transfer function of the automatic control system. 





vherefore, the initial data required tc synthesize 
iglectrical cireuits must ineluge the transfer function of 
ithe elreuit, or ite frequency characteristics, 
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Z. Synthesis by the able Method 


among the books on electrical and racio-engineering 
subjects there is a very rich supply of information hand- 
,cooks on two-terminal and four-terminal networks {see Naw a e 
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'A gireult that i9 moat suitable for the spaciticaions can 
lye aselocted from a set of tables containing variong sir~ 
louits of tywo- and four-terminal networks with respeotive 
Itransfer Yunutions and frequency characteristics. Because 
{t would bs rather difficult to expect a complete agreemen 
‘between the tale characteristics and the specifications, 
itherefore, the next step for the synthesis ta to introduce 
| purposefus changes in tho deslen of the electrical siroult | 
| 


The tezt of the preceding paragraphs of tais chapter 
nad for its particular object to illustrate the various 
methods of tranalating: the caloulation of series cone 
nectad resistarses in two-terminal networks, aud the oal- 
sulation of direat and side loade in four-terminal networks, 
All these methods received « dLlagramatic interpretation, 
which diselesad the appearance of other direct, cascade, 
‘and Yesdback circuita; in translating the frequenoy charse 
lreartetiog, extensiva use oan be made of the nomograms oited 
in Gh. & and the calculations become more iliustrative th 
lwith other wathods, with the matrix /4jJ method, for example, 


| 
| 
3, Synthesis of series-parallel oirouits 
of two-~terminal networks 
| 
| 


Asesinns for the synthesis the following function of 
jthe resistance of a two-terminal network: 
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| 
Let us resolve the transfer funetion into partial 
‘somponernts by using the methods describad in Ch. 3. 

i 

| Yor this, gines beth the numerator and the déenomine 
lator have the same power, we will first separate the con- 
Istent conmpensns 
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ee ee (8-455 ) 
- Ap +2, pP+ by, 


| 
| 
4 
| 
| 
| 


{ 
if 
i 
| 
; 
{ 
i 


A SAT TP oe ae 





Be Steen eee ee eee ee REN eS nT 


year ee 


secondly, let us determine the roots of the denominator 
(the poles of the function) 





2,=—Fu2z=—7 


and, thirdly, let us determine the coefficients at the 
partial functions, which yields: 
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The first term of the obtained function is a non- 
operator and can be physically obtained in form of an ohmi 
resistance R32 bo/ag. The second term can be physically 


realized in form of a parallel RC-cirouit. 
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Fig. 8-20. Series and parallel structure of 
synthesized two-terminal network 
key: 1) kilo-ohm; 2) microfarads; 3) henry; 4) ohns 


In fact, the resistance of suoh a oell, is: 
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Aquating it with the second partial Function, we ret | 
the values of “the Pees wnee and of the resistance: 
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ig. 3-20,a shows a ciroult of a tweeterminai net~ | & 
work and the eapacitances and resistances for a resistances: 
ifunetson ($-45a )wit th the following values of hue coey~ 
ifierts: 
i _ 2.108 (pa + 28p + 125) 
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Let us note thal all zeros and poles of the realized 
resistance-function are at the left and follow one another} 
also, that the root of the denominator is the one located 
nearest to the imaginary axis. 


in fact, let us write all zeros (9) and poles (P) in 
the order with which the module increases: 


P,= -53 0,5 “6.9; P35 -10; 0,5 -18.1, 
The follow-one-another conditions obtained in the 
special example sre general for all circuits of this class 
and are known as the conditions for physical realization. 


Let us now have a given admittance-function to be 
jrealized for a two-terminal network. Let us write it in the 
same form as in (8~45a) but use new coefficients (o and # ) 
instead of the old a and b. 


bP? + §,p + 3, 
a Ee te 4 
YUP= apt tap ta, ea 
Here we can again perform a resolution into partial 
functions which would be fully identical with the one in 
(8-45>). The result, however, should be now treated as a 
scheme for admittances. Therefore, the first term of the 


| 
iresolution without operators is assumed to be equal to the 
ohmic admittance: | 
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The second and third partial admittances in simple 
‘two-terminal networks can be realized only in form of RL- 
lcircuits, because we have in this case: 
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| Equating the coefficients in the partial functions 
fand in the admittance of the circuit we will obtain the | 
|values of the Darametersof the electrical diagram b: 
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in thia diagram -are written the values of the iuped~ 
fances 6nd iuductances Tor the following valusa cf tue coat 
iPictants of the edmittance-funstion: 
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ft should be noteu thet she ase UOGew cGweideray 
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‘Zero? A446 Noles of any and, cic clayiet calactne ef bath funsti i 
ifol.iew one apotier, euch network oan ba real duad only ie | 
ifoxm of ona of the diggrams of rig. 8-40, i heie only oy one 
funetion cf edeittance or resistance which has a pale by 

jvirbue or she reo having a minizum module. daly under this 


ee NTN Te HR aOR om ee coer 


i ee 
" 











ee re ree ne I RS I EE 





ee erento 











eoemeetetd 











ere enone 











cae 


lconaition ean the coor fficient of p in the numerator of the 
operator function (b)/ag= -]0,+%2|} and the free term in th 
numerator (0, /as8 60105) be larger than the identical cosef- 
ficients of the denominater; also, when the numerator is 
éividad by tre denominator in changing to a proper fraction 
lonLy under the above condition will the remainder be with a 
iytus Sian and, therefore, can be realized in form of an 
ampedance or admittance. 


“ne munericel example of Fig.g+-20 ftllustrates the 
thse rule that the impecance-function realized in diagram a 








iil uson invers ion, result in an admittance-function that 
46 “unrealigatle in dissram b, because the minimum medule 
conteits zero, elthough the laversion did mot disrupt the 
sequence of the roots, To lllustrate an example where «4 
roaligation takes place, a new admittanee-function was used 
with seros 0,4 «10 end O52 -20, where the minimum module 
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Therefore, Trom the operator point of view, diagrams 
a and b cannot be equivalent. An equivalency, however, can 
ibe obtained for a certain frequency. 
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i ror example, Tor gs congtant coliponent (p = 6G} the 
loondition required for equivaleney igs 


; } i fats 
R.-PR R aa ate oe 
' $ + x3 + 5 othe oa vie 1 ris +r st Pyry 


For high frequencies (p-»,»oec)}the condition for equi- 
valaney is Ry ayes 


a eee erro eenes era, 


Tt is readily nated that due to the rapid increase in 
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matic by retaining the time-cons tant of the elranit. and to 
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Lh, Senthesic of Trro~ferminal Ladder Networks 


Len us use #sein a soecified tranafer function of 
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esistance in form of Punction (&-45a}. After the proper 
3etion is serarsted, it can be written in form of a sum 
BD i ee eee eee 


. 
Pat 

Noite 

‘ea we 








ras 


pas Ryob Za (eh 


Cee raintas Ce Gienn an ute, : 
Z ( 5 orn 
. Pi = 
e ¥, 4p) 
and “ransforming tha operator funetion 


a, p* + OP + 


> 


a = 


c iP = ~§ 









Te 


Ee Vy ce. PEs ete A a ee 
and after vhe separation 
inks a sit of two eamitcanc 
One ARNE eban 


2a oh ALementary 





he aa t 


wmiplex 2acant 





: “+ afi + Ay 


cpap nb eesiar esa ey: Puy avers, | ca emeoatnetaall Wier Fie Seen 





(8-472) 


8 


of admit 


2s, 


47o) 


Ance 


. 
. 


ty tne deneminator | 
; : 

renninder, casolves | 
. 1 


SOO 21d WOT Cle Natt Gana eps. 
Ss _ 2: 
SRO LEK GE oy Siw Ma : 
ey, 
Y 
H 
Fate (8-472; 
si) ; ; ! 
! 
= tanation of resistance; 
qty Be Poe ne ' 
es ee p-i- a : 
SO) pe ae a a 
Ui a ae? 
‘ 
as 
Ce — iy Sie: J 
: (a-17r} ! 


ee ene ee et 


[$e Da A OO OORT CR ERRNLAERES AI SL AE AER AE STATA RL CTL ED BE LE IE OTT ie 





eer 





The last function resolves again into two parts 
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one of which is a strictly ohmic part R= C1 /a, » and the 
other is the operator Z,. Finally, we proceed from the 
funotion of restatance to the funotion of admittanca; 
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Combining all equations (8-47) into one, we obtain 
the equation of the ladder circuit: : 
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The siectrtoa. Giagram c2 Fig. @-c1 {8 based on the 
poaMe yack jerivad for the resistance. Phe numerical yvelues 
of ? bas ohmic rasistaaces and ospacitances ere given for th 
| sranss fer function which served for the drewlug of diagram 
8-20,9%, These numerical valved can ba bast computed by 
es “aivision: 
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If it is an admittance-funotion of a type (8-46) two- 
terminal network, tha mathematical transformations required 
to obtain a result in form of a ladder fraction remain the 

sume, except that the first separated term -.,.. will be an 


ohmic resistance and the second separated term 1p/Cy will 


be an operator resistance realized by an ideal inductance. 
The next separated terms will be: an ohmic resistance, an 
inductance, ete. 





Taking these changes into consideration, we obtein 
the following equation of the transformations: 
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The inclusion of RB and L in accordance witn tha obe 
teined equation is shown in Fig. 421,b. Thia diagram also 
aontaing che numerical values of the parameters for the 
funetier of admittanes whieh was used for drawing the &=20 
diagram, Again, direct 4ivision igs more convenient for the 

computation of the pareneters;: 
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The common coefficient 1/200 in the equation for the 
admittance is taken into account by incressing all resist- 
eees 200 times, which yields: 








R,= 200 ohms; La= 4 henrys 
| R32 400 ohms; L,# 160 henrys 
| R5= 2,000 ohms. 
| Ladder circuits can reflect only those function: of 


pesistance or admittance which comply with the analysed 
oonditions required for physical realizstion. 


‘5. Synthesis of Two-Sided Ladder Structure 
of Two-Terminal Networks 


Let the function of admittance of a two-terminal net- 
work be again given as: 


A,f* + AyP + A 
Tey bp? + bp +b, ; 


The result of dividing the polynoms (located from 
left to right in order of @iminishing powers) produced a 
ladder struoture that can be called a "left ladder struct ", 


| If the polynoms are now located in reverse order, 4 
division is still possible, one stage of which with a 
separation of a remainder is shown below: 
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tha conversion of the last tern in a forn expressed 
[through » vestebance meen it again possible to perform 
la éivieion in the ranee cf reetsteances and separate the 
ipemaindes: 
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| The result of these operations and ite sontinuation 


produce ea right ladder structure. However, if the further 
operations are discontinued, the last remainder %3(p) is w 
reduoed by p, the polynoms are sgain located from iert ta 

imight, and if tha division is ccupleted as required by « 

luett steucture 
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jall thesa vill result in a two-sided ladder atruoture. At 
jthis, tne term 2* by/S1P in thea range of resistances will 
be vePlectad oy the eapacitancce connected in series with 
ithe rematuing olrouit 2... Introducing the designations for 
lthe seapacditances and the ohmic resistances we will obtain 
a complers equation for the new structure: 
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The make-up of the two-sided ladder-diagram 8-21,¢ 
is based on equation (8-49a). The numerical values of the 
capacitances and resistances correspond to those in diagram 
“a” and were obtained by direct division: 
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As the division was completed, all resistances were 
Personas and all capacitances were divided by 2: 2109 so as, 
to comply with the specified conditions. 


right structure 
ae 125 + 25p + pt 
0410p 40.49" | | 
5p + 0,6)? 0,4 (samittance &) 
125 + 15, eg ee ee aN 
= eee P (resistance =a | 
| left structure | 
| P + ie 0,6p +5 __06p+5 _, | 
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| ~ 10 
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and? 


sw ART a OnE, “NEE BN ALONE “URE ALRRTD MO Hime Re ITO ae eRe enna errno at Nee os 





This equstion corresponds te dlagram ee. Wh 


isommutation for it changes beginning with the wh 
jand resuite in New oarameters: 


& manericval 
iri stage 
546.67 10 4- p 

j 5 49,5 i i i 
t 


coerce etee Ry Bad ttancs .. | 


| 


| 


{ 


| 
\ 
J 
| 
| 
! 
i 
H 
| 
t 


whieh weve written in the @iarram after they ware ovtltipiied 


by (d2elu ) 

$ 
: ‘ 
} : PPO fy eine an ay fae te lt eA 





It should be noted that diagram 8-20,a ard diagrams 
ra", “ot, and "G4" in Fig. 8-21 are fully equivalent and 
have a common function of resistance 


byp* + bp + 5, 


2 (P= apie ap +a,’ 


or, for the analysed numerical example 


2-108 (p? + 25p - 125) _ 


2()= psp +50 
122:10°(p + 6,9)(p4. 18,1 
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At this, while the realization of "left" ladder- 
structures was possible for functions of resistance or for 
functions of admittance with a pole of a minimum module, 
the realization of "right" ladder-structures is also pos- | 
sible for functions having a zero ef a minimum module, 
lprovided the rule on the alternation of zeros and poles is | 
jretained, 
| 

since the admittance in the same two-terminal network 
jis equal the inverse of resistance, therefore, the pole of 
ja minimum module that was present in the function of resiatt 
lance corresponds to the minimum zero in the function of 
jadmittance and the realization of equivalent structures is 
possible for both equations: a "left" structure for resist 
‘ance anda "right" ladder-struoture for admittance. This 
lean be easily discovered from the performed numerical com- 
putation. 
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The transfer function that was used in above examples) 
was 6 function of the second order; the method of synthesis 
‘howaver, is valic also for functions of higher orders, | 


8-6. SYNTHESIS OF POUR-TERMINAL NETWORKS | 
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1. Synthesis of Unloaded Four-Terminal Networks 
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wy the simple four-terminal networks used in otr- 





rquite of veltsme dividers will be covered ia inis analveia 
| : 
| Four-termivel notworks shaped as an inverted letter 
iLet us ren lise a transfer function in form of: 
We Gp) ex U ip) wee OP ama cbae dy “(Pe eb 4) | 
ee i aera dy Ag Pa) BE |) ! 
i (8-50) | 
H 
i t% i@ written in several Yorms, including ona in ¢ fory 
lof a product making it nacassary to determine tn edvanoe 
pike zeros of, «nand the poles «=o, ~yor the transfer | 
jpueev coe: 
| Tha Leakheped diagram in Pig. 8-31,b has a trangver 
aa esion of (2-30) which will be written again and use’ for 
further trensfurmetions: | 
! . | | 
? 
i yy ip} Up Gah oeenthe od CN 
; a Ly (Dh 2y(Eh 
| The problem oonsiata of Tinéing Suoh Peslacances | 
jfuncttons of twowvserminal networks i Hy and aj~ Zo whose ratis 
would @equel the ratios cf the nwsasrator and denoinator of 
ithe gives transfer funstion. The uethods of forming Leehape 
\diaeremea fron gitpile oalie are shown in Fig. §~22, 
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48 4t fellows from this formulation, it is not advis 
liable to equate directly the niuwneratora and denominators of 
jthe yoltege-divider aquation and of the transfer function, 
jbecaus# it leads to relationships than cannot be reslized 
| oy pageive diagram. 





_the vYetio petveaeu the numerator and denoninater of 
tne transfer funetion will net bé changed vy dividing both 
»Y the game operator function O(p), which we will eall the 
lhasic funetion: 
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Hqusting the new numerator and denominater with the 
leites resistances, we obtain: 
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The basie funetien is given in form of e pelynom of 
ithe game order as the transfer function, go the obtained 
‘aouations may be written in the sxpanded form: 
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Brices-shaped PONE STL + neuwores, Phe bridge 
‘diagram of Wie, S-22,0@ has, if ths arns are symmetrical, a 
igranafer t runotion (@-32b) of ee 2 Zgnhy /Z.4%,, which as 
lobteizad ea the difference between the traneter functions 
iof two foliage dividers. 
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| At this, the 4ifferences enoountered in ‘equations in 
form of ¥ - U are redused to a form of V - KU and oan be 
jalways made to be positive. A ohange in the gain factor of 
four-terminal network ia compensated by other amplifying 
eomponents of the automatic control systen. . 





i 2. Synthesis ef Loaded Pour-Terminal Networks 


If we follow Gillemin /57, we assume for the primary 
funotion of a loaded four-terminal network a load with a 
resistance equal to one ohm (824), 1.e. Zg2Rp= 1 ohm; in 
this case the equation will assume the for’ of: 
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To raduce the given transfer function (8=50a) to a 
form comparable to expressions of (8-5la), the polynom of 
the denominator ia divided by breaking up the ocefficients 
into two parts: 


Vip yp + yD + Os = (yt 99) Pht (r+) P+, 
tH 5 + Gy = (8gP* + 0,2 +4) + (MaP* + 9172 +4) = 
= V, (p)-+ QU) | 


The transfer function can be then reduced to form: 
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Equating the numerators and denominators of equations 
(8-5le) and (R-51d), we obtain 
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will be used Jn thia exampis for twe conditions, thecefore, 
iit wiil ve drawn in a form mere convenient for the sub- 
igequent transtometiong, as shown in Fie, 8423,8, 
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The drawn diagram can be converted into a four- 
jterminal network by opening any place and by designating 
the new terminals as terminals 1 and 2. For the consequent 
operations it is convenient to have it open at the left, in 
which case, the transfer function of the mutual (short- 
eirouit) admittance of the circuit ¥,,(p) will have, from 


U3 to I,,, a numerator in form of a constant number and a 


denominator which will be the same as in the function of th 
j secondary (short-circuit) admittance Yoxs because in the 


same circuit the denominator for any transfer function is 
equal to the common determinant of the systen. 





Consequently, we obtain a function of the mutual 
admittance of the short-circuiting 


toes 


Yl (py ee ee ee 
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Paying attention to equation (8-510) we note that 
Yin (P) contains a term identical with the one which was 


here obtained. It is suggested that the subsequent terms 
should be formed as two-sided ladder diagrams having the 
same secondary short-circuit admittance Yuk! P)- 


The two-sided two-terminal ladder networks which 
realize an admittance-function of the second order are 
shown in diagrams o and @ of rig. 8-21. ‘whey are all equi- 
valent to diagram 8-23,a when R and C are determined from 
the coefficients of the operator functions, as required by 
the described equations. 


The same two-terminal networks serve to form the Y 
lof the synthesized four-terminal network and are shown “XK 
jin rig. 8-23,0 and 4. 
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Fig, &=24. Synthesized ladder-type loaded 
four-terminal network 


key: 1) input; 2) output; 32} load resistance 
in ohms. 


In view of the specific features of the short-circuit 
diagrams of Fig. 8-23 containing no output resistance, the. 
value of Z, after the above division should be considered 
ag equal to zero. In which case the equations for the 
mutual admittance of the short-circuited ladder-diagram 
will assume the following form: 


for two celis: 
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Yn = ZED +z) 6550 


for three cells: 


Y inh, (P) Say 
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Let us remember tnat the resistunces in tneae equat~ 
Lone are numbered as follows: the 25 an«l odd resistances of 
ithe vertical connestors are numbered from right to left, | 
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hegianing with a= Q, and the Z,, aveu resistances of the 
horizontsl iinea in tne L-celle have the same sequence. 


Using the first equation for diagrams 4 and f, and 
ithe second for diagram b of Fig. 8-23, we obdtein: 
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A comparison between (2-54) to (6-56) with equations 
(8-196) and identities {&-52) shows that the denoninator of | 
ithe obtaized mutual admittance-furctions coineides with the; 
she danamlaator of the synthesized mutual admittance-funct- 
r< (3~i,90), while tne numerators have the required con- 
‘cont ef 1, p, pr; therefore, it is possible by connecting 
the Slemcntary diagrams in parallel to obtain the raquired 
transfer: funetion end to matoh the cosfficients or the 
scales or the items cf edditicen. 
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We will first match the relative values of the caef- 
ficients inaide the furiction of wutual admittance. Based 
jon above, the required function has the form: 
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It is readily noted that this example is a special 
case of a parallel circuit of Fig. 8-16 with computations 
performed in accordance with the scales of equation (8-41b) 


Let us change the admittance YQ by (bo/b'o)A times as 
compared with the factual; 


, le 
e “ Factual Z 
In this case the remaining partial admittances should 
be recalculated as follows, in order to retain the relative 
conformity of the coefficients inside equation ( 8-490}: 


; b 
ree 8.59 
ame ar (8-99) 


An increased mutual admittance of the circuit is ob- 
ained by inoreasing the admittances of all its units: 


R 
R = Ri C’ = CKi. 
This leads to a proportional inorease in admittances 


Yoyy and, therefore, by connecting the circuits in paralle 
we obtain the overall admittance: 


+ okt = Yano + Yous + Yone: 


The overall admittance, however, was matohed at the 
peginning of the computations with the load resistance 
essumecd to be equal to one ohm, therefore, it cannot be 
changed. Equating the sum of admittances to the required 
value, we obtain the following oondition: 
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ELECTRICAL CIRCUITS AND BLOCK-DIAGRAMS OF 
TYPICAL AUTOMATIC CONTROL SYSTEMS 


| 9-1. STRUCTURE OF STABILIZING FOLLOW-UP 
| AND CONVERTING SYSTEMS 


AS shown in Chapter 5, a slosed struoture is the best 
structure for steady transmission of programmed actiona and 
for simultaneous reduction of the effects caused by most of 
the disturbances; special attention, therefore, will be 
given to such structures as they apply to various typical 
systems. 


Let us start with a general analysis of conditions 
required for closing various types of control systems. 


The conditions required for closing can be shown by 
a simple diagram, such as Fig. 9-l1,a, if the nature of the 
{nput actions and the methods of their fatroduction into 
the system are not taken into consideration, 


The direct channel of the control system in this dia- 
gram contains all unite including the units of the control- 
led object which are subjected to controlled disturbances 
(changes). The crossed wires of the electrical line are 
purposely shown to emphasize the negative sign of feedback. 
Negative feedback imparts to the cirouit a property of self 
adjustment, because a positive deviation of the output is 
transmitted to the input of the direct channel with a minus 
sign and is followed by a reduced output, and vice-versa. 
This property of self-adjustment makes it possible to use 
various components in closed systems, including astatic and 
even quasi-astatic components, although a closed cirouit, 
ag such, contains a natural channel for the oirculation of 
deviations and special methods described in Chapter 11 must 
de employed to take care of these deviations. 













Let us proceed from diagram 9-l,a which shows no in- 
put actions to actual systems of various types. 





Stabilizing Systems. The structure of a system for 
stabilizing at a given (zero) value is shown in Fig. 9-1,d. 
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Pile. Gel. Structure of closed staollizing and 
follow-up systens 
ker: Limain channel of the system; 2) satup; 3) adjusted 
This type ineludes, for exaupis, & syslem atebilizing 
the bank of = Plena which must he kept at zerc,. 
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pistorbances may y appear in any component of the stabilizing 
isystem and are ehown in the diagram by a common arrow "y", 
Tn examinining a stabilizing system, the main attention is 
given to the transfer functions of disturbance-to-output. 


























The structure ef a syatem for atabilizing near the 
setup, or near the nominal output value Xya., ts shown in 


[diagram @, where the unit must measure the difference bet- 
jween the nominal and scttual vaiues of the output, or 


%o* Xget~ Fout (9-2) 


land to supely this difference to the direst channel of the 
‘atabiliving system and tou dampen the deviations from the. 
ipeference (setup) value, However, if x, equals zero, one of 
ithe componenta of the system must be first adjusted to some 
pany eee eee value that would assure a nominal setup value 
during pominal disturbances. The additional constant value 
lot the : adjustment is shown in the diagram as a separately 
inbroducea value of & ead’ The adjustment may de performed 


lat an? Place of the system. For example, for a generator 
lnontrolled as in diagrem 6<3,a, the nominal voltage oan be 
loo adjusted vor a given current of the load, as follows: 


RCE ieee ee 


by epecifving the required magnetization obtained 
rom an additional winding Py: 


oy contralling the reaistance of the rheostat; 


by changing the pressure exerted by the carbon rods 
jot the Woltage veguiator. 


Since the values of both Z adj anc X54, are constants, 


ae control performed as required by the eaciavie componen 
will proceed in the same manner as in diagram b, namely, 
¥o* -Aogyt ia toa be reduced to zero. 


Foliow-up systems. The struoture of 
follow-up system (fcr both programmed control and for 
[reprouetion) ia shown in diagram 4, which contains the 
20tugl input and output values Xq and Xout with the dif- 
PY 
ft 


ZAP 


hoe between then determined by a measuring unit, whioh 
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'tG by used te furnish the direst chsunel of the aysten a 
the marion that reduces thie differences to zers. 


In «11 examined cases, the atselute value of the 
jeontrol] ling action is aqual to the errer ef the automatic 
tgontval system and differs only im sign. 


a a tr ae 
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yoRrnnesotod syatema. IP two sonunected 
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j ; ipa 

lees SOnSwGL Systehe ere reproducing the values x, and 
‘Ye, @ach oné of them operates in accordance with tae prin- 
jeauae of vadueing to zero the similar (9-3) differences 

} ‘ 
i : i 
| j By yom Ke Ye By By (9-42) 


roy the effset of the unbalance of one and other systems on 
ithe Formtion of the sigaals &) and wo in both systems. Let) 
us cite « very simple forn ofthe controiling signal for 4g 
tha controllings signals as a linear funetion of ths un-” 
balances; 


hp = Og Tt OYg, hy Ce + dy. (M4 


Fig. 9<1l,e is s block-diagran drawn in accordense 
iwith equetiona (9-4}; the amplifying components a and 4@ are 
itneludsd in the direct channel of each system to amplify 
‘the gein factor of the system without changing ite oneratin 
jecnditions, as compared, for example, witn the isolated 
igyeten shown in diagram 9-1.,d. 
| The amplifying conponents band e effect a :autual 
isoupling Letwean the systeme, Let us note tnat In vawe the 
lown SGupiiag of each system must he negative, the ‘utual 
jecuclings may form tu certain cases a Dositive feeibaak, as 
ifor example, when the ccoupliag ccefficienta (b and 79} 
lahown in the diagram are both positive, In such a case, as} 
lit fellows from the structural analysia (see Ch.5), the i 
igetn faotor a? tha cirenit of efffatens eutemetia cartrel 
Qyfusoe roi be Limites ta a value of 41, ! 
| AS an @xample of a connested system is an airplane 
inguipped with an autopliot with mutually dependent banking | 
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= yawing channels ie Certain connected systems used in 


computing devices wi be snalysed in section 9-5, 


Converting systema. Let us now pro 
ceed with the analysis of sf the structure of converting 
pays tens which operate in accordance with a specified linea 
imathematical runetion. 





j Besides the sclution of the mathemetical problem of 
conversion, the requirements of the system also inolude, as 
a rule, booating the signal intensity, suppression of the 
effect ef disturbances, ete. Without such requirements 
there is no sense of forming a oomplex control system, as 
in such 4 case it would be sufficient to use electrical 
eirecults or typical components without combining them into 
a Single syatem. 
| 

| 
i 
| 
j 
| 
| 
| 








Yig. 9-2. Struoture of converting systems. 
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Fig. 9-2 shows blook-diegrams of converting systems 


which tekxe ints sopsideretion all of abovs rsaqulremsnts. 
Ths block-diagramsa at the right illustrate the method of 
jaolving agparately the preblemea of powar amplification by 
eradting a separate veprodueing G.ened automatia control 
syatem and the problens ccnnected with tie conversion of a 
programmed action in aecordance with a apacified rule, fol 
llowiug its amplification by inatelling at the output of the 
reproducing ayatem amplifying, differentiating, integrating, 
|forciag, and similar compcnents. ? 








The sclution of conversion preblemsa must b+ reflec- 
ted as a *orm of ferced metion in the aystem. In sese of a! 
separetery-acting atructure it is sufficient ta chesk the 


jencens ef reproduction of the slosed systems by tha methods 
igenoribed in 4.12, 
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fhe unconpangated syrorse of the forved moticn of a 
reproducing syateom are the errors ab the iaput of tha con~ 
iverting part. the scaling component 4&4 will inerease thease 
lerrore we-times, the differentiatin ne Genmponent B will dif- 
iferentiete them; in this cass the precision of tha entire 
|syaten whLi not be affected by the constant component of 

ths error of the reprecuelng part. 


he integrating aompenent 9, on the contrary, wlll produce 
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In seiving the problem of fcorestalling B, the Soraing! 
jaomponsnt can te coasidsared trom the standpoint of convart-! 


i4na the srrors a3 0 sum ef the amplifwing and differantias~| 
isomponentsa with the ccaffisiaent of t 
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The baslo defect of a sepsrately-acting structure is 
the jnabilter of taking off anv siznificant power from the 
lout put of the operating componente. Only «2 sesling gowe 
ponent or, Tor sxampie, the reducing gear type is abies to 
retain tha powar of the output devise (shaft) ef 5 vapre- 
Mmucing system;.if the mathematical part of the orcblem is 
poouratelz pats ange sik remaining NOBPORnRents Eo seas a 
lena out put-~fower and fae action upon them of disturbances 
4n form > @ iond resulta in additional errors. ‘in sany 
iengee 3 varies of errors can be ent Sd ag 2) by chsucing the 
Ce cf the overating and reproducing paris. | 
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H The transition from a separately-acting to a unified | 
structure is accomplished by carrying the assembly through ; 
‘the converting units according to the course taken by the : 
'gignal. At this the transfer function of the converting ; 
junit is introduced into the direct circuit, and its inverse 
‘es into the feedback circuit. 
| AS a result of the technical execution of such con 
versions, the converting unit with its inverse transfer 
‘function is applied to the no-load feedback circuit where | 
it operates at high precision as, for example, electrical | 
circuits operate under compensating conditions. The output | 
‘of the entire circuit represents a high-power output of the 
‘@airect channel with load-type disturbances mostly damped, | 
‘In the majority of cases there is no need of making the 
‘direct channel too complex because, when its gain factor is 
‘large, the overall transfer function will (irrespective of | 
4ts operator transfer function) come nearer to the inverse | 
walue of the operator transfer value of the feedback cir- 
ouit, as was earlier illustrated by equation (5-9), For | 
example, such units as "p" can be excluded from the direct : 
‘channel of diagram b which, naturally, will require a re- | 
‘galculation of the error. 


9-2. GENERATOR-VOLTAGE STABILIZATION METHODS : 

The operating principles governing the control of the 
voltage of D-c generators are_illustrated in Fig. 9-3,a. 
The generator operates with a certain load connected to the 
bus-bars shown at the left of the diagram. The voltage of | 
the generator is determined mainly by the current flowing | 
through its excitation winding; therefore, either the vol- : 
tage across the excitation winding, or the excitation our- | 
rent, or any other item affecting the excitation current = 
can serve as the control signal of the system. The voltage : 
across the bus~-barsa should be regarded as the output. 


The circuit oan be open provided the state of the ax- 
eitation-cireult does not depend on the voltage across the: 
pus-bars. In this case, the voltage across the bur-bars { 
located slong the negative-feedback line (00C) is supplied , 
to the inout of the system -- to a unit regulating the 
excitation-current. 


Certain principles affecting the reguletcr will be 
reviewed in detail to determine whether the basic equation - 
{9 22) for (Stabliizing near +. the set control point. in & sys- 
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jee having the strusture sghowm in Ple@e.9-1,8 gen be applied 
‘for chic vartieular cireuit. - - | 


; 

| REGULATOR WITH A ‘STANDARD SCURCE OF REZERSNCE VOLTAG 
tne of the eirevits thst san be apriisd for tha reguleter 4 
shown in Fig.3+3,t. fae fnout value in & reewtlator of this 
type iz represented by the voliage of the standaré source: | 
bein Ust . From this voltage wast be subtrected the vol- 
jbage Gp asros? ths buses of the generator which is susplied 
toa is Fiona the Line of tha negative feedback (90C in die 
igvam aj. he differences between these woltezes, @™Ng+-U,, 
which ascoording %6 egaation (9-2) La the oeutrolling sigtiall 
8 Supplied to the smplifier's input, It le the amplified e 
that determines tho generator's exaitation-ourrernt, 
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Beth the standard voltage and the initial excitation- 
surrent selected during the initial tuning of the circuit 
must assure for the speaified load a nominal voltage equal 
to Use= Unom + f(RarTar nom). In an open circuit any chang 
in the load Alg would have caused an additional voltage 
drop of AU = -R,.AT , but in a closed system any change 
in the voltage acros’ the buses along the line 000 will be 
transmitted to the regulator where, in this oase, it will 
change the difference Ug, - Ug, which will accordingly vary 
the excitation-current that compensates the effect of the 
disturbance. 


For example, if the load-current is increased (OI970) 
it will also increase the difference Ug, - Ug and the 
excitation-current will become larger. This°demonstrates 
the self-adjusting property of a closed system. An increase 
in the standard voltage by f(R,~Iar nom) oan be avoided in 
the oase of a two-winding generator where the tuning oan be 
\coomplished by the initial flux $,. 





An electromechanical design of a regulator which is 
used more frequently is shown in Fig.9-3,c. Here the vol- 
tage across the buses is changed by the attraction of an 
electromagnet which weakens the pressure of the spring 
against the carbon rod, increasing thereby its resistance 
and reducing the current of the excitation circuit. The 
latter can be supplied either by an independent source, as 
shown on the drawing, or it can be connected to the buses 
of the generator. 





| It should be regarded in this case that the input- 
value Xget shown in the block-dlagram 9-l,c is the voltage 
depending on the spring-tension Fspr, the initial value of 
which is set for the specified voltage during the tuning. 
The output voltage can be also transformed to match the 
force of the electromagnet. The difference btetwean these 
forces due to a disturbance causing the voltage to deviate 
ifrom the control point deterninss the ragulation process, 
i.e. the self-adjustment of the system. In case of small 
|deviations, a proportionality is established between the 
|\force-increments and the voltage-increments; therefore, the 
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C4 de Tegarcea as the lnput OF tne system, and the voltage 
jacroges the buses -- as the output. The voltage-difference, 
ii.e., the controlling signal with the same proportionality 
'fantor acquires morn force to change the resistance of the 


igarbon rod and, finally to changethe excitation ourrent 
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, Disgram &@ shows a regulater with a nonlinear pridpe, | 
The Roth ake goross the generator buses is euppited along th 
line 606 to the vertical disgonsli ef the bridge and from th 
horiz SoReal ee sponal ig taken off the voltage to the ampli- 
lfier which wuppites the exciltavion olreuit. The right aide 
of the britse exntains the linear elemants ky and R2, con~ 
sequently, as shown by the straight ling 6, in ¢urve ¢, 
ja Shanes in voltage across the buses will bring a propor- | 
jplonal change in the voltege acreas the resiatenses of this 
heangh: #7 * (Ho /Ry 4Re We, 
| she left branch of the bridge containe ona linear 
plea nt Ry and a nonlinear element R, which is ahaded on th 
diagram. Let us assume that the resistance of the noulinear' 
lelenent inoreases with the decreasé in veitage. Tuen, tae | 
ratio By, /Ra+R, ,whion determines the share of the voltage | 
across the noniinesr elements in terms of the full NY 
will inerease with the decrease in voltage acroas the bases! 
nd vice verea (see curve @), 188 
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The inputevoltage of the amplifier ia aqual ta ths | 
Nae eers peueen the voltages @o and 4: gaeregs the R and| 
Bo eslemeute. shown by the curve, this difference th 

pes is Lo z3re oe voltage TgaU, and it changss its eign de-~ 
inending on the sign of ths veltage-inoromen, across the busha. 


' it is peasidie, therefore, to Tind in this cirauit ay 
janplisitly specified input-value U, Prom whiah iz subtracted 
ithe sotual voltage across the buses, so that the ditterencs| 
(38 canverte? tate the output-veltage of the bridge. The \ 
jsnere enent«steepness of the output-voltase of the vricgs & 
‘4a protiortional te the diyverenss hetween tha Liorement 
late eepness of the voltages acros3gs the lineer and nonlinear 
lelenonts and serves a5 the gain feeter of the bridges: 
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i qin soncinsson, a general reasrk about the polarity of 
he contront ine sigosk should be stated for circufts ahown 
citntes ey fees : ors 6. aT a 


renal LAG Ghamges Gaursed oy 2% in the ayaten WwoULa nerve to 
GOMpEMsAts the effect of axitearnal ciaturvaneces. A wrong | 
iroSerity of the signal leads the system away from she oper : 
inting oaint and makes {tt ineffiotent. Such an errer _can ne 
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readily eliminated, however, by switching the ends of the 
electrieal circuits b and 4, and by moving the carbon rod 
to the opposite arm of the lever in circuit c. 


For a dynamic analysis of stabilizing systems it is 
necessary to have a block diagram of the complete closed 
automatic control system containing both the object to be 
regulated.and a voltage regulator. A block-diagram of the 
regulated object -- a self-excited D-c generator -- has 
been already shown in Pig. 6-1,4. It is repeated in the 
lower part ef Fig. 9-4, where the input is represented by 
the change in resistance of the excitation-circuit 4R, and 
the output -- by the change in armature voltage AU. 
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Fig. 9-4. Block-diagram ef voltage stabilizer 
with voltage-amplification regulator 


Let us prepare the data on the structure of the regul 
ator's cirouit which is needed to close the direct ehannel 
ef the feedback eircuit through the voltage regulator. We 
will base the data on equation (1-25), according to which 
is formed the section between AI, and 4A@in the upper part 
lof Fig. 9k. The missing relationship between AU and AI 
is determined from the squation for the cirouit of the 
winding of the electromagnet having a number of turns Gp 
and a resistance R,: 


| 1 Ry +o, B, = U. 
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Yaine the Laplace representations and the invrerents 
we obtain: 


Aly (p) == Br [al (p) — 0, Paw, (7)] (*} 


M 


It remains only te determine the intremans of the 
magnetic flue. Since the Latter depends on thé current I 
‘and on tne angie of rotation @ (which depends on the gapt 

of P{I.d}, the inoremeat expressed with linear apprezin- 
jation is written es fellows; 
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AD == a7 U1, + oe 8. ("*) 
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The motion of the lever changes the pressure avainest 
the carbon rods, the resistance of whloh varies as psr the 
rule of R,(@). Giving consideration to the increments in 
jresistanes, we obtain the last missing equation: 
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iC, 

jwhick together with equetiongs (*) and (**) enebles ua to 
| Bake the final closing of the sircuit's structure. 
A uora extensive review of stabillizetion methsds aan 
Ibe found in /27, 
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9-3, STABILIZATION OF FREQUENCY AND SPRED OF 

ROTATION WITH THE AID OF ELECTRIC MACHINES 

! 
| The general principle governing the oonstruction of 
ia Closed spsed-stabllizing aystem is illustrated in ¥ig, 
\9~5,a; the speed of tie output shaft of the electrio motor 
iis evaluates ty a esrtain electric pickup which acts upon 
jths rsgulater along the line UOC and causes it to change 
jtne current in thea excitetion-winding cf the motor or of 
(its armature which, in its tura, restores tis specified 
iapeed affected by some disturbance. 
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H The simplest eiestric pickuy of the speed ls a centri 
(Yuga sontast regulator; when the spasd exceeds the setup 
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value, the regulator closes the movable contact te shunt a 
part of the resistance ef the excitation-winding cirouit; 
this increases the excitation-current and is followed by a 
reduced speed. A simplified form of an eleotrie eirouit ef 
such a regulator is-shown in Pig. 9-5,0.(the armature is 
here connected through an additional resistance te the 
netwerk and is not regulated). 












Another widely used type of an eleotric speed~pickup 
is a Dec tachogenerator which generates a voltage that is 
proportional to the rotary speed of the shaft. 





















The eireuit of a regulator using a tachegenerator is 
shown in Fig.9-5,0. The voltage from a standard (reference) 
source serves as the input for this method of stabilizatio 
the required part of U,, (of a definite polarity), whioh i 
proportienal te the nominal /rated/ speed, is taken off th 
source with the aid of a potentiometer. From this voltage 
is dedueted the voltage of the tachogenerater Uy, which is 
supplied along the OO0C-line and is related to the speed of 
the output-shaft by the same proportionality factor; the 
voltage-ditference, @ = Ugt - Ugg, whieh is equal to the 
controlling signal, is amplified and provides the armature 
with the ourrent neeessary to overoome the load-moment. 


wet 


When the load on the motor shaft is undergoing furth 
changes, the voltage-difference will provide a compensati 
moment having the same sign as the disturbance. 





High-power systems employ dynamoelectric amplifiers 
which feed the armature-cirouit of the electric metor. In 
suoh cases the excitation-oircuit is scenneeted to the net- 
work and is not regulated. Low-power systems employ elec- 
itronic tube amplifiers or magnetic amplifiers connected to 
excitation-winding. At this, the armature-oircuit is scon- 
neoted directiy to the network with the aid of a limited 
resistance -- a barretter /balast resistor/. 





| If a more powerful D-o generator replaces the tacho- 
jgonerator in diagram o leaving the rest of the oirouit un- 
[changea, such a system could be regarded as a voltage 
iatabilizer for this generator. Unlike as in Fig. 9-3, the 
‘voltage would be stabilized by changing the rotary speed o 
jthe generator with the exclitation-current remaining consta 
{ 





Serving as an eleotrival speed-pickup in Fig.9-5,4 
ie a A-o synchronous generator whose voltage and frequenoy 
are proportional to the speed of the eutput-shaft. 
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Pig. 9-5. Cirenites fer stabilization of 
speed of eleotria mnetors 
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key: 1) 900 - nevative feedback; 2} anpiifier. | 

| 

| The voltage of the synehromous generator ia gappiied | 
elong the GOC-lise te two resonant circuits of the regulato 
The reotitiers tnatealled in tase circuits supply oe tHe 

‘sontrol-windings ef the aynanoeliectric aplifie?. eae Bi 

‘{Liustrates the dependency of the reetified surrcrts I, and 
jfe on the frequency or on the spesd. whiah is Seay 

}b6 the frequency. The ourves are shifted towards caea other 
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ingreols. £3 agcontance wit the electrical cireut 4%, the 
jeontroliing aurrent, I,, ts represented dy the difference | 
matween Loe ourrents of thepe elirouitea: Iq = Ty - fe. Ata 


ispeod 2. . whieh corresponds to the point of interssation | 
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Yet the ourves in the diagram, the controlling current is 
equal to zero; a deviation from this speed will oause the 
appearances of a controlling current which reflects the ai 
of the deviation and is proportional te it, provided the 
deviation 16 small. In its funetion of changing the fre« 
ipuenere the steepness 3' with whiok the oontrol-current is 
;imereasisg ig equal to the difference between the steepness 
iwith which the qurrentsa in both resonant eireuits are in- 
iereasi ng. 
| Based on the ourves and oireuite of this example, the 
Re Sig whould be regarded as the input, and the actual 


apeed Sl aa the output, The difference obtained from equat-| 

ion (962) £8 transformed into the controlling current Ig? | 

i Bh 90 with a steepness of Sry. Also, & ohange in the 

controlling ourrent serves ta regulate the veltage of the 
4ynamcelectria amplifier and brings about a change in the 

} 

Fig, 9-6. Bleook-diagram of frequency stabilizer | 

with magnetia amplifier and two-channel 


speed cf the slestric motor in order to compensate for the 
control of the metor 


undssired speed caused by outside disturbances, such as ae 
LOGE MOM » 
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If? the Voltage of a synchronous generator instadd ef 
the apeed of the ehaft of the motor is used as the output, 
ae thie system can be called a system of stabilizing the 
' 





freguancy. 
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i Wea wlll now examixo the complete tlock-disgram for 
lens version of speet stabllization. Such a diagram is 

| whown in Fig, $-6 for 9 two-channel sontrol of 6 motor, 
lwhers tha contrel is effected along the linea of the exoit 
ation and armature circuits with the sid of a mensuring 
davice in form of a resonant bridge and » magnetic ampli- 
fier for the subsequent amplification. 
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“he peacnant tridge of the type shown in Fig.9-5,a 
will not act Upon | the @ynamoelectric amplifier, but will 
laffect tha magnetia suplifier whose eclrouit is shown in 
(Fie. 73. The voltage tn one cf the bridge circuits will 
(depend om the inmput-veltage U, and on the frecuency f, i1-¢.|, 
Uee UlUp,f). Taking the inerémenta into account, we opeass: 








AG as OU H ou 7 | 
fa 8. y! —= OU, Au. Of Af. (*} 
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The windings l and 2 in the cirouit of the atadilizer 

run opposite eash other, therefore, the obtained inorement 
igf currents and fluxes in the windings ars to be Aaoheda 
lt is sonvenient to perform this subtraction in advance 

form of voltages; then, the first members in equation oy 
hnaving the aano sign for the derivatives of both circuita 
tof the bridge will be reducec, while the second members wit 
iderivatives Giffering in signs will be doubled. Finally, 
inhe doubled iuorement of the voltage will be: 
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| 
L The Lower bicek of the diagraw illustrates the obt taine 
ning of une control-veltere inorenent; the ineranent in the, 
frequency is found from tha spesq- ~inerement proportisnal to 
ithe numbar of pair of poles of generator N and to coef- 
ifiglent 2. The magnetic anplifisr for the two Lnpat-windings 
‘49g shown in a bloeck-diagranm smaller than the one shown to 
iMig.?e%,05 the current- fnerement AT is found at ita sutpet., 
rehe bisck-aiages an for the two-channel coutreijled motor has | 
‘pMeA GOL ‘Led Trot ¥ig. 6-7 and, Sinse the magnetic amplifier 


lee weet m genmapator ct gurrant, an ft ta assiresd | 
that ite outqub=resistance Se High, suereZore, ail lines dni 
in tre block-diagrem or Fig. 6-7 which involve the formatio 


io? current are disaarded, except the line from «the are 
jamplifier. In the game manner is simplified the formation i 


_ 67a. 














jet the magnetic flux of the motor which is connected with 
the current-inerement by the simple relationship A®= Sj Al,| 
|whioh was taken into account in the block-diagram. 
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Fig. 9<7. Electrical circuits of measuring 
units of follow-up systems 


key: 1) input; 2) amplifier; 3) phase; 4) output; 
5) negative feedback; 6) network; 7) housing; 
8) rotor. | 


fhe remaining elements of the blook-diagram 6-7 °° 
daxt uncnangead. fhe stabilization is concerned with a speed! 
mhich is near the rated /nominal/ -- high -- speed of the 
moter, at whioh the counter-emf exoeeds one-half the voltag 
across the armature. In such a case, a predominant imprtanc 
Po acd oN erent tna bela Seana 














en the system ia attaoned to ths path shown in ¢ whe plcok- | 
diagram by thick lines forming the loep of the negative = | 
fandhoek. 


ne bloak-dlegrau alae shows thse conditions required 
te aontral the ermature-veltage and the conditions required! 
te intreducea disturbences frou the moneat of the lead, 


Several. olrouita in Fig. 9-6 ave let unsonveluted, 
which makes 1% pasaible to bullé UB easily the Sys ur by 
tntroainging edditional unite and Loops when perfeating the 
principles governing the control. 
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Tinie sohene Can gervé as @ kasin for a detailed 
dynamie investigation of the ayatem with the aid of methodn 
gsuerited in the following chapters. 


Yok, POWRR<~DRIVAN FOLLOW-UP SYSTEMS 


Of whe three categerias cf automatic centrol systems 
the folice-up category is che most variegated for its 
abructire, types of dcivas, applifiera, converters, and ita: 
ange of power. Fig. 9-7, ilinstrates one of the typer of ral 
io tellow-up systen desienad to assure the soinaidenaa ef j 
isha angles of retatic¢n of beth thea input and sutput st helte, | 
joy a sontinuoug follow-up of the output shaft after the 
He yut shart. 
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| The input in slectronechanisal follow-up systems 1g 
phe angie of rotation 6, of the controlling shott. Yor the 
@ubput value ls tsken the ax igie af rotation Ban od see 
adjusting sheait. the lattes i2 supplied along the soc-lLins 
% the intut to d¢ patched with the engle at tke turn and 
te form the unrelanced valuesa aAccoréing te equations (94). 





a he anguler value co? the srror ia usually ae 
inte as elsctrie vol tere which, after its emplific: 
head fox the electric motor which tusna the adjus 
ane with it the plokup in tee cireuit ef the negati 
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The second winding receives an amplified aéifferenoce-signal 
with a phase shift of O or 180 degrees, depending on the 
unbalance required to compensate for the mismatch between 
the direction of the motor's retation. 


‘ 
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It was already mentioned that the direct path of a 
follow-up system may be constructed in different ways, but 
the prinoiples governing the closing of a negative feed- 
back follow-up system az in block-diagram 9-1,d can be 
considered without taking into consideration the units of 
the direct path. Let us describe these principles. 


FEEDBACK WITH THE AID OF A MECHANICAL DIFFERENTIAL 
(Fig. 9-7,b). If the feedback is made to be mechanical 
with the aid of an additional shaft, it will require the 
use of @ mechanical differential to perform the operation 
of subtracting the input and output angles. a mechanical 
aifferential servings as a summator was already mentioned 
in vhapter 1 (see Fig. 1-8); however, in this follow-up 
system with its electric motor it is expedient not only to 
perform a subtraction and obtain also a difference in form 
of an angle of rotation, but also to convert this adifferende 
into an electric signal of the error. as one of such con- 
verters can be served by a potentiometer shown in diagram 
b. its wiper rotates to cover the mismatch angle and from 
this wiper is taken off with the aia of a current-removing 
ring the controlling voltage between the wiper and the mid 
point of the potentiometer. whe ultimate mismatch angle 
and the ultimate angle of rotation of the potentiometer 
wiper, both of which are determined by constructional 
limitations, should be made to agree by introducing inter- 
mediate transfer numbers. 


MECHANICAL FSEDBACK USING A CONVERTING UNIT WITH A 
MOVABLE HOUSING AND A ROTOR (Fig. 9-7,¢6). The subtraction 
of the angles of rotation can be performed by both a 
mechanical differential and by other means, provided the 
obtained difference between the angles is not applied to 
a separate shaft, but is immediately converted into an 
electric voltage. For this purpose use is made of the dif-~ 
ference between the angles of rotation of the housing and 
rotor of the pickun resulting from their relatea motions, 





; brovVauea tue cousing and the rotor ara made to rotate reg- | 
| pectively by the driven and driving shafts. 


A pickup of this type is shown in diagram c; it is a 
rotary transformer with a single-phase winding on the 
housing (stator) and a rotor. The housing of the Pickup is 
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1 rotated ty the aviven shett, and the driving ahati rotates 
ihe rotor. 46 drewing E.uaireses Sus telativa vosition in| 
Hake windines whan ke sth snaftd are tn a mAtondad position, 

In @15n 2 sage, the votes: winding las perpendiealar to tha 
Wage of tbe magaes io flux eraated by housing winding whioh 
43 fnannected to the network, Se that the contro] signal 
iesakon off “he first windices is equal te zare, 


The aes position of tha housing ané roar wind 
Lage resaing unchanged during a matened rotation of bath 
Wine acs {thas cennection of the windings with outalde sources: 
land sthes taerstinals is ty aeans of vgontact rings and wipers 
fand the sz ‘vot-sigzal panains equal to era, AS 4 mismatch 
Ag apvears batween the angles «f zotation by the gauafts, 
one of the windings will turn at an angle A@ with respeot 
2 Une ofser and, with a sinusoidal diatributicn of the 
axnetie Tlus of ths primary (statrec) wi nalag, the Voleage | 
f the secondary winding will be e2CostnAG Far gyal 
mis wetehes, the error-algnal ahangas Lineas ay: ax WodG . 
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Tt shoulé bo neted that the principle on whiwh Is 
Hashd The uses of ralative rotation of twee Barts ta Cigs lose 
avrozesignal can be applied alea te pickurs cf? other 
goa. Fors ecaucle, it ie possible to abtais an @yror- 
nal witrpout usisg a mechanical Gifferdntial gear shaply 
igaine tas sotentiometer-plete on a sateen sous ng 
abated by the driven shaft and ¢concect tas wipes 
dviving psatt and take off the ovtput veitege 
aa wipar and tne mid-point, as in dlagrem Be 





ELECTRICAL FIZDBACK WITH POTENPIOMZTERS (diaerem 4). 
Acoerding to tes matnoa tllustrated in diagram >, the sub ~ 
itraetien of the anrles er rotation of wwe shatss was firs 


performed and was Toliowed by sonversion of the aitterenca 
into an sleotrical voltage made By one potentionater, ik 
tris lt was necessary to mora the O0G-sharu from the a siv 

to 
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phe grder of tne canvecsien, namely, PTirat te sonver 
Lee of wotatiog of boty aheafie ante an vleesrioal : 
with tha ald of two gaparat. potanrionatera, then 
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% 3 a . apo deb , mae ee er yy 
sJbhwse* ane voltare Seam ancthe*, as sno-m in diseren 


Pea Molt saat on ae the ColLtaves 1a eiugeiaad by nhe eit 
ahd itaslf witnout using additional units. Tha ?esdback 

SAL8 ¢4498 18 ufasted ty the conductora ant if gonnact. 
‘bho driven with tha driving shafts over a large étotance. | 


Feet An em ee eer TS RRO ARETE BOLI CIES 


te o fees 
1 a ; 


Oy 











cE ET Ee OO 


672 





wens 





— 





ee 





a A A i LES ET PE EAA ONE LCAPCLS EGER! 


oe Such systema are known ag remote potentiometris fol- 
low-up systems. 


ELECTRICAL FEEDBACK WITH SELSYNS (diagrams a and e). 
The last of the analysed methods of using feedback can be 
oe explained by examining the principles illustrated in 





djiagram o. Really, according to diagram ec, the driven shaft 
turned the housing of the pickup and, with it, the axis of 
the magnetic flux oreated by the winding of tne stator. But 
it 1s possible to turn the magnetic flux at a required 
angle without rotating the housing and to do it also ata 
distance with the aid of a special type of pickup -- a 
salsyrn. 


pastssoeticnenetn 


Diagram ¢ shows the connection of the windings of a 
gingle seleyn, while diagram a shows the connection of two 
selsyns for oreating a 000 /negative feedback7. As shown | 
in diagram e@e, the stator of the selsyn has a three-phase 

winding which, according to diagram a, are interconnected 
ya a throe-wire line. The rotor of the ssisyn has a single- 
phase winding, one of which is connected to the network to 
Isupply current to the circuit, eee the second is used for 
leaking off the signal of the err 








The single-phase winding of the selsyn connected to 
ithe network creates a variable magnetic flux directed along 
ithe axis of the winding. This magnetic flux induces in the 
‘three-phase winding of the stator a emf which brings about 
ia flow of pecondury eurrent in the phases of the selsyns 
land through the three-wire line. The intensity of each cur-~ 
rent and its created demagnstized magnetic flux can be 
determined either analytically or with the aid of geometric 
iplottinegs (orojections}; Lt 1s important, however, to know 
mot ths individual fluzes, but the direction of the overall 
demagnetizing flux ?from all three phases. 


The law of Lenz provides a simple method to determine 
the oct of the overail demagnetizing flux. Really, if 
the aamaanst 2 flux is viewed ag a reaction of a complex 
plectronagnetic system to the only disturbance represented 
by the variable magnetizing flux, thereforo, the overall 
AU ORES He Ux must be éirected juat opposite the 


; magriet ner floY¥ ate mione the aris of 


ak POveer KWINALHRS. 
j 
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ig turned at 4 certain angle, the axis of the demagnetizing 
PlLux will es turn at the seme angie. 


en 


Tf? the roter of the selsyn connected to the network | 
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igase currants fiow through both the tares phases of the 
isecond selayn and through the phages of the firet selsyn, 
jtherafore, its magnetic flux wlli have the sane direction. 
The turning of the retor of the selsyn with » single-phage 
winding oonnected to the network will aise turn the mag- 
tpetie Tlux ain the second gelsya. Now, ig with the shatts 
it ni Matched positiona, a single-ohasge winding is ioatalied 
in the secord selsyn perpandisular to the maa emetic flux, as 


jes mirésady done in diagram 3, then, just a9 in diagram e¢, 
ithe axr or-6ignal in form of voltage 6 Will be determined by 
ithe migmeton bstween the shafts. 


4 
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Honce, one selayn specifies the angle cf retation for 
the wagtetic flux, the three-wire line "trangports" this 
las pes etion ef the magnetic flux to tne second geisyn and, A 
ie finally, aa evror-signal is eee in the Lather. sor the: 
operation by thie method it is entirely unimport AEs ae ea 
the “hp¥e-viiges ane the af inale-phaws “eindines ane iooeted i 
lon the gistor or roter, or which of the selsyas must be 
fommectad to the network end from which of the selsyne to 
Oke aff the errorv-signal; these questions ao not affect 
ihe veimaiple of oon ‘s negative feedback and are solved | 
pitt a forn bore canrenient Prom the sonatruction viewpoint, 
~ the taput potentiometer in dlsgran &¢ t8 elimluase 
and a oongrol is effected direatly by the input-voltage 
Ue, tne principle of raducing the voltage -unbalanc 23 bo Ber 
will remie the sane ané, wish the scale of rhe cur put t 
potentiometer egual to Ko= Us/tan may 6/red, the statias of 
the ayetem ts isgeribed by squation 
‘ 
‘ 
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Such an automatic contrel system, whieh corverta the 
inrut-voltage into a proportional retation of the shart, 
18 known as an automatic voltaze-edtusting system. aith e 
measuring omit ocntailning different converting siaaentes 
between the unhalenee ard. respectively, tetween che input 
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Tf voltages U, and U., of different intensities are 
iquppiied to the potentiometers of the game diagram a the 
utetics of the system will be determined by euuatio 
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lsoaled dimensionless conversion,the block- -disgram of which 
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This is the simplest way of solving the problem of | 
| 
yas discussed in analysing Pig. 9-2,48. | 
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The mathematical desoription of the operation of a 
wollow-up system i3 not greatly complicated by the presence 
of measuring units, tecause in the majority of cases they | 
wre oharacterized by a static transmission factor. The 
‘lynsmic part of the problem is determined by the composition 

| 
| 
i 





jot the direct chennel of the automatic control system. 


The operating conditions of measuring units become 
joomplicated when dealing with high-precision systems where, 
hesides the main channel -- the channel of coarse readings 
w= Shovm in Fig. 9-7 which assures the coincidence cf the 
doput and output axes with a precision 4 equal to the er rror | 
of the instrument parts, there is aiso a second controlling: 
ghannel with ea similar urnbalance-pickup but connected with 
tthe intut and output shafts with increased transmission i 
ratios. 1, which reduce i=-times the instrument errors of the! 
pleasuring units. In such e case, the automatics control sys-| 
tam, in case cf a large mismatch, operates along the coarse’ 
vontrol-channel and, after the mismatch is reduced to a ! 
gmell value, the commutation circuit Rontasnsok eitner 
eontact or eontactiess nonlinear parts changes the eperstion 
‘of whe aurcnatic control system te control with precision. | 
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Epic os GUSO UG a uynamic auvestigation, 

mesnuse ths coarse mismato ch ig readily evaluated py the 

hiltimate requirements specified for the assembly of the 
ities sontrel system (sea Chapter 12). 
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Pig, 98S. Block-diagram of a follow-up system 
ane 


with a dynsanoelectric amplifier 
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key: 1} bloek-diagrem of Fig. 5-9,a: 2} angle of rotation. 


Severai features ara brought about also by supplying 
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the moasuring unite with an alternating current, becaude 
the rupply rrscuency serves to exoits all unite of the 


utonatie coatrol system and to change t: neir transmission 
iproperties in accordance with the controlling cation whieh 
‘Aah only with infys-low frequencies. it esapectaliv affact 
ithe erantter properties of elsctrical Loops, cvhe vork of 
lauet, systems weith sarecision obtsaineé by dG tLating the Biz: 
mal iv deseribed in Chaptor 1b; the study hare will sonoe:n| 
the automatic control syatens with paarineneee apseifisad i 

talsetria loops wnich Operate with a reccifiel] obec, while | 
che romedning electromechanical units practiosily do net 
rasvond fo the supply-rrequeney of the plokuge besause of 
their inertness. A dytamic description of the work of sux 

an subonstie control system can take into saocount only tas 
eontrol: ting signel even whsn the pickups oparate on Aee, 
Taking this into oonsideraticn, Fis. 3-3,2 showa « blocsx- 
feed tobg of a follaw-up syatem contelning 2 dynamcelecrrta | 
mmplivier (an anplidyne!, It is cased on tne block-diaeram 
iO=9 58 Pay a ccupenseted auplidyns wlth a moter out it has | 
in addition new tblooks which are ekeracterized oy the vYol- 
‘lowing tranomigsion properties: 
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the eperstor transfer function of the moter; 








xi kg - tranamission ratio from eearse te precias 
2 reading (usually equal te 20,60,31); 


Ke? Ky - transmission factors ef piekup and receiving 
selsyns, volte/radians; 


Ryaik, - gain factor of amplifier-denedulator;: 


& leep of the main feedback has been also introduced in the 
dlagran. 


By teceaing the strueture of the amplidyne-moter 
tleck and earrying the summator to the left through the 
epnponent kk, we prosecd frem the diagram 98,0 te diagram 
ib whiok ean bs used for the subsequent analysis ef the 
autematio contrel system eperating with precision, 





| 9-5. FOLLOW-UP SYSTEMS OF COMPUTING DEVICES 
A. DIRECT SOLUTYONS 


Certain funstiens perfermed by computers are partiall 
explained by the converting arstems shown in rig. 9-2. ‘the | 
type of preblems solved by speciai computers /i,/ ia, of 
course, much larger than these shown in xig. 9-2. among 
the simpleat of the problems ia to obtain a specified 
function 

Zs Pix) (*) 











leith xX a3 the argument. 


A sinilar function is obtained by funotional oon- 
jrerters having ene input Fce-1 which differ in design and in 
joutput power. Basides the type of the function F, the 
idesiegn is moatly influeneed by the physical nature of the 
Zopus and output values. The most widely used versiens of 
ithe design contain either a mechanical M or electrical & 
jsuput end output. whe various combinations involving the 
marnitudss af tha tuput and output values are covered by 
‘tne following: M-M, M~E. B-M, and E-B, where the first 
jLetter indieates the nature of the input value, and the 
seo0nd letter -- of the output. 
t 








rhe M-K combination for a sinusoidal fanstiena?’ 
plepandense was considered in Chapter & (Fig. 
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nation ‘te nad: ‘oF Wael Gn non ery Plestronia models.) 








Wito auch an arrangement, the dynaniu part oy the 


neareiong ta effested ty a Lincer Pollow-up aystem, while! 
tae FO~) neoyidag only the specitfiad static scoversiaon (*).; 


Bin oy the type aimlisar to (*j) can be 
leolved Ave ee ta aes “8593 thea FG») is eoaed ns dowith | 
'hhe Toblow-un svetan as shown in dtegreus a-D of Bie.9-2, | 
'y4.0., the olesk mcf al 2842 a0 & is replaasd with « suitable | 
[PC~d ind she Sollow-up system provides situer an amplified 
LEMP Ges, SAL, orooifies this alenal st a distunee. or ia i 
imaee of ah ffavent Digkups , Le ¢hadages the _prvetoaa magnitude 
laf the sontrel-signal in secordance with tha design of tha 
ipLgkue, 
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lu case thea function perferssd ty the Po-l requires 2) 
Wurches aonearasion cf the physical magni tide oy a Turther 
‘amplification of power, the follow-up system is to be in- 
latalied after tie Fo as Then, &t thea ontout of the PoOed 
romdp a mere comples controls ena, is raceaived by tha fele 
‘Laow-us ayaten, Sut its dynamies ars to be inves ath fated by 
‘Linear methods, a3 3 berore. 
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of invsrss funstions is fllustrated by the 
ee 9e2, aed. If tha coaffictenr of he dirae 
Bree, Che Ooerator LransYer funetion of thes 
itenstorpmed ints a resipsocal or inverse opar- 
Tanetion of the syvsten: 
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Shs vlahy part of equation (**) sade use of also of 
ind Bete iar sey: BH fer the weutsy 112.06 Spor rat ts 3m (386 Tabie: 
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Fak 3 Sunstion of % = E( Lay), the w1delanes of 
he system wiht be determined by equation: 








we me 


With an astatic 
we have <,5 Oo, and we 
wile 
Sout 

Hera, the right 
stow #l<} provides as 
wih i—* are Sin By 





et 


ae 








late 


= 


ances sa ee eel atte a etn eR I Ae eee le Menellie e AE me A EL en tty het ee 


a - Xe = Hexen) 


direct channel under steady eondition 
chtain at the caitput of the syeatem as! 
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out} (G=5 
side for neutralising the given fune< 
Saverse Lunotion, as for example, ace 
Be 


Lk syetems whieh oparate by the method of taversis 
6» ghown dp pigs. 999 and 9-10. 
A. AUCOMATIC TACHOMETER 
The opher Peaturas of diagram So a are shown with 
at . Soo, a. The direct Ghanuel of whe cys~ . 
ay out put-ahat et connected with a transmisalon - 
1/2 to the seare of the maesuring unit (a 
combined eite a nut having & 
the transmission ratio of the 
k= 6/27 
and the uvarali transmission yvatio of the direct channel 
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witn the voller rotating at & constant speed Olea, 
che input, f.a., the control signal will be represantea 
2% follows: 
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liowlne representation: 
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if a linear seals {9 used te mark the 
nut of the eutomatic tachometer, it will 
measure the rotary speed of the input-roller with a 


f “ £3 
& Cee datarmined by the sient sige of equation 








i Sinege the operator trapafser een fJ-6bd) corras- | 
‘ponds te 2 real diffsrentiating component, therstTore, ths | 
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in 3 i & ds ‘i re the time constant i La i 
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from which it follows that: 
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Comparing it with the input-voltage when the unbalans 
is zero, we obtain ths static equation: 


U =U, sinix,, 


*» 


which corresponds to the general equation (9-5). 





Fiz. 9-10, #lectromechanical and block diagrans 


of an are gine 


met Dod 


& dlock~diagran 


- 


yt 
a 


for 


‘bs obtained only if it is 
jization. ror this purpose 


an a oe ee ee 2 eee rere Aw a en eran 


uo e= U, sinix,. (9-82) 


ae are mae arias ant 


<a 
Ne 


i 
aie arcsin a’ (9-8b) 


Ste | See eee 


converter built by the 
inverse funetions 


this automatic control system can 
based on the principle of linear 
we assign to the input a specific 


- 








a “tag 


pwd Be Le 


1% 


vem ae 
RA 


ape 
£ 


(PAEGL ATL 


Seren ohieteraeton 
“op frou 


es 
te WP ot 


PLN 





‘* 
F 





ad 
a Sok 
Re ade 
Pr os 
SOOT. 

whe 


t 





£ 
Bee 


cas 


At 
2a 
aa 
ak 








re 
28 


ae a 
‘oe 


Kes 


ct] 

& a5 
ad i) 
oe Ree 


est 


re beay 








a a ete rt et ee ane: a an gest eee ea eater te ean cate ea 
ETT Se rene 0 ea emanate act saan acre ese nae amaann vas mmermmanne ate 


la sorrect rommutation reflects only the conditions required) 
ito obtein a atable solution. The conditions adequate for 
this purpose are discussed in chapter 16, 


| 
cfr the three examploa of the method of inverse oa 
lions, this method proves to be better than the direct solut 

on method in a case where the FC-1 with an inverse functio 
iis simpler than a direct Fc-1, and a load overcome by the 
motor is present at the output of the system. 


C. METROD OF IMPLICIT FUNCTIONS APPLIED FOR 
CNE EQUATION 


Let the reguired value 4 enter the following complex 
squation; 


Fylz, Xo y Db Py (te ye EF, = 8, (9-9a) 
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from which .t igs itmpossibie, or extremely difficult, to | 
Retermine % in axpliait form. In such a case, the efreuit 
pf the transfer control system ig built as in Fig. 9-ll,a, 
where all terms of ajuation (9-9a) are shaped ag funotional 
Biceks in which the unknown function of z also serves aa th 
Gaede, just as other specified values of x and y, with a 
horreaponding function Fi, Fo, «2-Fy serving as the output 
of each block. The output functions of the blocks are adde 
and, if the the unknown 2 4 29 is incorrectly stated in the 
' 
j 
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equation and causes an @rror, the overall error is given a 
rayerse sien to contrel the driver which corrects Z until 

ube unbalance is reduced to zero. 

j 
ginee this msthod provides an implicit form of solut- 
§ on of (9-92) for the transfer control system in so far as 

% is concernsé, thia method is known as the msthod of 


fmoliait functions. 


a tyansfer centro? block diagram is obtained by writ- 
ine aie (9-Sa) as a general function 


Berea 0: (9-96) 
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apt values of ZerFor and iineeriaine the conditions for | 
teinina the error in equation (9-9b} near the fixed point 
Os FG SQ: 

: | 


A See en ee ee pm nr eo Se ee ne es mae Re ne NE oe enema pee 


PE enna ter atte Meee tee ene aes niente ee A anane ee e oane tate eames sae —ecatntnnr mma me + canes eat Muers uname ag “muney * gaueeammynen Ake mute = 
| 
GF} YY oF | 
(fe % j + 
i AF css nem! &2 =: me f 9.06 
: a ve | oir poe ag | 
{ ; Ax Ly fit? { 
; Uniting pneu 
; wom2y | 
Hyructure b is obtained by introducing a standard 
idixest eheunel -- an amplifier and a dviver. Lt osineides 
vite ulegram G-19,6 because the method of inverse functions 
jis 4 specifie case of the method of Impliait funs viens, The} 
joes tt eoe neceagary for a stable solution is again reoresen 
ited by the formation of an overall negative Seadbeek « Si 


oe reucge is xiven te thes expanded élagrem xz, it 1s neces 
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ig nage when the specified direcet selutions ara not sndtablea; 
ior tke clocks of tha tronugfer SonenaL ay Stati. Lat ie 
iaveanine, tor exemple, a direct problem to abtain an are 
tangen® for thea compenents specified in ferme of voltages: 


jsary for she Linearisation of all funchionel blecks to ohe | 
tai a nagertive feedback from the sus oF the partial deriv) 
atives, sithough the indi vidual paortian eariy Tatives May ' 
nave any Sigh. ¥Or an unctabls gslution, wa will owiteh +: ne| 
ipolarite ef the @ireut channel. | 
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Tre gsonetricsi concept of this predlenm ia illustrated 
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F (8, x, y)=—U,, cos§+U, sing = 0. (9-105) 








Fig. G-ll. Electromechanical and block diagrams 
for transfer control systems using the method 
of implicit functions of one variable 
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The disgram is a repetition of Fig. J-ll,a, except 
that the blocks F, and Fo are replaced by sine and cosine 
potentiometers which are supplieg,respectively, by voltages 
Uy and Uy with motor ® driving the wipers. 
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The error-voltage is determined by equation (5-~-10b), 
ithe linearization of which yields the feedback coefficient: 
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a= U, sin 3 + U, cos 3. (9-10-¢) 
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This system of ecustions corresponds to the bloak- 
jdiagram b. Compared with «a power-driven control system, 
ithe specific features of ea transfer control system are thet 
pene relation hetween the channels are specified not by the 
iproperties of the eutomatic aontrol system, but by the 
jaesianer of the transfer control system. for @LAMPLE in- 
isteat of using the accepted method of having error Als to 
jexeite driver X and error AG, to axcite driver Y, it is 
‘posaidle to ra-nddrees the effect af the arrors te cther 
idrivers; the system of e,nations (3-12) would then change 
jin the following manner: 
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if the | investigation of the automatic control system 
# confined eniy to its own motion, the lines of the input 
jvalues can be eliminated in Fig. 9-l,e as in diagram b and, 
.f the gain factors of the ane channel sections contain- 
ing the follow-up systems W,(p), W y'P) are large, the over- 
1l transfer functions of the loops can be replaced by the | 
inverse values of the feedback ooefficients 1/b, 1/e for | 
a@guations (9-12) and by 1/a, 1/a for equations (9 13}. The 
The folded bleck-diagrans of the transfer control system 
mployed for the solution of equations (9-11) by assigning 
he errors to different drivera are shown in Fig.9~12,c,4. 
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Muitiplying all coefficients contained in the loop, 
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V,(O)=; ‘ad ° (9-1 46). 
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The second necessary condition for the stability of | 
he solution follows from the analysis of the open system | 
nd is reduced to limiting this coeffient to a value not ' 
exceeding 41, i.e., | 
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ptherwise it will disrupt the stability of the solution, as 
shown by the investigation in Ghapter 5 with the amplifying | 
pomponent in equations (5-10b and 5-10c) as an example. If | 
W(3} is negative, the inequality (9-15a) will be satisfied 
at any combination of the coefficients. If w(0Q) is positive, 
ths second necessary condition for stability of the solutio 
eads to the following censequences: 
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“partial derivatives of the variable which “is adjusted vy 7 
the ariver to which the error 13 addressed: 


09, . Ov, 


| Gee 0; oy cs (9-18) 


then, the first condition is satisfied due to the negative 
gien in the rleht parte of equations (9-17). 


The second condition required for stability of the 
olution 319 written in form of a Jacoblan: 
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Tf the Jacobian is negative, the addressing of the 
errors must be chansed. AS a wood @exampl> of application 
‘of commutation measures to provide the necessary conditions 
‘for atability of the soiution can be served by the task of 
Plotting 4 vector with an unknown module @ and phase £ with | 
‘given ecordinates K and Y, which is illustrated by the 
Siaeram of Fig. 9-ll,c. rom this diagram we compose auch :; 
ecuations that will mace simple to obtsin a solution by the: 
method of imelieit funotions: 
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$,(P, . x)= — pens at XN = 0. (9-200) 
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input reetangular coordinates of the vector are given in | 
_torm of voltages proportional to their geometric dimension 
while the sought & and & are in form of preportional to 

them angles of rotation of the driver shafts. The linear | 

/ potentioneter LP, supplies a voltage provortional to * and: 
bine voltages proportional to the products of csing and i 
| f.as3 are taken off the wipers of the sine-cosine potent- | 
jometer SCPg. The switches SW, and oe are provided for | 
i] j 
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sommutation of the inside loopS when t! signs change for 
the coefficients in the quadrants; these switches are 
gimilar to the switch shown in Fig. 9-10. The diagram 
ghows the numbers of the quadrants in which the negative 
feedback is retained when the switches SW, and SWo are at | 
their lower position, also the numbers of the quadrants in| 
iwhich, due to the change of sign of the feedback, it is | 
necessary to move the switches into thea upper position. 

















A simiiar constant-addressing system, however, will | 
i have a variable amplification in the inside teedback loops, 
‘with a module varying from zero to unity according to the 
‘variation of the sing.and cosine coefficients. A small 
‘amolification along the loop, as illustrated in un.5, will 
imake the disturbance to produce 4a large effect on the 
‘qgutomatic control system, i.e,, te the appearance of large 
errors in the solution. In order wc confine the harmonic 
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Fie, 9-1 indicates the conditions required to trana— 
¢ re unbilance-voltases cy maltiplying them by respect~ 
{ve :osivicients and by sddition. multiplication, of course, 
ives special tlosk, for exampie, potentionetars and i 
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{fe eseurei only fer amall deviations, 
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Fig. GS-14. Seotion of block-disgram illustrating, 
aqonditions for transforming unbalances to 
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— Part ‘ITI 7 
ANALYSTS AND SYNTIESIS OF LINMAR CONTINUOUS CONTRO 
SYSTEMS 


Chapter 10 
oy Q5°T « 2O7 PRECISION OF FORCED NOTION 


10-1, General Definition of Foreed Motion and its 
Errorg 


Output motion arises in control systems as a 
consequence of input signals, such as prosram date x 
® and disturbances Fy VorceesVae Transmission of the 
signal from the input to the outpet takes place in 
accordance with transfer funstions whieh vary for 
the orogtan inpet and for each disturbance wits 
adiffergnt application points. 
We denote by 
Pip) the basic control signai transfer function; 
P (v) {as disturbance offect function. 
| Let us in the first place examine forced motion 
in control systeus gince when desisning them their 
® basic wtructiure is determined precisely by the 
assigned relntion betweon the program signal and 
the fareed output motion component. The presant 
Ceapter deals with these problems. 
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we wee payee 


@ Sanava KOnHpoBaHHA: D, (p) ==1; 
WW 3afaya HSMeCHEHHS MacuiTaa: 
+ @, (p) == mm; 
©)sagqaua andpepenuupopania: 
D, (p) = pi 


@ 3agava uuterpHporannn: ©, (=i {10=3) 
@) sagaua anuefvoro ynpexkzenua: 

®, (p) == 14-4, 9; 
ix \ 


(e)3anaua napeSonuyeckoro ynpemzenha: 
2 


tS 
®, (p)== 1p spp ge 


Key: 1) reproduction problem; 2} scale conversion 
problem; 3) differentiation probiam; 4) integration 
problen; &) ianear lead predlem; 6) parabolie lead 
eroblem. | 


The difference between the real and standard 
transfer Tunctions brings about tne program conversion 
error. To determine this error we introduce the ¢on- 
eept of the error transfer function: 

 (p) = P (p) ~~ 2, (p). (10-40) 

As a rile, for disturbances the desired influence 


funstLlon equals zaro ginee any disturbance is bound to 
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la¢eordsanc?: with tue above, tie szenerul expression for 


tie error tubes the tTollowing form: 
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We Bae ad the right-hand side of this formula in 
tne series (10-1) and find: 
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thy} |, (O)u,-+ Oy, + ea. |. 
iz=0 ~ . 


The soerficients for the centrolled quantities and 
Shear derivatives in the pvight-huand side of the forma 
oorisined are culled error coefficients. | 3 
AS 6m example tet us investisate the errors in the 
conversion of a sontroi signal by uo reol differentiator 
with a transfer mrerton ie) a mp/(Tp + 1) for a 
standard OTF > (p) = mp. In this case the error transfer 
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- By expanding the OTF obtained in a series it is a 
possiblie to evaluate the conversion errors which depend 
on the input signel derivatives. 

Table 10-1 gives the values of the error transfer 
funotion computed by formula (10-4) for the general ex- 
pression of the real transfer fanotion (10-2) and par- 
tiouler forms of standard transfer functions (10-3). 

The thirad column gives the conditions for the reduction 
to zero of the first term of forced error. These condi- 
tions amount to saleating two or three minor coefficients 
of the transfer function and are in most cases easily 
realizable when designing or adjusting control systems. 

Below will be given the conditions for compensating 
the higher-order terms of the error series for a particular 
case, In the meantime let us look into the analysis of 
the lowest term, 

The coefficient Po) is a factor of proportionality 
between input signal and error. If it is not equal to 
zero, then the error increases linearly os the input 
Signal increases, 
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Fig. 10-1. Chart of static errors propertional to control 
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motor with inereacsin, load torgue.e Sush at: eracteristics | 
are called static characteristics, and the control systems 
with® (0) ¥ or Po) 7 ¢ are said to have static dis- 
turbance or program signals. If the first term of the 
series of an error transfer function of a@ program or 
disturvance equals zero [Bio) a O or (0) * o}, then 
there is ro staticigm and the control system is said 

to be an astat 
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ie system of the first, second or ¥ -th 
order depending on the number of terms equalling zero. 
The number yis said to be the astatio order of the 
control systen. 
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Thus we neve Spear fee a Glasses of control 
syetem errors: 

Errors in the transmission of the control signal 
due to OTF deficiencies, i.6., tecause of its devietion 
from standard CTF; 

Brrors from disturbances resulting from & non-zero 
@isturtance influenca Punction; 

Errors rem parameter instability or decompensation 
in disturbance sontrol circuits. 

If the sigmal engendering the error is harmonic, 
Cher X, Sin wt, then with the aid of the first group 
of terms in the right-hand side of formula (10-Sb) we 
can obvain the axpression for tne harmonic error in the 
form of the following series: 


A,sin (wt +9,) = |b, (0) —B" (0) + 
4 ply) (35> ee .|sin wt w [@, (0) — 


®” (0) sc + Bt) (0) _ a | cos wf, (10~9a) 
Thé serias of functions sinwdt and cos Wt correspond 
to real parts B, (W@) und imaginary parts Q,&°) of a complex 
Lieusler Lunction or erre or Haw 
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[motion je] the required amplification faotor of the 7 
“straight peth is computed by the inverted formulas 

(10-16) in substituting into then the maximum values 

of soordinates and derivatives a This corresponds 

to the most disadvantageous modes of eperation. Thus 

we have: 

Static amplification constant 
*s mar _ 








K, = : (10-17a) 
. | &o| 
Velooitveerror constant 
x 
K_ == WME. (10-17b ) 
i | &y j 
Aoceleration-<error corstant 
X max 
K_,==———.. O=17¢) 
Be | #3 @ 
Eeamples 


1. A dec amplifier with negative feedback with 
Ri/R, = 2, Uy, = 100 v, £_ = 0.004 v, u, = Ef = 0,00% ¥ 
{see Chapter 7), ; 

K, ~ 100/0.002 = 50,000. 

2, System with one integretor. Peak velocity 
x =» 6,5 rad/sec; [£,|x.¢,002 rad, 

K_, = 0.5 sec™"/0,001 = 500 sec” 

3, System with two integrators. Maximum accelera- 
tion x = § degrees/sec” : Je,| = 0.08°, 


Kp = 5 degrees/sea”/0.05 degrees = 100 seo 
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nl 
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It should te noted that the errors computed take 
eecount only of one, forcea component with 4 specific 


Law of motion. More complex laws of motion engender 
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Errors 


he Definition of Series Tears of trorced Motion Errors 


In Section 10-2 we examine: some particular solu- 
tions of the problem of determining constant errors of 
forced motion und how to reduce them by properly 
ohoosing the reyuired amplification constant. An 
overall génerai solution requires computation of all 
the necessary terms of series (10-5b), 

Let us compute only the error in the reproduction 
of the gontrel signal (prograr); for the disturbances 
the procedure remains the same, only the OTF changes. 
If we take the relutive OTF as the busie one, then 
the expansisn of the reproduetion error in a series 
takes the form:  *a[f)s= — e[f)-—~- &, (0) x, +b! (0) x, at 
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xy Non +- wy (0) os ae of vee CX TeX, “- Cx, aa 
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File, 10-6 Correction for staticism and rate error 
with mechanical and electric control signels. 
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where instead of 2 prefiled eccentric a profiled | 
potentiometar Gen be used. For servosystems, diagrams 
5, D, eto,, can be used. 

Thus, tha elimination of staticism does not 
néoesserily require the designing of astatie systems 
the same result, can ba reached by introducing corrections 
in statia gontrol systens. The correction method, 
however, has 4180 its drawbacks consisting, 38 we can 
see Trou Fig. 10-d,in that the correotion factor intro- 
duced Las a cconetant magnitude ( a “hard” corveoction factor) 
such 98, 6.5., the gear ratio ef a pinion drive, whereas 
it i8 compated by the formula in Table 10-4 couprising 
tae rae bation constant of open control systems tase 
stancy of which can, in the general case, not be 
warranted. 
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S is obtained in the form of voltage of » tachogenerator 
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set in motion by the same shaft driving the rotenticometer 
brush, Apsresate voltege proportional to the sum 
x + Cx, fed to tue input of the control systen which 


Ags behind (errs) by the quantity C_x , and thus 
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also for higher derivatives. In this case the eleetr 
girenuit for the input of corrections mist de ent 
with devicer rer the repeated differentiation of the 

input Gisnal, If the input signal changes by some 
transcendental function (oe arc tan ate..j. shan 
the otyrevtion formulas become complex and their reali 


sation dc ditficult. An exception are program control 


tp 


syutems with preussilgned programs Such 45, Gee, 
i= 


- aces, 5 ain a 
(OG @ nn the form of A 


138 


Lear eatea a nae es bets ers ; aes F had eos Qa ou en} 
ian this cage tha deflenation @ugle of the cam is a | 


function of time, ani the corrections for rete, ageeLera- 
tior, eta., are siso fiunotions of time, they can all be 
ccmouted and sumsed vefoxresnand if the ccrrection series thus 
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Hence for such control systems the error formula. 
and, consequently, the correction formisa resulting from 
it will heve, irrespective of the complexity of the law 
eT motion, a Vinite numer of terms exceeding by no 
gore than unity the order of the control system 'S transfer 
function. 
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[coefficient + (/k_,) to the system's input, then, 
a3 shown in the block diagram 10-7, c we should thsore- 
tically have ea control system of first order operating 
*fuvltlessiy" with any Law of motion. This we can 
aheck by transforming the trensfer functions: we have 
Wp) = kj/2, hence T(p)} = x / lp + ky) encom 
passing by positive feedback + (f/k_5) yields: 
Sea nates ee 

Pty toe Ry 
i.@., the control system reproduces accurately the 
input value at the output. 

Thug, compensation of forced motion errors by 
means of superposing positive feedbacks is possible 
but the new closed-loop system mist be thoroughly 
checked for all the quality fuctors and, above all, 
stability. 

In practice, positive feedbacks are used for 
partial error compensation. The technique of super- 


posing feedbacks on closed control systems is simplified 
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the vate error alone. To dc this it suffices to connect 
the outnut ana input af the positive feedback with the 
transfer function 
HT, (p) = ‘ 
Appiication of such a connection is shown in Fig. 
Lime S, further, bn diegrams c and ad, feedback is 
transferved to the aperiodic element of the forward 
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Girwniat owing to whieh the aperiedic element is re- 
ieved of an identiosal inner feedback but with an 
iuvested sign and benomes an integrator, The aggre- 
ghie transfer function cf the forward circuit ¥, (p) 
corrusponds now tc e@ system seca Recon aes aataticism: 
W (Pp) = Part = SF y 
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Wy (p) 3) ag to satisfy at the output the prescribed law 
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sufficient to obtain the difference equal only to the 
first term cf the error series; the remaining terms of 
the series can be formed from the first term by differ- 
entilating it. 
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aggregate transfer function of the open system nas 
changed and taken the form 


Wip)=W,(p) VW, (p)=(1 +-Tp-+-m'*p* + (10-34) 
+p...) W, (2). 
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Fig. 10-9, Compensation of the second and last terus of 
error series. 


Gasntities T, nt, which may be called correction 
factors, are included in formilas (10-33); their expressions 
oy the transfer function of the open system and its 
eseffiecients sre tabulited in Table 10-5, 

We gan gasily ascertain that total error of the new 
system with straight peth W(r) W, (p) (10-34) is 
actually equal to the first term in the series of the 
ecror of the criginal system W,(p). 

Technical solution of the introduction of additional 
teras usually amounts to inserting forcing elements into 
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tn the form of electric voltage and the link takes the | 
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Table 10-5 
Correevion Factors for the Compensation of the Higher 
Terms of _the iurror Series 
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ap paralleliy with the main channel, as shown in Fig. 
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[corresponding and equal transfer numbers. ‘Tne difference | 
between the rates of both shafts is defined as the 
difference in the voltage of the two tachogenerators 
connected wita them. Thus, four voltages participate 

in the formation of the control signal. Since the sum 
does not change if tha addends change places, these 
voltages can de summed following any sequence but with 

& strict compliance with the signs. The diagram shows 

one of the possitle summation versions which is most exe 
pedient for designing. 

Let us xemind the reader that although the form of 
the elements used in the circuit may lead us to conclude 
that tae circait operates according to the principle of 
equating angles and velocities, it has nevertheless a 
fundamental rete error inversely proportional to the 
amplification faator of the open control system but in 
it is compensated the error of output acceleration. The 
higher error coefricients ere equal to zero since in the 
exanple investigated the transfer funotion of the forward 
direurt has &@ second-order denominator with @ zaro-ordcer 
ronerator,. 

It was essumed until now that potentiometers and 
tachogenerator3 on the input and output shafts heve 
iagntical vajitage scales, yet if we remove this restrice 
tion then, by utilizing the same oirouit, we can also 
elimingte the rate error ox tha system. 

The rate error or first term of formila (10-55 b) 
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i than voltave taken from the potentiometer wnen its | 
brush from zero position turns bY an angle corresponding 
to the di. flection angle of the tacnogenerator shaft n rad. 
The scale of the potentiometers as well as the amplifica~ 
den factor of the amplifier and the eleatrie motor are 
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part of the azgrevete amplificetion factor of the open 


Cironits ef this xini for systems with more conpier 
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mprovs the acouraey of date transmission. At the sane 
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Lositave effeet upon the stability cf control systeuws. 
Yet, 22: noises are oresent in the pregra~ signal, 

then they are increased by differerntiators in direct 
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proportion with frequency and the perfo 
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PenHSGteg systers must urger these conditions be verv 
thorcushly investigated, 
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error coefficients leads to soue specific results. 
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Let us examine, @68., & very simple syStem havine 
only ane guasistatic element of first order in the 
forward cironit. The transfer function of the open 
cortre!l system for this case is 
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Lune besic transfer funetaon of the closed systen is 
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[requires integrating ond quasistatic links, For example, | 
we gan practically realize a transfer function of the 
open system of the form 
W (p)= R(Tp+1)_ a ATP +k 


PCp—l) spt—p' | 
Tha relative transfer function in this case anounts 





Pe Patna 2a! See 
P= TUT N PTE 


ih: error coeffisients for this system ere 
@(O)== 0; b,j — 

Thus, we have obtained a control systen with a rete 
error with an advancing sign. 

ii the given case, in addition to the two assigned 
links we have introduced in the transfer function of the 
forward circuit a forcing link of first order with 
transfar function Tr + 1, and only owing to a seleotion 
of sufficiently great values of the amplification factor 
and forcing time constant kT>1 have we warranted the 
required danping of natural motion With an oscillatory 
character, 

Tous, @ fundamental characteristic of quasistatic 
control servorechanisms is negative staticism or rate 
error coefficient, 1.e., a positive (leading) error, 

In most cases it in undesirable to have either a positive 
or @ negative error (overshot - undershot in artillery, 


Pea Ag 


° and the positive sign of the error cannot be re~ 
garded as & merit, but in individual cases through a 
change in the sign of the error we can obtain a compensa~ 


vion of erroxrs of various signs. Let us examine this 
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flo.-4, Systems Seif-Tuning to input Signals Reece aul 
in the Yorm of Transcendental functions 


Let there be assigned an input signal in the form of 
’ bi ep 
Kin (P) = (PEN) esa (10-37 ) 
if the parameters in the denominator %; BM ara 
not all simultaneously equal to zero, then the original. 
x, [+) can be reduced to the following transcendental 
functions: 

a] o a= 9, & =» OQ ~ descending exponential curves; 

2) « 0A » O = ascending exponential curve for 
Uj ip) = pulp); 

3) » == aS - demped harmonic oscillations; 

4) y) = a) a «% - divergent harmonic oscillations; 

5) y = VD 4 G - sustained harmonic cscillsticons. 

Expansion of these functions in series does not 
.iwaye yield a goed approximation of the sum of the 
first tesms of the series with the general function, 
and the methods for computing and compensating errors 
studied in t.e preceding section may turn out to be 
lueffeotive.For this reason we shall now see new ways 
for solving the compensation probiem. 

Let us form the straight path of a control system 
in tue form OTF W(p) containing the same poles as re~ 
prscentation (10-%7) of the input signal: 

AV 0p | ae ee a (10-38 a) 
(le + Wp -- 8) + BP Cp) 
then reiative OTF for s standard ocntrel system 
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eo above we need td introduce in the system =| 
only one of the following sections: 

1} aperiodic section with time constant z, * L/y : 

®)} quasistatia section of first order with time 
constant T, = 1/s 

3} oseilleting section with eonventions) tims 
constant 


t= commen 
; Y s?4eQ2 | 


and relative damping oo 
» 


Mf one vey o aa 
4&) quasistatic section of second order with para- 
meters : : peek 
a en Or 


5) resonant section with Cee atn frequenoy 
a= = 2. 

The physioal significance of faultless operation 
of similar systems with an input signal coinciding in 
character with the system's tuning consists in the 
tact that the system's straight channel sutomatically 
gezersteg an output process which differs at the bee 

ginning of the eyvstemn's operation from the input process 

Oniy DY measure wn which becomes equal to the measure 
ef the input siznal during the transition process when 
the error until the instant of its danping Saamp ferns 
he .nput signal inéispensable for, the straight path: 
M, == m == \ pas. (10-39 ) 

further the straight channel’ operates without 
"consuming" the error signal until the input signal does 
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sess of the required form in response to 4 unit pulse. 
Aiso in this case the actual error signal is determined 
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cally secording to formule (10=39),and efter t 
damp 
tne error is removed. 
fll whet has been said abore about the compensation 


of control signal errors applies in un equal measure to any 
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distursance, but the sactions adjusted by disturbance 
poses Tor each given disturbance must be included in the 
feedvacx cireuit 
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. With chanzing poles, a preliminary intro~ 
Gustion inte the straight channel of the control 5ystenm 
ior inte the negative feedback lcop for disturbance) of 
tne venerating sections with all the possihte parancters 
of ths inp:t process becomes impossible. If, towever, 
we still xsep to tnu1s compensation method then we mat use 
CL.rcule  nodels ot gensrating sections discussed 
iu: Uhupters L and @ ihigs. 1-5 and 4-7). in such ciroui 
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(with transfer function of the straight path 4 
W(p) = w, (p) Wp), will make the system's synthesis 
more apparent. 

The aggregate transfer function of a combined system 
of the type investigated is given by formula (5-20 a}. 


According to (10-4a) we find the transfer function 
of the error: 


® (9) = ap ee MIP ale (10-408) 
(Pp) ‘D (p) 1 i+ Wp) . 





Wig. Lo-le. Converted block diagram of combined control. 
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Pig. 1O814, Block dlagram of electrodynamic unit. 


slinination of the effeet of counter enf cn the 
moten's opsrption is one of the chief merits of the 
aircult investigated and increases cousideranliy its 
B&OUYUCY « 

the presence in the closed circuit of an ampli- 
filer of the motor emf does not interfere with the 
tiansfexr properties of the amplifier sinee the emf 
may be vesarded as un additional disturbance applied 
to the cireuit after a large auplification factor. 
All Marther transYormations of voltage Ue are 
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elent, and Koss the bridge transfer coefficient) resistances 
e Yr, should be chosen according to formula 


if roa ry, is caer Ty yee times greater than 
recomeended in the formula, as shown in circuit & 
inner forcing will decrease by a factor of aan there 
will instead arise outer forcing 1 + R/By (2 - fips 

It osn be used for compensating the comonent of 
disturbance moment ik, proportional to rate. 

hg soted above, the closed part of the control 
gysten Pights additional disturvances, and although the 
disturbanse input point has an unfsevourable position 
the extensive adjustment possibilities (Bibl. 3) warrant 
an exact operation of the unit up to Q.1 ~- 0.2° with 
harmonie os¢iliations ot freanencies of 0.02 - 1,00 cps. 

Internal forcing for the given circuit is compulsory 
ee O) since otherwise the closed cirevit forms a 
resonant seection and tha cirevit cennct operate. 

from the general theory and from the ¢xample investi- 
gated we can see that comboined circuits with medels or 
computers make it possitle to attack the problem of 


eliminating errors not only of forced totion of the 


wssigned class but also total errors (p)}—» Oo. 
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taneously transformed by the ees element (selsyn) 
iuto a=a voltage of phase O or 18 ao? depending upon the 
eign oF the untalanece angle. 
Unbulaunes volts is fed to the demodulator where 
it is reotified PER OR ae however, the polarity 
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contre] coil. We investigate the ampliidyne's operation 
andsr conditions of totel compensetion of demagnstizing 
Longitudinal flow, as shown in block diagram 9-8, b. 

This circuit hag a feedback from counter emf of the 

motor: it is conveniant to transter it through the sections 
and the adder to teed disturbance to the moment line 

and carry out investigations somewhat luter, snd first 
stucy the sections of the straight channel up to the 

moment application point and beyond. 
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[ iaibsequently G11] ube errors can bt: computed as in 
the Gase of program input. 

The disturvance erfect can also te innibited oy 
introaneLng corrections proportional to the disturtance 
measured, To do this we need sn additionnl measuring 
element which aetermzines the minitude of the distur 
bunee and feeds into the circuit the compensaticn on the 
DA oF disturbance control method. 
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ihe tps following series of esnditions 1s mat: al 
CHa. tbs aves; reed 1, 2..08. (10-49 b) 
é yor SOME peaks gular relations between input process 
Larivetives x! 0 9) we Gan compensate the error by means 
af nonzere oie of integrals (10-49 b) with different 
igns. 
helations (10-47) — (10-49) also hold for control 
Hotemsa ¢ith conatant parameters if the weight functicn 
La taken to depend only upon one srgument. This result 
wil te used below {see Table 12-3} We continue our 
Livestigstion of the accuracy of control systems with 
variable parameters witn the ald of more exrnlicit methods. 
we determine Pix, 3} from asuation (10-46 1) 
foilowilus the metnod of suscessive approximations of AGTP 
Aisensged in Chapter 33 then according to formila (3-83 c} 
the error takes the forms 
Xus Xen E(t, 3p=,(t,. SPX (S$). ° (10-50 a) 
" We expand >... « 3) in s series — obtain a result 
AngLagous to the stties employed in (3-85 a): 
® (t,, S)=9®, ts 0) +- 
+O, (4. SHO (4, OS... 
ary ia accordance with (3-85 b) for the unbiased output 


process git ==, (1, O) x, (t) +O (fy 0), (4) + 


+" tan a (10-50 b) 


If the input process retains its form tut shifts 
by @ quantity de, then formila (3-88 a) should be used. 
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[parameters inte the stcainzht ‘channel of which p inte- a 
gratovs have been introduced, By means of structural) 
transformations we oun from a@ianram a obtain disaram b 
whith shows in ua more explicit fashion the way errors 
ave obtained, and diagram co in which after transferring 
the adder in a direction opposite to the path of the 
vivnal tae conditions for input sinnal differentistion 
ure determined, 

If for the variable straicht chunnel aquation 
(L0-18 a) is given, then the weight funetion of the 
cireuit framed in diacraino by u dashed Line, oan he 
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{becomes asteti In cireuit C even a steady input 
‘signal can excite a complex reaction in the variabie 
aystern which, in the general case, subsequent ciffer- 
entiation will net suceeed in eliminating and the 
syster dogs theréetore not acquire astatic propertias 
Taus, in variable systems the establishment of 
intepvratores in the negative feedbuck circuit for ea 
given disturbsnee (or in the straight channel for the 
control signsi) provides the autematie contre] system 
with ustatis preperties only it the integrators are 
pisced at the cutput of the variable part, i.e., the 
variable seation is equivalent to the disturbance 
FOTCS 


1O-& Statistical Precision Pstimate According to Whe 
System of en of Random Var riables 


A. Definition ef Disturbances with Random Scale 


if one eid Tne sane automatic control systen is 


used repeated iy and eseh time the system is switched 
82, 


sturbances agting upon it are checked, th 
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the results of this control can bé systenatized and 
on theixy pasis we carn obtain type laws of the varia= 


Coa bal 


disturtsanaces with tine. Some standerd curves 


PROSE ta amy a . TA eee cy eA he ‘ 74 BY oy 
of variation charges are shown in Fig, 10-17, 
, a 


wend 
cA 
we. 
| 








I eS re 


sonal 


on ae 

as 

vind teeth, 
tae 


$ 


ee late eid 9 


ey e 
es pe AO 
aoe A Ae 
we = Sf 





ot. 
ate, fon 
a = ‘ 
% * > » 
% A et ae 
5 ¢ 
: Ne 
_ 
os, 
ws 


PRA LN AALAND Bead 












4 


ea ee FN HES EAA LRTI a OID 






Pietewmes ee en 








at 








3 
* ee 


Vr 


&) 
” 

* 
“ 


ve 












pees geek 





[tes est ounnot be predieted although the possible limits + 
ef its changes can apvurently be estimated, 

ouch processes will be culled determined in shape 
but random in scale, 

In disgran a the steppel form of process a 1 
is determined, wnereas the height of step a is arbitrary 

In diasram b there is determined the linearity of 
disturbunce increase with time vt but rute v is rundom 

In diagran c we Bhavet cetermined uniformly accelerated 
law of disturbance increase with tine ot 12 , while the 
magnitude of acceleration wv is arbitrary. 

In dlagram d the harmonic jaw of concrete frequency 
A sinSLt is determined but its wapiitude A is ra 

In diegrem @ the cumplex form of process cyit) is 
determined but its scale c is arbitrary. 

Thus, in all the examples ubove the random factors 
are ‘ietermined by oniy one qiantitv - the scule. 

Random quontities ({vurisbles) have the followine 
gtatistical cnuructeristics: 

a tatistical mean; 


D_- dispersion 


w 
davying wratlable data on the conercte marnitrde 
Pr ae G er “a ~ an regs 
Gt ase GC, jin g-th test we cun euslly determine the 


SLevistical mean value of the scale for W tests: 
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(eocnceron of specific goods, we determine the mean a. 
value of scraps. ‘When we speak ef the mean accuracy of 
automatic sontrol systems . for rilitary installations 

we evaluate their combat efficiency, for example, as 

a whole for the military operation or even for the 
entire war, the ammunition consumed, ete. 

. “ich an appreach mukes it possible to study the 
statistical model of the phenomenon rather than in- 
vestigate the astual ecnditions under which diistur- 
bances arise, conditions which break down inte a large 
number N of actual tests. And since it suffices to 

have only two statistical characteristics ¢c end De for 
the entire set, it obviously makes sense to intentionally 
roughen the dats on disturbances subordinating them 

to the system adopted for studying the phenomenon. 

In the present section w2 investigate the system of 
random variables -measures with determined disturbancs 
form. Uther methods are also possible if they rely 

upon rracticel working conditions of actually operatine 
entrol servenechanisrs, 


B. Statistical Estimates of Forced Motion arrors in 
control ystems 


Random scesle disturbances shown in Fig. 10-17, a-d 
excite the control system with a prescribed error reight 
function w,[t) or Lae [x 9) corresponding to opF $ () 
OY KOT it, S$} end bring ebout specific processes 


ace occur on the error line. We investisate control ' 
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of input disturbance and the system's output error: a 
E,== B (OV; (10-540) 
—- "2 (10-540 
D,, = ® (0) Dy. \ 


3} Steady-state acoeleration errors of control systems 
with asteticism of seconi order { Y = 2) 
“nalogcus conclusicns hold also for that response, 
The determined re Benet is 
= & ‘Oe. (10-55a) 
The relations eepcaee a statistical characteristics 


of input acceleration and the cutput error cf the control 


system are Se @ Og 
By BE (1.08 5b ) 
F @” OD, (10.85¢0} 
Re oar ee 

a} Forced harmonic errox 

The determined relaticnshir between input ampli- 
tudes ani sctual test srror takes the form: 
A,, ==! 8, (JQ) A (10-58a) 


yi* 
reiation vetween amplitude characteristi 


Tr 
san he darived from the datermined relation ae 


” 


% Ss (15-56p ) 
A, =| ®, (jQ)1 4 ; 
D Pua @, {jQ) [5 D,.. (10-580) 


us ee ee Estimates of Control systex Errers st 
an ASSigned Foint t 


We investigate the more general process of disturbance 
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E(t,)=C{L-"[®,(t,, SY (Meat, —oy? | (10-872) 
Di (t,j==D,{L-'|®, (t., S)Y (Nhat oy" 


0. Predilotionsa 


_ fiith only s few tests available, limit (10-52b) can 
obviously not be exactly Malfilied. This, of course, 


nes no effect upon the acaurscy of the above conclusions 


regarding the relation between the statistical chsracteris- 
ties of the disturbance measure and the control system 
arror. These relations will remain unchanged if we use 
wethemitical expectation of the measure and the error 
instead of the statistical mean, and the exact value of 
disrersion instead of only the measure of dispersion. 
dewever, to forecast errors, knowledge of only the two 
Statistical characteristics mentioned sbove is not suffi- 
sient; we must also have data relative to the law of 
distribution of the ranéos variable, 

Most widsspread airong the distribution lews is the 
nosme!. law, called Gauss lew. It has tre following 


Bxrroasicon for the dattorent sat distribution curve, 


aos 
f le 
8) 2 eee + = 
3) Vins ° ‘ (10-53a ) 
If «se Know the parameters Oo, M fe ] of the normal 


3? Siyitution lew we can forecast the probability of an 


error arising within the asaigned limits —/ F/G +(€/s) 
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39 (O} Mlet-+3 Vy D (0) 4,- (10-600) 


i=l iz! 
Vocastonally prediction amounts to determinim: the 


meun error EH which limits the accuracy ;urpe within 

which fell 506% cf the test connections of control systems. 
yom the table of anction P Efe) for normal distribu- 
tion law we can sasily determine the relation between 


the mean error and the mean square error for a probability 


& F ==0,6759. 
If for a control system we have deterhined the 

limiting yvalne of an error such that if it is exceeded 

the task assigned to the controlled member is not ful- 

riiled, then prediction may be directed to computing 

the required (nominal plus exeessive) number of connections 

of the control aoa in order to have the probability 

of fuifilling the task approseh unity. Insofar as each 

conneation of the control system is associuted, Gox“., 
@ with energy consumption, the prediction may wind up with 
computing the probable’ agrregate energy consumption 
needed for fulfilling the task. In military engineering 


such a problem cen be, €.@. the calculation of ammunition 
+ 


Prebanility predictions can obviously not be checked 


&geinst uo limited number of 


1) 


onnection tests; ti.eir 


validity becomes apparent cnly in the case of mess tests 
- 
.o 


only in one test ees they 





sturbances fforrmlas (10-80) ). cai 


Qs! 
EE: 
ia 


10.3, Sta 


arene 


tistical Accuracy wstimates by the Metnod of 
Harndom Jano otions 


ne tara hale! Definition of Disturbances as Kandom 
Processes 
Aq Honestationarcy Random Frocess. Along with the 


tion: 
relatively simple definitions of disturbances investizated 


above, in practice we frequently deal with disturbances 
in the forr of random procezses in the case of repeated 
sontrol system connecticns, Jn diagram a of Fin. 10-18. 
we have ouierves Showing oonerete mrocesses of disturbance 
variations for individual control system connections 
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a ee +. %*, 
random process, 


wooh characteristic is denoted, us this is done elso 
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witn ether functions of time, by a amall 1 with @ 
subceript oorresnonding to the number of the trecess: 


Vy (t)s Vo lt)recs 


She totality a shese characteristics is denctad by 
Yic} which is said to be a raendor function or s randon 
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Staats d 


t 


plotted on the basis of the realizations of diagram 4 
in Fig, 10-18, 


Yo determine the dispersion of the random funetion 
wa usé a Similar procedure cf plotting the curve by 


points computed by formals (10-52 a): 


_ Zito J—FU IP (10-61b ) 


The curve oe the ees adeneneion variation 
@ has heen plotted in the same figure on the basis of 
diagram &. We can essily note that the dispersion curve 
reaches its ps - eat a point where realization dispersion 
is meximal, 

In detexmined processes with random measure we 4igo 
used estimates of the form (10-52) similur to the churac- 
teristics of random process (10-81), tut in the latter 
case these churacteristics are insufficient and to fully 
evalunte the random process we intreduce an additional 
charaoteristis, the random process correlation funetion. 
The need for studying the new churacteristic cf the random 
process, vig., its correlation Nunction, srises in connec- 
tier with the formilstion of the problem of transforming 
ey the control system the random process churacteristics, 
€.2., dispersion cf s disturbance assigned as e random 
nto an output error dispersion. 

3uch a transformation can obviousiy not be reduced 
+ ~:Lltiplying each point of the input disturbance cisper- 
ation ourre be some constant factor eas this has been done 
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I the iudividueal rexlizations cf process*s 1-4 and the | 

signs of deviations from the sateatistical mean ¥(t). 

Wé can note that reslizations 1-3 have the same signs 

at the ends ef the interval investigated and when 

Summing according to formule (10-61¢) they ensure the 

accumulation of the sum. If the connectivity of oro~ 

eésses over the interval Ts t. -~ t is steady, then, 

as a result cf summing on the interval T wa find a 

conerets number whiuh is all the greater the smaller 

®@ the number ef exceptions (of the type of realization 4). 

buch computations for ali points of the process 

ean dé tabuisted as follows: 
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¥rom this table we cau plot the contour of tne corre- 
lation Tunotion. 
thus, an analvtie and a tabular definition of the 
eexrelation flanction are possible. 
Ly sePanition (10-610) the correlation function 
is aymmetric with the diasonul of the Table, hence it 
a, 


suffPiees to Till in only one-nalif of tnat Table. The 
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write the equivelent formulas: 


: 
| Y (t) == 7 ji y (t) dts 


(10-634) 
uy (Q=y()-- Y(t); (10-63» ) 
r 
; (° C-63¢ 
! ap | wt at a 
' ae 
(10-634) 


K)=59 fu (t) yy (1 —~ +) dt. 


In contrast S Bani oecaven ceed quantities, the time-« 
averaged quantities in (10-63) are denoted bya on the 
top. 

Definiticn of the correlation fancticn by the inte. 
gral equation (10-63a)}) in the domain of argument  per-~ 
mits us to pass readily into the region of bvilatersl 
Fourier transforms: CK, {}fw) =: ( X, (2) eM de ==: 

—o 
z r 
elim \ or frora+aae eo de. 
F ~0d : 

Wwe charge the el of ‘in ntegration with respect to 
x hieees end place under the integrsl tne unit factor 
i ist Jet distributing the cofactors betweer two 
integrands in the right-hand Bide; oo 
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proceed in the same way es when deriving forma (4-118) 
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"the realization method. 


Stutiatical laws, however, reveal theneeslvées only 
if we average a large number of tests, and sincs 
practically this mamber is elways limited the realiza- 


tion nétned may turn ont not to te satisfactory since 


the dcviations of experimentel data from those exvected 
theoretically may be great Let us remind the reader 


that ideal white noise is virtually unachievable and 
tests can be conducted only with a certain amount of 
approximation. Gn the other hand, if we determine 
exportirenteliy only the weight function of a control 
eystan, the passage from a determined weight function 

to statistical noige characteristics can be achieved 
quite sagiiy by analytical means. nis aan he taken 
into sccount during testing. In the latter case tests 
are sornducted sacerding to the so-called weight function 
mathod. 


al on uot 


Lat us mow taxe a closer loox at the two methods. 

Realization method. 4 noise generator in the form 
“fa slowly xctating drom filled with smali metal balls 

raniom variable conductance between the walls 

aud the axcie of the cylinder can generate a noise in.the 
freguenay hana from @ = 9 to fo. 20 seo’>. Possible 
irregularities in the spectrum of such 4 generator are 
baleunced by a filter, as shown in Fig. 10-19,4. 

if the power (mean square time value) of the signal 
Berereted auais RP, ‘ne spectral density level taken 
uetart in the A@ Preanensy Oand according to 
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| output to bé ulways nonstetionary, at any rate until 
' the noment when the reaction te the initial pulse fades 
away; the second reason yields with stationary input 
& stationary output for control systens with constan 
parenetirs and a nonstationary output for systems with 
variable parameters. Hence, in the general case, for 
statistical processing of test results we have to: 

Find e set of noise error variatio:. oscillograms; 

Choose in each oseillogram the required instant 
of time and from a set of graph ordinates find the 
error dispersion. 

Processing of osciliograms for time i5 permissible 
only in the case of centrol systema with constant 
purameters and a sufficiently rapidly damping weight 
function. In this case the dispersion or mean power 
of the error a3 & stationary process can be given by 
un indiautirg instrument after the damping time of the 
system's weight function and the averasing tine of the 
instrament itself (see Section 4-14) heve elapsed. The 
statistical srocessing for time is also permissibie 
for certain classes of processes where the only non- 


stationary (variable with time) element is the statis- 
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ties mean ¥(t} if it ds singled out according tothe 
netrois expounded in Chapter led. 

Vedught function method. te investigate the condi-~ 
trons for statistical rrocessing of 4 series cf errer 
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Thus, noise dispersion at a prescribed 


oourulated as the integral (multiplied 
level) of 
ment 6 ix 


along srgansnt t 


tae s 


fer steady systens, 
(10-728) and 
diagrams of the 


12-19, 


Pormilas i16=72b) are 


ft 


allel Ti « b and 


quare of the weight funetion 


ravearse displacement) for variable 


point 
by the noise 
along argu- 
Systens and 


VGlid for the 


test by the weight function method shown 


According to diagram a the 


Ge 

pulse or aiuivalent initial conditions (2-60b) excite 

the preserived control system or its direet mods] with 

comstant puranetors. the systen's cutput the signal 

is squared and integrated, and is read on the meusuring 
avic the form of a disp raion whic! h the hand of 

the voltmeter uppouckhes at the rate acy whieh the weight 


= 
~~ |e 


Sanction damp 


Acooriing to diagram ¢ for control 


systens with 


variable picameters tests are conducted only with R-S 
eyster sodels. LExeitexent and sanplinz sonditions sare 
the sase as those of diagram b, but tne integrator is 
aisconnects1 st the instant t in order to discontinue 
eny Turthor growth of the result. 

The :24S5 of noise dispersion variation can also 
be veplaese by modeling of the transfer Sanction waich 
yaflests th: quadratic evuluation of the process accord- 


Lut to Gection 3-16, 
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| relative Siuplicity are investigated in Seetion 5-9, For 
these clrcvits we can ulso eusily ecormpute the noise 
dispersicn ty spectral mevheds. 
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ae} A casoade circuit of & stationary input unit 


and & Subsequent euplifier with varisble amplification 


factor have the AOTF (5-588) in common. Applving to 


tt formile (10-73b} we have 


D, (f= sonty f { ©, (/0)7aQ, 


G) A caseade cirauit of en input anplifier with 
An €Xponentially prowing unplificeticn factor and sub-= 
SaAYUeLT gbationurvy unit with s common ADTY (5-60d). Ta 
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tnis case the formula of noise dispersion (10-73b) 
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rurther, if the filter is joined inte one cdirenit | 
with the system, for thse case of a control systen with 


songtant pe case we find 6 unit OTF 


Zins = 9. (= W (p), (p). | (zs 

A system with OTF Pre (p) excited by white noise of 
unit level has the sane cutput response as a systen with 
OTF P (p) excited by a random process with preserived 
speotral aensity. ‘This enables us to analyze the unit 
systen by experimental or mathematical methods expounded 
Yor the case of inpit white noise. If we substit tute, 
Ctee, (1) into. (10-73) we fing 
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For svstens with variable parameters tests ty the 
resiizstion methods are conducted with the same filter 
at the cutout, while tests by the weight function method 
require that a filter be placed at the output of the 
R-S system, 

In the case of analytical computations by spectral 
nethods, an ACTF of the unit system of the form (5-57) 

ae 


nto formils (10-705), as shown in 
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Oy tne enxecory Line without aovolving the uiesralent filter, 
Thin, for syotens ~wivh comstant paramecers we have 
an ontput spectral density ; 
2, (w) = |, in)? S, fo) (10-786 } 
Sal &n anput dispersion 
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‘according to the disturbance influence function, bring= 
ing about a response of the control system in the form 
of a statistical mean of the output error. 

Once the statistical mean of the output error has 
been found and subtracted from all‘ the output charac- 
teristics we find centered characteristics which may be 
subjected to further statistical analysis. 


B. Passage of correlation function through the system. 
By the, methods investigated in the preceding section 


when deriving forma (10-80) we can obtain a formia 

which links the input and output functions of the 
orrelati 

correlation K, (ty ¢,) = 


cafe. noaef wax oe) 


X Ky (t, —& bt, — 9) dy. 
Setting ty = ty = t in this forma we determine 
the output dispersion 


D (t)=K (t,t). 

C. Structural methods. In this more complex case, 
as well as in the preceding examples,the solution of 
the statistical problems by experimental or analytical 
methods becomes considerably more explicit if the 
input signal is formed by a variable filter from a 
noise or stationary signal. 

Further, the filter equation is combined with the 
meter tne) evatar ansutiar ama fe atnaeda far tha anse 


lof excitation by ordinary signals. Thus, structural . 
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Beginning with « certain frequency apove the 
system's passburnd, the phase-amplitude characteristic 
f open-loop systems has a modulus considerably smaller 
than unity | wig [Ka and formla (10-854) takes the 
Simplified form 
S, (v) =S, (a), (10-85b ) 


tae 
Eyftjoy(t) — 





Fig. 10-21, Yrocess with superimposed disturbances and 
disturbance released on the unbalunce line 


i.e., at nigh frequencies we can obtair from tne output 
of the system's measuring device a noise signal sepsruted 
from the useful signal. 
At the system's principal output the noise signal 
has another spectral density; 
S, (@) =S, (@) = |® (jo) }* Sy (w). (10-86 ) 


Inasmuch as the use?ul signal has an optimum per- 
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Chapter 11 
pp 290- 335 ASYMPTOTIC STABILITY 


ll-1. Indices of Asymptotic Stability 


A linear automatic control system is said to be 
asymptotically stable if its response to any determined 
input signal approaches with time only the forced com- 
ponent while the free output process component damps. 

Only- in this case can the rules for calculating 
and compensating forced motion errors, examined in the 
preceding Chupter, be upplied to the system's output 
process as a whole. 


It was shown in Section 3-8 that a control system's 


inherent motion is also formed of its partial weight 
functions, the conditions defining the input signal 
affecting only the scale of partial functions, hence 
the stability is affected omly by the control system's 
inherent properties assigned by its weight function or 
by the OTF, 

The steadiness signs of & control system become 
evident if such precesses as weight functions are com 
puted beforehand or the OTF poles sre determined for 
@ Closed-loop system. These signs are then called 
indices of stability. In view of the fact that the 


requirement of asymptotic stability for control systems 


is not a strict one since damping time is not determined 


and may be infinitely great, stability signs can be 


jietected even without caiculating the processes or 
ia 
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Fig. ll-1. Possible distribution of roots of a 
characteristic equation in a complex plane. 
Key: 1) transient. 


Yormulations of implicit signs or stability 
criteria require preliminary proof, and the following 
sections of this Chapter are devoted to this subject. 


ll-2. Nocessary and Sufficient Stebility Criteria 
Limiting Criterion in the Field of Representations. 


Let us find the properties of a centrol systen's 
weight function when condition 


| tim p(p)=0. (ae) 
is fulfilled, 

On the basis of (3-52) we see that this condition 
warrants the absence among partial weight functions of 
neutral-polynomial processes, but it can by no means 
confirm or refute the damping of the weight function 


aa (ll-la). 
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[cients foo and fy under the radical sign warrant that its i 
modulus be smaller than that of the first term and, 
hence, both resl roots have a negative sign. 
Thus, the criterion of positive coefficients of . 
the characteristic equation of a closed system of first 
(11~3a) and second (11-3b) order is for these systems 
~=(n @2) a necessary and sufficient stahility criterion. 


Criterion of Positive Coefficients for Equations of 
High Order (n> 3). ; 
We examine a characteristic equation of n-th order 


Miz) =a 0 and assume that some of its roots are real, 
1.@., 


f,, (2) ==0, ix], > aT (*) 


With positive coefficients 

| > 0; j==1, Q...n 
it is obvious that only a negative real root can turn 
the sum of terms of the characteristic equation into 
ZOTO s 

Thus the existence of positive coefficients in 
&@ Oheracteristic equation warrants that all of its real 
roots are negative. However, the criterion of positive 
coefficients contains no information as to the sign of 
the real parts of complex roots of the same equation. 
Consequently, we are dealing here only with a necessary 
but not with a sufficient stability criterion. The 
particular cases (1l-3a) and (11-3b) are, as a whole, 
encountered very rarely. Let us therefore praceed to in= 
lyestizate more general sufficient stability criteria. ey 
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_ From the second equation after reduction by 0 aaa 
(we investigate the case of @s 0) we find: 
of ee AL 


ty 
If we substitute this value ofe*into the first equa- 


tion we find Meé (papi fms) =O, whence 


Pills = Pols 11-4) 

Censequently, if the product of the mean coeffi-~ 
cients of s third-order charaoteristic equation is 
equal to the product of extreme coefficients, then 
undamped osciliations are observed in the control system, 
which is to say that it finds itself on the boundary of 
stapility. 

This boundary divides all third-order systems into 
two classes, viz., stable and unstable ones. On one 
side of the boundary we have all the systems with, say, 
the left-hand side of equation (11-4) greater than the 
right-hand side; on the other side of the boundary we’ 
find the systems in which the right-hand side of equa- 
tion (11-4) is greater, 

To dstermine which side of the boundary corresponds 
to stable systems let us diminish the coefficient fg; 
then two roots of the third-order system (*) will 
approach the roots of the second-order system which, 
with cositive coefficients of the characteristic aquae 
tion, are always on the left side. There remains a 
thirs root, but inasmuch as it is one, it is reali, 


énd inagmich as the coefficients are positive, the 


‘yoot is taegative, Thus, the region of the smallest 
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Fig. 11-2. I. A. Vyshnegradskiy 's hyperbola. 
Key: 1) stable; 2) all roots are real; 3) 2 complex 
roots +¢ 1 real roct. 


We divide all the terms of the original charac- 
teristic equation by the smallest coefficient Ia : 


He pts ptt Bt pt jon 
oD Ae Pa ene 
and perform the substituticn 


$/ pe , fe 
3 a .@. c— m——— 25 
Vine is 2 a’ 


then we have 


2'+xz?-+-yz-+1=0, (11-68) 
where 
a a , = wgpdees~ A 
V Hes V pis, 


Trea stability boundary for the given equation 00- 
incides with that of the initial equation and is 
This link hetween the system's parameters on the 


faiuneary of gteoiiity is graphically expressed by on | 
i 2 & P i 
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| containing in the linear network three aperiodic units, 
us shown in the block @iseram of Fig. 11-3,8, Let the 
overall amplification factor of the linear network be 
K = Ki, Kae and the time constants cf the apericdie 
unit satisfy a geometric proxzression with denominator 
Dp teSa Dic Te Ty =o wy 7. = mt, As an example of 
@ real control system with such parameters we may tuke 
an automatic voltage stabilizer with three amplifiers 
and a standard sources. Diagram b of the same fisure 
shows for sinplicity all the three amplifiers in the 

» form of separate excitation oscillators. 
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iz. 11-3, Block diezram and electric circuit of a 
voltage stanilizer (tnird-order static system, n= 3) 
Key: 1) standard voltage; 2) feedback; 3) output. 
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es Table 11-1 
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Boundary Values of Parameters of Third-Ordor Static 
system 





OD penembHWA Koop. 
Ormomenne nocrosHy x DHUHEHT YCHACRHR 
SpeweuHn m Knpen 





{ 1,0 8 
2 0,5 11,3 
5 0,2 37 ,4 
& 0,125 82,3 
10 0,1 123 
20 0,05 443 
.40 0,025 1 681 
100 0,01 10 201 


Key: 1) ratio of time constants m; 2) limit gain Kan 


The limiting amplification factor determines the 
utmost performance accuracy of a closed-loop syster. 
Thus, with constant disturbance applied at any point 
of the closed system the portion of the residual error 
forming on the disturbance input line is defined by 
the value of the relative transfer function of the 
clased control system with p = 0, which in the given 
case ancunts to P10) = 1/{1 +). 


In the specific case for m= lL, ies, for 
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Fig. 1l-4. Block diagram and ¢lectric circuit of 
potentiometer servo (third-order system, n= 3 with 
astaticism Ve 1), 


Key: 1} amplifier; %) feedback. 


In practice, such a structure may be encountered 
Se%s, in @ control system with a potentionmeter-type - 
transmitter, an unplifier being an aperiodic section, 
and an elsetric motor being a combination of an 
uperiodic end integrating component. Thea electric 
eirouit of the device is shown under b in the sane 
figure, 
We write the transfer function of the open~loop 
system oni the relative transfer function of the same 
elicsed-loop systan: 
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“and to reduce the rate error it is desirable to inoreasé | 
the gain of the direct cirouit. 
Thus, also in astatic systems the requirement of 
accuracy and that of stability contradict each other. 
This contradiction is inherent also in systems of 
higher order, yet in complex systems the stability 
. Doundary can be connected with the amplification factor 
in @ non-single-valued fashion. Occasionally, this 
leads to a Limitation of the amplification factor for 
reasons of stability both from the maxirmm as well as 
fron the minimum side, 


11-5. The Hurwitz Stability Criterion. 





Requested by the renowned Czech specialist in 
the field of governors and regulators Avrel Stodola, 
the professor of Zurich University, A. Hurwitz, devised 
in 1895 an analytical stability criterion whioh holds 
true for systems of any order, 

Let us expound the rules for utilizing the Hurwitz 
criterion on the basis of a characteristic fifth-order 
equation, 

ist stage. With the coefficients of the 
characteristic equation of a-th order we set up a 
square diagram of nxn cells. First we writs along 
the diagonal cr the diasran all the coeffictents af 
the equation in ascending order of their numbers 
acuordizg to the system “upwards and from right to left" 
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3rd stage. We check the sign of the coefficients 
of the characteristic eyuation and ail the determinants. 
We can forrmlete the’Hurcwitz stability criterion 


as follows: A system is said to be stable if all the 
coefficients of the characteristic equation are positive, 


. and all the diagonal determinants from the first to 





n-th order set up according to the table of coefficients 
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encountered in practice. For this reason it is pre- I 

Satsang such Systems that we are going to study. We 
assume that the transfer Sanctions of the direot paths 
for the quantities x and y consist of aperiodic and 
integrating components; 


ee 
ViO= Srp TTy F 


ae Ky 
V (= SR PTH 


in checking for stability, the lines of input and 
Output values shown in diagram 9-l,e may pe disregarded: 
then, following the rules of circuit convolution, we 
ean easily determice the transfer functions of locally 


elosad systems in the direction of the signal acting 
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Sieber Lie 
~ {K+ K,) cosy 14(K,7,+K,7,) 00s 7 
= (TAT) +1, K, $7) K,) 008 ¥. 


Under the conditions given here it is always 
positive A.>o. 
We p&Ss now to the development of the third, in 


our example one but last, determinant: 


7 +T, ia 0 
s=l(K 4K )cosy 14(K,7,+K,7,)cosy T,-+T, 
oS KK, (K,-+K,) cosy 
a (K,Ti 4K TI)(K, +X) costy + 
ed (AGA) cosy (7-7) RIK. 


Analysis of the conditions for which bg?0 makes 
at possihie to determine the relations between the 
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syéten's parereters permisaible from the tiewpoint of 
stability. “e undertake this analysis to obtain more 


mulas and assume for simplicity that both 
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interconnected syatems have in the direct path iaen- 
tical wmrlification faetors and time constunts, i,4., 


K = K = K; Pi = T ==T7. 
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If, by essigning various values to 49, by points 
Or patterns with the aid of the P -th nomogram or P, 
Q-nomogram (see Chapter 4) we trace out in a complex 
plane a curve, this curve will be called the Mikhavlov 
hodograph. 

Mikhayvlov's criterion can be basically formlated 
as folicws: For 8 system to be ssymptotically stable 
it is necessary and sufficient that when frequency 
changes from zero to infinity the Mikhaylov charac- 
teristic vector turn in s positive direction towards 
the number cf quadrants egual to the order of the 
characteristic euration 





(11-12) 


tol a 


Pitas sak 
The author himself and the commentetors have 
suge.ested various proofs of the Mikhaylov criterion, 
the test among them being based on general relation- 
Snips between the shape of freuuelcy-respense curves 
ani the character of zerceesS and poles of the transfer 
function (gee Jnapter 4). 


In the ecrven case we investigate the deflection 


rh 


>t 


angie not of the real freguency-response curve but of 
a certain anslyticsily assigned complex vector. Ina - 
Ss 


much 


its expression has only 4 numerator, the 
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root desgisnations given in Table 4-1 can be changed, 
ths division inte mamerator and denomi- 
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By increasing: the amplification factor only the i 
free turn changes in the characteristic polynomial, 
and only when the gein reaches limit value deternined 
by forma (11-7) the curve will snift to the right 
withcut being deformed and will pass through the crigin 
of coordinates if we move the initial point (@% = 0) 


by 4 distance 1 + Roam from the origin of coordinates. 
Calenlation of the hodograph deflection ungle accord= 


ing to the rules established in Chapter 4 for charac- 
teristics with neutral zeroes(anzle before the tangent 
+ angle ufter the tangent) yielis @,, = Vv, + ¥, ee san 
quadrant; hence with the aid of formula (11-13) 1-= 3 w4y, 
w@ Can determine the number of intermediate roots 

at » 2 whien turn cut to be two, thus heing evidence : 
of the existence of two imaginary conjugate reots and 
on? real root on the right. 


£ the sain increases further, the curve moves 

right by the quentity fe = i + Ko the deflection: angle 
becomes &,, =« ~l quadrant, hence the syster becomes 
unstable, ‘Ne Saiculate the number of roots on the 
right -L = 3 2ry by formila (11-13). It is found 
to be two, i.¢., there sre two conjugate complex roots 
(lsvenerate inaginary) on the right and, us usual, 
one z8al root r, = g, l. = lonthe lef. 

For equatiors of higher orders the charscteristic 
covers a larvier mimber cf quadrants. In Fig. 1i-%,> 
yeter with n» 9 is stabie since an = +9 quodrantSe 


Hetution of tse ghuracteristic vector M(i@) brings 
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The Mikhaylov criterion can also be applied to 
investigating alosed-loop automatic control systems. 
In this case the characteristic vector is written 

| V (jw) = 0, p" +... yp mH. (11=15) 
arise We denote the roots of the characteristic equa- 
tion of the open system by the subscript v: the left 


ones 1s the right ones r and the intermediste ones 
3 


“at 
- ' For the deflection angle of the v-vector of an 


Cpen system we find a formula analogous to (11-13): 
feed: Say 11-18 
P= (ly —1,)= (a — Br, — 1). (11-18) 


Caiculation of the deflection angle of the v-vector 
of open automatio control systems might be required for 
inferences regarding the stability criteria always of 
glosed systems, As far the evaluation of the stability 
of an open system proper, it has to be said that al- 

a though it can be performed in the same way as this was 
done for closci automatic control systems according 
to a formila .calogous to (ll-12), the zesult of such 
an cvaluation taken separately is of little value and 
may even Lead to misunderstandings since a stable cpen 
system can, after joining up, become unstable in a 
clo3ad state and, conversely, a neutral or unstable 
opea system oncasicnally results in a stable clicsed 


adoncrol system with good accuracy properties. es shown 
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[6t the hatched half-plane in Fig. ll-l. Let us note | 


that the hatched area lica right of the basic contour 
~ the imaginary positive semiaxis,as we move towards 
inorsasing frequency. 

In the half-plane of function M(j a) we should 
therefors expect that the hodograph of the M-veotor will 
enclose the origin of coordinates if in the equation 
there are right roots enclosed in the exrgument plane, 
and will not enclose the origin of coordinates i? right 
roots do not exist. 

Like in the argument plane, the encompassed region 
should be considersd the part of the half-plane situated 
right of the vector hodograph as we move towards in- 
creasing frequencies, 

The hodograpn ts right side is hatched, ag shown in 
Fig. 11-5, 

Thus, if the origin of coordinates occurs iato the 
hatened region on the right of the Mikhayioy hodograph, 
the system is unatable. Conversely, if the origin of 


coordinetes lies in the unbatohed region, the system is 
stable, 


Thus: 

Hatching of the Mikhaylov hodograph anawers the 
questicn as to the automatic control system's atability, 
i.s., whether or not there exist roots on the right of 
thea characteriatic aquation; 


Passing through the origin of coordinates by the 


cdograph is evidence that the system finds itself on the |. 
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existence of intearnediate roots: 
Finally, tusteposition of the deflection geese 


avaullevie and that vusiculated by formtis (1-13) for 


& 


Ji gases wanes it possinie te establish the mimber of 
roote of vagicus ning: Let us remind the reader that 
the roots of the cneuzracteristiec equation are poles of 


the transfer function of » clhesed system. 







aryv.of stability. The ooudition for finding 


coklh SRE ete 
the system on the boundary of atability, besides its 
erephical detinition, vis., nagaage of toes Mereotor 
hodograph through the origin of coordinates, aan also 
ne defined analytically and be reduced te tha simile 
tanvous equating to sero of the real and imaginary 


ompponsnts of the charecteristia veeter, i.¢., Lo the 


presence of 8 root common to two peas 
and », eee 
x y () ees 1] (ee) ==. { Lee ie j 
nt 
Bravietion of atenility wy the waknavioy eriterios 


for antowatie controk syetome with Ri eee f. 


PROUT ob ener 28 ne wd) eS 
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aQsleay ennvencnt with the OTF Ke “EP Lngertec in one of 
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the systeaa's cirevite inireduces inte the characteristi 
polpnorial nex elements with cperator factass of the 


e nt PE es : ¢ a 
form et S42? where the sign of the exporent woe 


upor tee pince of the isisay component in the block 
Qiacram acd on the subse uent alzgebreio transfermetiong 


Wi Rance sax the case where the cherncteristis 
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M(p, tg =e" Q(p)-+R(p), 
Q(p) and R(p) are polynomials of n-th and mth order, 
respectively, and et WP is reduced to a polynonial of 
infinite order: pe tpt 


e*d? = | ++,p+ + a a 

If we construct a hodograph u(jev%, ), its total 
deflection angle Cy will always be infinite because of 
the properties of the delay component,and to catch the 
variation of this angle for a limited number of quadrants 
with the appearance of roots on the right side of the 
characteristic equation is only poseible if we juxtapose 
two Lodographs, M{jq@) and M(j co,Ta hs but the alter- 
nation conditions of the roctsa are easily controllable 
oy means of one bedograph, M(j eo rg). 

A. Ve Mikhsylov's methods, and especially the evalua- 
tion of the deflection angles of compiezx vectors, are @ 
usefui contribution to the development of control theory. 
With the aid of these methods Mikhaylovy and a mumber of 
other scientists were ahle te give a strict and clear 
@luoidiation of stability conditions, to analyze the 
behavior of Srequency~response characteristios in 
acoordance with the character of zeroes and poles of 
tue transfer function, and so on, 

When directly using the Mikhaylovy stabiiity cri- 
terion, newever, the Meveotor hodograph oan only be 
constructed analytically; in the general case 2t cannot 
be taken experimentally inasmuch as the complex 
Eikhayiov vootor does not reflect the entire transfer 


function of an avtnmatica cartes. ovreten bt cmb. ee 
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in Lass the amerdenn selentiet and redic anginesr 
H. Nyquist formilated « ariterion for the stability cf 
anglifierys wiih negative feedback nesed on the Lovesti« 


sation of the phasa-sino.itude tharaateristia ot open 
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e¥yetenk where fraquency-reaponce chasacteriatics of 
ens are fairly eesily constructed by means of 


uatterns or determined experamertelly. nence it bacane 


& 
“A® Qyitarjion was proved by the author hinseLT on 
bugsia of the reletion between the variation of 
argument p = jg) and function W(j co} in e cumple Plans, 
with the «34 of Usnuohyis “Principle of arguments”. Sevriet 
Seiemtisia (Ya. 3. Tsypkin and cthers) snowed, nawever, 
taat proofs based on the Mikhaylov principle are ¢Llearer 
ecpegialiy for astetie autcwatie control systems. The 
mathod for inyvestigating frequenoy-respense cherarteris- 
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as have beowu Tully determined in Chapter & o° this 


cr 
.. 


boox and it wilt be meinteained for tne following. 
Lat ug mow axpognd Myquist's oritericn om the oasis 
G aft bd. % wmetiicd th ® 
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a eee ey 


ee 


oe A phase~amplitude characteristic W(j«’) bas been : 
constructed in a complex plane +, +} (Fig. 11-6). For 
what follows the shepe of the characteristic is irrele- 
vant, but we shall note, however, that the characteris- 
tic shown in this figure refers to a static automatic 


eontro)]. system, 





Pig. li-6,. Nyquist hodograph. 


By changing the gain of the open circuit or other 

parameters of the control system we cen deform the 
@ PAC s0 as tc Leve it pass through the point -1, j0, as 

Shows by the dashed line in the drawing. 

Compared with other points of the complex plane 
of funotion W(3@), the point -1, j0 has a specifie 
peculiarity. in feot, passage of the PAC of an open 
control system W(j Gy) at a certain fraquenoy Coy 
through this point is evidense of the fact that at this 
frequency the direct path of the system shows a gain 
equal to unity with @ phase shift of 180°, It suffices 


+ , 
ito recall that the direct path ig closed by a negative i 


meee rv) rarer 


| fo low-up Which agein changes by 180° the phave of oute | 
put oscillations sai feeds them to the duput with the 
Sume anplituda, hense we can see that such 8 system has 
al... the conditions for ths existence of undamped oseilia- 
tiong at the PPAQUONGY Bigeye 
Theos, if the phase-emplitnude characteristic of an 
open avtometic sontrel] system passes through the peoirt 
el, j0O, then the cliscsed system finds itself on ths boundary 
of staoility, The analytic expression for the stabiiity 
ooundarcy is & | 
W (jw j= -~h. (13=16) 4 
By expanding the expression for Wiig) through che 
system's parameters we find the relation betwaen these 


“< 


arameters characteristic for the boundary of the stability 


region. { 
Be PAD Deflection angle of an Open Automatic Control 

; ( 
System vith Respect to Point -1, jv 


Ne see Prom the foregoing that & shim of the Pac a { 
with regpeat to peint -1, 36 on account of changes in ( 
the system's parameters leads it from the vcundary into 
the region of stability or iastability. Thus, for the y 
following wa must investigate the behavior of the 
Charagteristic precisely with respect to point ~1, jo. 

To do this it is most expedient to translate the origin 
of coordinates to this point, i.s., displace the 
amaginary sxis to the iefM by unity. In the drawis 


the new origin of coordinates is dansted by C* and the 


oa 





——o oe 


“new soordinate axes are shown by a dash-and-dot iine. 
The PAG equation of the new coordinate system can 
be written 
Sere nees U (jw) U (ja) + V (fw) 
The sum 1 + W will be called N~veator (Nyauist vector). 
We continue the transformations and reduce the pre- 
ceding formala to the form: 





1+ W (je) = SUS N (ja), (11-19) 


where we have the Mveotor of the closed system in the 
numerator and the V-veotor cf the open system in the 
denominator. In suoh 4 form the characteristic can be 
investigated for tne deflection angle on the basis of 
formla (4-32), We retain the designations of the roots 
of the characteristic polynomial M(p) of the closed 
sutometic control system and of the roots of the charac- 
teristic polynomial V(p) of the open system adopted in 
forimlas (11-13) and (11-16); then the expression for 
the deflection angle of the Nevector (1-19) can, on the 
basis of fortisla (4-52), be written 


ioe > (ly te — 4 + )- 


Since the order of the characteristic polynomials 
of closed and open automatic control systems with m<n 
(this being the case mast of the time) is identical and 


equal to n, we can rewrite the above formla: 


2 —- Ci ; 9 — ; at 1 
9, = ay (i, br, — ty — 2r,,)- (11-20) | 
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Fig. Jia?. FAC bedograph of an ofen system with 
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| If the characteristic equation of an open system ; 
‘has no right or intermediate roots (because of the 
absence of the zero pole such a systen must be static), 
1.6., r= 0 and 1, = O, then the stability condition 
can be written in a simpler form: 


Pv gf 2-9. _ (21-220) 
The PAC of such a system is shown in Fig. ll-? bv 
the solid line, For suck characteristics the Nyquist 
eriterion has a simpler fcrmulation: a closed system 
(with the limitations for the direet path mentioned above) 
is stable if the PAC of an onen sutormatic control svstem 
aces not enclose the points ~1, j0. 


Thus, with the aid of hodegraph W(j 2} we calculate 


the angle yy ond with its aid on the basis cf formula 
vy : a(m—a tty qe ry mm tym ory, i 


we find the pole singularities of W(p}. Further, according 


to the same hodograph W. we calcalate the angle Cx and 
@etermire the eteavility conditions. 


4. Stability of Automatic Control Systems with Delav 
Components, 


If a miltioircuit sutcmatic control system has a 
te 
a -pt 
delsy cermponert with transfer function e P aa while 
the reméining components form a transfer function 


amounting to the pelynomiai ratio Wip)/V(p), then the 

systen has to be opened at the input of the delay 
cs : . : | 

Scpioment, In this case the total transfer function of — 
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amplitude at a frequenoy @, then, in order that the Pac | 
of a system with lag pass throygh the point -1, jO the 
vector W(jG)) mst turn in a negative direction by an 
angle Y “ & T.. 

Thus, with delay time equalling 


t ) oF, ’ 
(An (11-23) 
‘the automatic control system is on the boundary of 


stability. 


Pd 
With a delay smaller than bs lin 


stable, and with one greater than 7, 
system is unstable, 


the system is 
lim the control 

If the delay component is enclosed by the iccal 
feedback K,(p), and this cirouit comprises also other 
components Kip), then the local OTF of the direct path 


aan be written : 


Perc Andee eee ATCA. 


ance: 


1+ X,(p)K, (Pp) e Pts e Pts +. Kp) K oP) 


—_>_ — el 


Consideration of the additional elements of the 
direct path K(p) leads to the general OTF: 
WK pK (py 
We ps one 
| eo PEK py Ketp) 4 
and to the function of the Nveotor 


N (p) = 1-+ W (p) == 
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ePat KPVK (ph 
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(11-24) 
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Hare Wath U, (eds ee V5 to} are uclynomiels of  ¢ 
limited order, ant es fobs & polynomial of infinite order. 


However, the difference between the orders of the 


numsyator (1-24) art the denominator is tinite since 
it ig determined by the difference of the crders of 
pelysvomiale Uy (p) and V, (vi. Hence the deflection 
angles of the roe sre limited and can be used 
under the stability conditions mentioned sbove, bust 
the construction of hodograph (li-24} is more complex 
than (11-12), 


5, Evaluation of Stabilitv with Peedbaucks 


IX instead of a standard negative feedback an 
Sutemat:.2 contro] system has a more couples feedhack 
Gircust, then ull of the above metnods for ¢valuating 

evabvllity require some additional explanations although 
they are basically epplicable to such 2 system. 

Fimure 11-8 showa the vlock diagrer of the systen 
with direct cireuit transfer function Wlp) and feed- 
back circuit transfer function Hip). To study the 
StaL.lity of the closed system irrespective cf the 

o3ition of the output and input we have to vse thé 
transfer Sonction of the entire open system which, in 
this case, equuls C(p)} = W(p)H(p), and undertara the 


subcequent analysis according to its hodogrep:. 
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‘Block diagram with nonstandard feedback. 
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a oe 31-8, 


tome particular conclusions relative ic the prox 
perties of the system can be obtained not cnly from 
function C(p) but also from the component transfer 
functions. 

Thus, @.@., the stabiiity boundary for such 
systema can te found from the equation 

ul {ja j== ¥ (jo) fa’ (Yee iz 

woence 
1 


W (fen) ae me ee 
(j Es) Wi (jah . 

If the feadback without peing unitary is still a 
follow-up with an amplification factor H, then the 
stability boundary ean be found from the equaticn 

i 


W (fo) 
W (fin) 7: 


a 


fowe Qenoere thie squation with that of the 


greluiLity houndary of ea standard avtormatic gontrol 


sy: iam (11-18) we see that in the given case the role 
GP a Singular point is played by the point with coor 
dinates -1/4, $9, relative te which we mist now cone 
lates th pessage Of the hodegraph cf vector W(ic). 

é static systen with direct 
txensfer fanetion Wip?} and feeduack Gircalt 
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lL. Metriod of Calewlating the Difference of Ne and Weveotor 
DeFlectiou Angles 


The deflection angles of Ne and Wevectors wore de- 
fined albcse by formulas (11-20) end i¥). Gf we subtract 


the latter from the former we hare 
ost oF 


ad if it” A 
(li.2Ga) 


The atability condition of cpsn sutonatic control 
e 


ay tems ) leads ta tie necessary quantity 


es Pe re 
eT ioaas (ae 
of thea difference angle: 


ie ase Se ei pr Shc iny ee hes (.i-88b } 
(Fae Rael TE gH iy a). : a 


$3 « 
If we ¢leplace the origin of coordinates ty -1, 
he coustruction of the Wehodogrark results automatically 
in that of the Nehofograph and sli the necessary angles 


wen easily be defined from the PAC of the open sutomatia 


eomtrol system since its «eL1oce ar ALG t, are Know te 
a AJ 
if the mimeretor aie hug only lawt roots,. then 


i a nN ee BES Fee RW (Li-2A4) : 
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[2. Hatching Method | ea 
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The roots an of the characteristio polynomial con- 
vert the OTF of the open system into a minus wnit since 
according te Table 10-2 


\_ Oy) _ Ut) 
V ()= <sH~iw-TH 
and, inasmuch as M(z,)} 2 O, 
U (2) 
V(@)=9-0G) = | 


Owing to this preperty, if in the root plane right 
of the trajectory Je(0g a goo) there are the roots 
(z.) =» O, in the plane of function Wija@) right of the 
hodograrh W there must lie the point -1, jo. 

Checking for stability amounts to hatching on the 
right the hodograph W(ia)) and to detecting the point 
-1, j0 outside of the hatched srea. 

But besides the connection with the M-vector, the 
hodograph W(3 4) = U(j@)/V(j@)} is also subjected to 
the effect cf ita proper zeroes and poles on the position 
of the PAC: t4¢ zeroes on the right orient hatching 
torsrds the origin of coordinates, the poles on the - 
rignt orient hatching of the W hodograph in the oppo- 
site aireation, and 3c on. The uncertainty in the 
detarminstion of the M-hodograph properties srises if 
there exists simultaneously an equal number of right 
roots and poles W(p}; in this Case the evalueticn of 
thee stability of s closed automatia control system from 


lee hatching of the F(iéd )-hodogreph may be erroneous 
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¢ E a Pots wi 
of its slemectary simplicity /Bibl. 2/. 


13-9. Generalization of £. Ve Miknayiov's Criterion of 
Scaviliey 


Tha chersatezistis Mikbaylev polynomial can be 
detected in the denominator of all the transfer Snunotiocns 
of &@ glosed mtomatia control syeter. In Chapter 10 we 
brought the fcllowiag standard transfer functions of 
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, 2 ‘ 2 
a Gdlosed evetems ue relative 7, (p). disturbance 


cS 
Ps 


trenafer Saustion { 
4 
whe transfer function of an apen system does not 


ct 
Ee 


disyeotiy cuntain « Mikhayloy polynomial but a simole 
trensternation 2+ Wip} gsoanting te the translation of 
The Gvigin of seordinates leads, as snows formula (21-19), 
*G au Punction oontetning tne Mikhaylcov polynonial in the 
mame racer, 

Thus, in ali the ehove transfer furctions in passing 
LG phSgenampliitude charascterioties the influence of the 


Mevector wil] bacome noticeable. This vector hes speci- 


~y 


‘3 detleation angles which oan be easily found for 


Btaula and unatahle closed seutomatia control systema. 
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| M-veotor proper when using more complex phase~amplitude 

characteristics tecomes obviously obscured by the 

appearance of additional angles from complex functions 

comprised in the PAC formmlas in addition to the M-vector. 
Yet, when generalizing tne Mikhaylov methed it 

appears to be possible to evaluate stability according 

to any phase-amplitude characteristic of the system 

derived from the above transfer functions on the basis 

of the calculation of the deflection angle of this 

cherecteristic, proceeding from deflection angles in- 


cluded in the PAC of the Mevector and other complex 
functions. 


lL. Evaluation of Stability from Relative PAC 


From the expression for a relative transfer function 
given in Table 10-2 we pass immediately to tne phase~ 
amplitude characteristic 

o> (ja) = . 

Ye determine the deflection angle of the relative 

PAC in a fashion similar to that of the preceding angles: 


=p (ly ty mle ap: 


With equal order of the polynomials of the numerator 


and the denominator we have: 
2? = ° ‘ 2 ry 1-27 
? sj (iy Bry — iy ~ 2ry). ees 


ie For a steblie closed automatic control svster we 
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determing the retaired deflection angle of ite relativa™ 
ane 
PAS: 
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Zo Bvaiueticn of Stabikity by Inverted kelacive Phasa- 
Amplitude Characteristics (TAPAC} 


Sisr to construct the inverted relative 

PAC (10-120) than the direct relative Pad, hence we 
formulate the croved criterion for the nodograr 
she inverted relative PAC (IRPAC). Onvwicusly the 
defiLestion enzle of the IBPAC of a stable f]los.cd systen 
wihi differ from (1.4~2?0) only by the sign: 
\Li-27¢} 

Manus, & closed system is stable if,wnen the fre- 
yuency changes from zero to infinity, tus TRPAC has a 
positive deflection angle with a numbex ot quadrants 
brag 


pe 


ersed by the characteristic equal to tne gum cf 
the intermediate poles und doubled number of right 
poles of the open system. 

If condition (11-27¢e) is not fulfilled, it might 
ne uSeful to ascertain not only the existence of a 
nonsteady state in the automatic control system but 
also to determine the character and the numbex of the 
right poles ef the closed system. To do this we use 
forrula (11-28%a) with its sign cusnged for the in- 
verse characteristic: 


Saag? =. (i, -- 2r,. — — 2r,} ae ! 


few ane 


~~ Calculation by this formila and juxstapcsition 
5 
with the deflection angle of the actual IKPAC give 
an unswer to the questions posed. For example, in 
- he cs ‘ . ro) 
Fig. 11-6 @* equals Wy +H, » =9'; whence for iy = 0 
and ry ™ O we have 


— Jatin, or iy == 2. 


5. Evaluation of Stability by Pac of an Open Automatic 
Control System 


The IRPAC graph of a closed automatic control 4 
eystem ie obtained from the FAC gruph of an open system 
ry @ simple displecement of the latter by unity along 


the reai axis. For this reason in Fig. 11-6 the plane 
with coordinate axes shown with desh-and~dot lines is 
designated as the plane of function 1/P, (je). | 


Thue, the graph plotted in Fig. 11-6 in the ccor- 
dinate system with the axes represented by sclid lines 
are FAC of the open system, while in the coordinate 
system with dash-and-dot axea they ere IRPAC of the 
same, though slosed system. 

It is obvious that on the strength of this coinci- 
dence the deflection angles of the copen-system PAC with 
respect to point -1, jQ coincide with the deflection 
angles of the IRPAC of the clcsed system with respect 
to the origin of coordinater O*. The same deflection 
angles were obtained in deriving the Nyquist stability 
oriterten (@* = @,) wiich thus becomes a particular 
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|of the numerator. For the force transmission of 
control signals this limitation is quite naturai since 
in feeding to the input of the direct cireuit a constant 
step already with a numerator and a denominator of equal 
order in the transfer function the expansion of the OTF 
contains a constant term, i.¢é., an instantaneous trans 
mission of this step to the output must be assured, 
wheréas if the order of the numerator exceeds that of 
the denominator, pulses mist be observed at the system's 
output, which is not feasible from a power engineering 
point of view. 

Yet, in glectric cirouits such relationships be 
tween the order of the numerator and that of tre denomina- 
tor of the transfer function of the direct cirenit are 
pessible, and their connection hy means of a negative 
foliow-up directly or through umplifiers is possible 
as well, This was dealt with in Chupter 7. There may 
arise the question of the stability of the olosed cir- 
cuit which is solved, as in the examples investigated, 

Oy Geterminizs the deflection anvle of the characteristic 
UP, (30) = N (jc). 

If the order of the numerator in a transfer functicn 
GY ar open system is equal to that of its denominator, 
thea the characteristic terminates on the real axis 
sance W(jS@) » bh /a_, nen avalueting stability such 
& Characteristic has no sginguiarities, 


If the order of the dencminator is smaller tran 
Ps) 


that af the numerstor of a transfer function of an 
‘ i 
bpen system, then its PaC proceeds to intinity. In this— 
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| The characteristic W, (je) drawn in a solid line has | 


8 positive deflection angle +5 quadrants with respect to 
point -1, jO. The IRPAC has the same deflection angle 
with respect to its origin of coordinates 0*. The closed 
system is therefore stable. For an unstable system of 
the same order the characteristic is drawn with a dashed 
line, and its deflection angle is ~1 quadrant. Both 
charaoteristics proceed towards infinity in the third 
quadrant in the directicn of the negative imaginary semi- 
axis. Characteristics W,( solid line and dashed Line) 
refer, respectively, to a stable and unstable closed 
automatic control system according to (11-21b) and (11-20). 

Characteristic of systems (m>n) is the change ia 
the respective location of stable and unstable scharac- 
teristics with respect to the point +1, jO. In stable 
systems, however, the point -1, jO never falls into the 
hatched region. 

In the given case the inversion methed enables us to 
draw the following conolusion: if in the direct oirouit 
of a closed svstem the transfer function ¥, G@)) is 
substituted ty the inverse We « L/W, the stability of 
the closed system undergoes no change. Hence, in 
evaluating the stability we may plot in the plane W(ja) 
either the hodograph W(j@) or the nodograph 1/¥(j @) 
(@pending upon what is most convenient for the purposes 
of the investigation. 

in two closed automatic control systems with open 
transfer functions W(j@) and 1/W#(j@) not only the 
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it turns out to be equal to the raistive transer function 
of the first syvsten 
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Consequently, the transfer process at the output 


of one systen coincites with the process on the error 


line ¢f the second aystem: 
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Sel) = Xe [f 


The transfer fun sions of beth elesed eyste-s 
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(of the sharecteriaties by noxograma, the stability of | 
‘ malticdroust automatic control systems may be investi-~ 
gated in several stages. 
This makes it possible to establish more clearly 
the role pleyed by each cironit in the formation of 
right-hand poles in the open control system and devise 
means for eliminating them if the system as a whole 
cannct te stabilized at ence. 
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Fig. 11-10. fvaluating the stability of milticireuit 
automatic control systems 


We investigate the mlticirouit autoratic oontrol 
system shown in Fig. 11-10. We perform a successive 
convulution of the cirouit and plot the general 
frecuancy-response characteristic, foousing our 
attention on the information required for & subsequent 
erairuation of the control system's stability. 
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co nomogram we find the relative LFC of the olosed | a 
cironitP,, (Jeo) = 1/(1 + Cg(JCO}) © Vg) OV (40). 
By the Cx (Jed) hodograph we determine the singularities 
of the poles cf MM, (p)s Ths and dis° The "transmission" 
frequency-response characteristics of the circuit are 
found by summing ure Py. (4 a) and P10) P, (50) 
according te the forme $, ($c) a P a, (40) x $,(301P, (50) 
Viepy (360/90). The singularities of the poles of 

,{p} are easily singled out: Morr * Tus * Tun * Tur? 
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4th degenerative feedback circuit. The open system 

has an OTF C,(p) = W(p) «My () B, (p) = dg (B)/a, (P) Pa (p)« 
Tne singularities of its poles are found taking account 
of what preceded: ty = Tingr + rs) ty = oir + is° 
Ail this makes it pessible to evaluate the stability of 

a closed automatic control system by the LARC and PIC W(ja@) 
On the basis of the rules expounded in Section il-7. 
To salenlate the deflection anglee of vectors: in the 
complex plans near the origin of coordinates w6 o6n use _ 

drectly senilogarithmic PIC, while for the caloulation f 
of the deflection snglea of the same vectors with respect 
tc the point -1, jO we mst analyze both the PFC and 

TANC and single out the number of intersections by the 

phase characteristic of the line 180° at an amplitude 
greater than 0 db, 
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The overall pucpose of measures for ensuring the 
stability of autowetic contre. cystezs is determined by 
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legitinate requiremeat of not omy ensuring the stebiiity 
ef satemetic control syatens put also of creating 


the atability bounaary appears to be jin the abxunt drop 
ppecitie ata ility uargin, 1.4,, tae system mus. be 


sass 


Let us note in addition that the soluticn of the 
protlen of stability of eutomatia control systems and 
the creation of the required margin of stability mst 
not impair the system's accuracy. 

The complex solution of these problems is dealt 
with in Uhapter 12. 

How to apply the messures for ensuring the shove 
stability indices, as well as the evaluation of the 
resuits obtained can be decided on the basis of analytic 
ox frequency criterie of stability. 

In the given Section we are going to deal only with 
frequency stebility criteria. 

The measures for carrying the system across the 
stability boundary far enough from it into the stability 
region become clearer if we resort to frequency criteria 
ot stability and to a mimber of rules esteblished while 
determining these criteria. 

The boundary cf stability in the plane of the Pac 
of &n open sistem appears in the form of e boundary 
characteristic of each of the systems investigated, 
passing across the point -1, jO. The stability margin 
in the PAC plane has a visual-geonetric character con- 
sisting in the receding of the points on the PAC investi- 
gated from the boundary point -1, j0. This receding is 
expediently measured in a polar coordinate system in 
terms of phase and radius-vector or the logarithn of 
modulus ratio (in decibels}, and vy introducing 
epnestraly the notions of phase and smplitude margin nae 


880 


(for stevle ayetems. 
A phase margiz is said to be the angle between the © 
direction of the resi negative semiaxis and tne PAC 
vector of an open automatic control system whose medulus 
equals wnity, 1.6., 0 db: 
pas t-- © (a). (lieSda} 
The amplitude margin is said to be the modulus of 
the vector of the sens vat placed along the negative 
real se@miaxis, expressed in decibels: 
L (a) == 20 lef] W (/,) |. ea 
Fignre ll-11 shows a circular are of unit radius 0 db 
which subtends the angle 2. The system hes & phase 
margin wo af the PAC of the cpen systen intersests the 
clroumference 9 db on the boundaries of the hatched seotor. 
In the cane figure, sgainst tus negative real s 
are vletted points corresponding to margins end amplitudes 
eqnait ip vagnituée (decibela) and different in cignes. 


a 


& Stadlie systen has an amplitude msrgi: 2 Lap) if the 


Fac of the cpen system intergects tne nesative real axia 


Qt one of the twe points on tne doandaries of the hatched 
secyar In sueh «¢ control system cevietions of the gain 


from rated value towards the margin are permiesibie 
without iupeiring the system's stability. 
Let us investigate two stable olased cortrcel systems 
gous 


with an vis of the open loop ® (p) and 1/9. 


nae 


(go) « Wi. (p)e 
If for one of tne systens, @.%e, the first one, 
the phase margin bas a positive sign, then it is naga 
tive for the second one. The signs of the arplitude 


margin ter both eutomatis control systema very in . -— 





exactly the same fashion. In terms of absolute magnitude! 
‘both indices of the systems investigated are identical, 


ag shorn in rig. lleil. 
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Fig. liell. Designation of phase end amplitude margins 

in a complex plane. 

For each individual system the characteristic moves 

away from the boundary of stability only with s specific 
Sign of the stability wargin. Rosirel characteristics 


Signs are determined on the basis cf genersl stability 
eveaiustionse 

Phase and amplitude marging can be clearly read 
on the decibei-log-frequency and the phase characteristic 
shown in rig. 11-12. The phase margin ig equal to the 
difference between 180° and phase magnitude et & trensi# 
tion frequency of the AFC seross the line cf 0 db. The 
anplitude margin is equal to the amplitude magnitude 


a5 decibels at a passage frequency of the phase charac- 
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may have two sagns for the amplitude margin. The proper ! 
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lamounts to about 70°, the ampiitude margin to shout — 
20 db. | 
It should be recalled that the gain of the integrator 
Ri is quantitatively equal to the frequency at the 
point of intersection of the asymptote of the initial 
segment with the line of 0 db (see Chapter 4), hence in 
the given system we huve a velocity error constant 
Kj, = 0.5 sec”, Judging from the magnitude of the 
anplitude margin, it can be increased ten-fold, i.¢6., 
brought up to 5 seo"*, 
In the following these very reugh calculations 
will be compured with anelytic evaluations. For 
automatic contrcl systems differing from the one in- 
vestigated by their structure, in the case of several 
points of intersection with the line 0 db or phase 180% 
the margin has to be determined several times. In so 
doing, the sign of the margin mst be evaluated correctly. 
On the basis of the frequency evaluations cf 
stability investigated and of the stability margin we 
can devise a mumber of engineering measures by which 
to ensure the indices desired, 








Fig. 11-16. General principles of deformation of the 
| PAC cf un open system for stabilizing a closed autometic | 
—eontrol systen, os 
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‘tn its inner structure; cat 
By introducing feedbacks enclosing one element or 
& group of elements of the direot circuit. 


These procedures are worth being thoroughly investi-~ 
gated. 


“2. Cascade Connection of New Elements into the Direot 
Circuit 

By connecting into the direct cirouit of a control 
system a new amplifying component with a gain iess than 
unity, one achieves a reduction of the modulus of the 
PAC vectors at all frequencies through a proportional 
decrease in the total gain of the cpen system. This 
method needs no particular elucidetions, yet it stands 
in contradiction with accuracy requirements and its 
application is in many cases limited. When inserting 
intc the direct circuit an operator element it must be 
selected ‘among a number of elements having a lead for 
the turning of the system's PAC according to method 
"o" or having a dropping amplitude-phase characteristic 


in the required frequency band in eccordance with 
method "b*, 


3. Substitution of Elements in the Direct Circuit 


Let the transfer function of an open automatia 
oontrol system be assigned in its general form: Ws (p). 
In the chain of elements of the direct circuit we 
jpoeexate out a group of elements which remain unchanged, 
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See shy replacing glewents of th 
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if now instead of the slement with transfer function 


BP) owe insert a new element with transfe: 
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function 


—— —s. 


Dp), then the acsregate transfer fusatio 
airest cireuit will be 
W, (p) == /7, (p) 17, (p). 


The relation between the new end the old transfer 


ee 


of the 
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~e 


functions of the direet oirevit can be reguced co the 


Following fers: ae 
ioe 


; Pan yee W, (py wy , 
Vv, (p} ie Vv, (OF Zo) a (p) K (py. (Li=34) 


Tne formila above makes it posgible to determine the 
PAC of the new system from the original PAC. Ts do thia, 
ail of the domplez veetors of thea fundamental Pao must 
be miltiplled by the complex correction factor 
K (Jo) == | (12-35) 
n this case the Pac changes its xcdulus by] K(3 ca) | A 
willie the phase of each veetor turns by the phase of 
the oorrection factor. These PAC deformatio 
turn ont to te usefnl for ensuring atability or ine 
creasing the stability margin. 
Suppose that in a system the aperiodic component 


ct 
fe 
a 
BS 
weg 


is being replaced by an identical compenent but with 
& smaller constant of time; then Ae (4G!) « 1/1 + soot); 
te) e L/(1 + Jot), and the complex correction 


facter can be defined as the relation 
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Ko Fey) emcee OT ey EE LOT 
Th) oon (ema ie jet, 


1 fot, 


fhe Last transformation in the formule derived 
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be performed if we evaluate the PAC deforma~ 
ticn by the logarithmic characteristice of the components, 
wriaen in the giten cage appears to be most expedient. 

lu Fig. 1ll-ié the dashed lines 4 snd 3 show the 
logurithaie charactertatios of the aperiodic components |. 


aero 


oem 


iwita usit @sin. The waplivude charactertatiaa sre 


given neces iu their esymptotic form, ana tom break of 
the hovisontal portden of & demponent with 4 yvreater 
constant of time T, at the tracking frequency 1/T, 

x 


takes wlace earlior than the break of a characteristia 


With a constant of tine T, end tracking frequendv 


3 
1/E Tho phases responses are traced with the sid of 
patterus through voints ~45° as their tracking fre~ 
quencies, 

By subtrseting from the characteristics of the 
third component those of the second one we obtain 
the aggregate characteristica shown in the Hisure by 
& solid Line, 

Prom the phase characteristic of the correetion 
factor we can esteblish that s dJeorease in the constant 
of time of the apericdic component introduces sn the 
PAC a lead et all frequencies, and seyecialiy iu the 
quency band from 1/7, to i/t., Whers the leads way 
attein 43° und pore. This veoresente a war3at of the 
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yen aorrection method. 
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& drawback Gt the method investigated consists ia 


be 


2 sagmeitensoug inecease in amplitude at high frequencies 


ig + “s ; db]. 


The relativeiy small ae lead and the inoreasa 
in genie make it possible by replacing the cum» 
povonts by uniform corponents with improved. dynunic 
oheracteristics to ensure tha stability only far chose 


isys “tems which are Gomparatively close to the boundary 


hex? 
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[ of stability; in more complex cases additional measures | 
are required which we disouss below. 


4. Insertion of Coparallel Forcing Circuits. 


We divide the transfer function of the direct cirouit 
of system W, into cofactors ,, i,» [Tas I, and N, being 
transfer functions of components with invariable operating 
conditions, and 7, being a tranafer function of components 
enclosed in the direct circuit. 

If the direct circuit is joined up with the basic 
system in the way shown in the block diagram of Fig.11-15,a, 
and if it has a transfer function B, then the transformed 
transfer function takes the form: 


W,(p) = /7,(p) [/7, (p)-+ B(p)| 7; (p)= 
== W,(2)-+ /7,(p) /7,(p) B(p). 


ye ae aa (11-36 ) 





Fig. 11-25. Coparailel stabilizing circuits. 
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he geeond fora cf tae right-hand gtue of ihe 


rea ite 


equetion ootained reflects the second version b of the 
hlook ¢iewgran showa iu the Pieere abeve snd ottained 
from the firet oircuit by shifting the node against the 
fatn of tue signal und the adder along it. 

Cireuat co and the transformation formila fer <he 


characteriat acs 


W,(pye= W(p) | bp i. 


fap) f (LoS? ) 
ean be found atalytically and by structural setacds, 
Thur, the new PAC ¥ Pat G@?) gan be found by jcining 


to the original FAC Wt a the vector 


of (fap m= FT, (fo) B(ja) F7, (im) (11-58) 
or by smitipiydzg W, (340) vy the complex correcticn 
factor 


{3 { (feo 


K (iaj== + Fi gl fur’ 


(11-39 } 
Tt is pettaer to perform the addition of veators 
in & Goupiex plang, while the charesteristace are more 


expedieutiy miltipiied with the aid of logerithmic 


Lat us take 4 alhover leok at the additional vector 

Bik cron eft, (gen) k (J) TT (4e). In these cases whers 
at 18 expodle ent to shift the PAC of an open system to 
the right andl turn it in a positive directica in order 

to cotein stability or to increase the stability marsxin, 
the additional vector mist have a phase close to zerd 


tr within the limits of the fourth quadrant with an 


tee oe nee 


owe pews 





t 
frequencies close to the natural oscillations of a4 
system on the stability boundary. 
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Fig. 11-16. Transfer cf the PAC cf an open system into 
the stability region by inserting a coparallel circuit 


Figure 11-16 shows some typical additional vectcrs 
Ah (ia) and their effect upon the PAC. 

Diagram 6 investigates a purely real and positive 
veotor<h(4a) pa a By adding to the PAC W, 4& vector 
eonstant in magnitude and direction we poten a PAC Wo 
shifted to the right by the quantity LL, We can easily 
see thet stubility ean in the given case always be 
ensured, 

In diagram b the additional veotor is taken 

; purely imaginary and negative but with a variable 


te te 





aa 


‘modulus of the type of an integrating compo ont dll (yar) es 
x ad @, Its hodograps coincides with the negativa 

te ‘inery aemiaris. i is shown in the disgram, and on 
tee hodoxgraph there is separately marked the vand of 
frequencies close to the system's natural frequency, 

The diagram nas also additional veetors for limiting 
freunrencies mr, and co, § these vectors push downward 

the corresponiing pointa of the Pac Woe Lfter pere 
eerie constructions of this kind for &lii points 

we ODtSin & naw Pac vw, 3 Passage across the stability \ 
Doundary can in this ee alvays te ansured provided | 


we choose the woduius of the ad@itionel vector wreater 


then the imeginary frequency-response characteristic { 
at frequency Gr, Ae, [o (Jad, } }f>am W hae Bie 

In diagram ¢ we study an Fas yeotor of the | 
cype of an ean component whese hodograph falls 
entirely into the fourth quadrant “Ah (4 WM) we K/(lej at). 
The region hatehned in the dilagra: corresponis to the 
fre: BN = CO, near the eae naturel frequency. © 
Tae addition of veotors JL (4a, ) 1) ana£il (4 Gd} t the 
FAC M3 $ pexformed following c 12 rule of vector , 
SUEGATION, After sarrving out similar constructions 5 


Tov $1. points of the graph, we obtain & new PAl. 

Tt should be noted thet in the frequency bend a)-@, 
the hodograph Ww Cun be carried seross the atability 

Sundary in “he shortest direction, and this wees it 

possiole, if the additional vector is situated in 

ths Yourth quadrant, te ensure the stability of an 


oe a2 Gontrei system with a relatively 3mall.gain --— 


megs 


rem 


in the parallel circuit. 


in diagram d we investigate a second-order addie 
tional vector of the type of an oscillatory component 


A= aT Tae 

From the fourth quadrant its hodograph passes into 
the third quadrant. If we again introduce the limiting 
frequencies o, and @, we can easily note that as long 
as the additional vector is in the fourth qusdrant the 
displacement of the PAC aay occurs in a favorable direotion, 
whereas when the additional veotor passes into the 
third quadrant, only the imaginary vector component 
displaces the PAC W, ina requirei direction (downward ) 
while the real part of the additional vector leads the 
PAC ¥ away in an undesirable direction (to the lett). 
Although in the example studied in the diagram stability 
ip attained, if the vector phase,/](j cv) approached VT in 
the third quadrant then ,to obtain the required imag inary 
eomponent the gain in the subsidiary loop should be 
chosen excessively great, which is not always feasible. 

Ry analogous diagrams we can show that when finding 





the sdditionsl veetor in the first quadrant o useful 
displucement gan be achieved only by its real part, 
whoiie when finding the additional veator in the second 
quadrant the system cannct be carried across the stabi- 
Lity boundary whatever the gain of the parallel arm. 

tf we determine the frequency at which the addi- 
tions. veetor taken from a corresponding point of the 
Ipac cr its coatinuation passes through the point -1,j0, | 


ead 


g04 





iW@ Gaz easily velonlate the minimis gain af the peraliel 


Qirsiit a whicn the system finds itself on the boundary 


of stapility, in disgrem b, ees, the limiting gain of 
the subaidiary arm ia eyual to the sdopted gain K , re- 
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BNELOAZOUS KeEowmatrad velations, 

The acwregata subsidiary veotor,tl gonteaing as 6 
eofactor the transfer functions ii, i ip tiis( (p} of tha 
elements of tue system's direat eireust ae MOMEOV EE , 
newly Lluserted elements with the transfer function 
Bip). ‘he oheiee of subsidiary elements depe 
dourse, om the character of compenents already available 
in the direct chlreuit, Lat us investisate some v.casibls 
thoivas o? gubsidiary elements in accordance with the 
wrpe of elemancs of tne control system's malin cirduit 
mot covered by the direct parallel cirmuite 


Bue A RUD ASS.ed “OLN Wy cans COLTS eo eat i thy amplifying 


component plone. In this case fi, fy 28 & coustent 
pamoer and the reeonmendutions relétive to the agere- 


gate subsidiary veotor guid 9} are referred’ now to the 


yaotor of tne parallel branoh Bija@t). Henee it is 
expedient to heave the mc direot circuit in the 
forecy 2 sie id daredt. 3 Ut with amolsifyiag come 


sonenvs, or in the forw of an astetic sircuit with 
intesratang eiements ana aperiodic asmponents, or 4 
group of ccmponents satiafying the phase requirerencs 


the subsidiary vectcr. 
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we jt Should he noted that & parallel olrouit «ita es 


at ee 


po ee ooo 
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aie a wide coverage of nearly all the elements of the 
‘direct cirouit must to some extent duplicate the functions 
of the letter. For example, if the elements -.covered are 
assigned the tusk of increasing the power, then the 
parallel branch must solve an analogous problem if a 
summation of the parallel branches according to the 
block diagram in Fig. 11-15 is to be achieved. 
Let us investigate, e.g., the direct circuit of a 
powerful electromechanissel system shown in Fig. il-17,. 
The control input in the form of the deflection anzle 
of the input shaft brings about the displacement of 
electrical, mechanical, hydraulic . or other similar 
elements of the speed variator of a powerful electric 
motor driving the output shaft. The principal energy 
flow is conveyed to the output shaft from the eleotric” 
motor which overcomes the loud moment. 
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Fig. 11-17. ifeohunical rigid coparallel circuit. 
Key: 1) motor; %) differential; 3) output; 4) direct 
purallel circuit; 5) input; 6) sveed variator 


If now we apply to the speed variator a direct 
rigid cirowit in the form of a shaft branching out 


at the input from the main path and joined with the 


ry eae 
eed 


Foutpc skath by means of a mechunical diftersavie. , theil 7 
ee momacct ou the pavaliel eireult sham will be aie, 
by the cunt eoment coslawluted inversely preportional 
to the transmisaion Tigures of the differential end sube 
Beguent transmissions. The required moment at the input 
shaft is determined in a like feshion. ; 
Diegrame Similar to that shown in Fig. Ti-1?7 are 
usad in dirsct atreuits of control aystems closed by 
wer: foparator)} > In this cage the direct oclrault sasures 
the atabllisy of sutvielertly complex closed systens. 
Application of 44irast cireuilts, in slootric olrouits, 





wotelly with the sid of Benes 39 Garcied out 
with fawer Limitatious and was dealt with in Ghaoter 4. 
in this esse, howewsr, the result ef summing vienala in 
parallel branches to convert them into the outper riine 
et 2 reletively powerfvi sayatem requires the insiriion 
cf a wamber co subsidiary slements which, ag ue ride, sre 
hOre Gowples than noustexrege amplifiers. But such 4 

ays 
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ee 


exaeede the scope of the vasa investigated and 
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¢ JLecussel subsequently. 
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wha 
Hous, Stability ig theoreticelly alrsys attained 

if all the operator component3 of the diregot cirwsait 

are covered OY & ganarslial edrouit which ia made 

mot “woniovsble for power engineering considerations. 
ihe poséilel cipouit does not cover clements with 8 
ansfer Punotion a eee When. 

sence the verieties of direot cirtuits, we 


By the given cige all the elements ferming ‘ 
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(transfer functions fhe) Ih which have the PAC in ae 
the lower half-plane. Such elements include the in- 
tegrating, eperiodical, cascade circuits with two 
epericdic components, the oscillating component, etc. 

If at. all frequencies the vector [Taw 1, (3@) is 
in the lower half-plane, then when forming the additional 

: veotor (jw) there are various possibilities of choosing 
transfer function B(j{@), 

The parallel circuit may be rigid: B(jW)= Bs; in 
this case the subsidiary veotor /,(4 ce) ensures the 
drop of the system's aggregate Pac ard it suffices 
to choose in the required frequency band a large gain 
of the parallel branch in order to warrant the stability 
of the closed automatic control system. vr a more 
favorable effect on the PAC Wy, the subsidiary vector 

ALis@) mist in the frequency band close to the natural 
frequency of the system's undamped oscillations be in 
the fourth quadrart.. 

The parallel cirouit mst give a phase lead if the 
hodogreph [T, (jeu), (3 @) passes into the third quadrant at 
an undesirable frequency band, i.e., Bip) mst contain 
aifferentiaticg components. 

Only very rerely does the parallel circuit yield 
& phase lag resulting from the insertion into it of 
integrating and apericdic components, if the vector 
NH garliw) has itself « small lag in the required 
frzquercy band, 


The perellel cireuit does not cover all the OREratos, | 
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nplifya elements are covered by tha direct cirovit, 
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ALL of the recommerdations relative to the sdditionali 
vestors4igco} remain in Torce alse for the given case, 
but their reasizaution is atudied more conveniedtiy if 
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we preeeed Trem tne bicek ciazrex Shown in Fag. 1im26, 
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parity saps ae éloments as B(p}, the encire righte 


hand side of the system from the node t¢ tha ataer mar 
be regerded as one forcing clement, ‘The deformation of 
the PAC W , idee) is conveniently regarced u& the resunt 
ef ne in the control system's direct ciranit of 
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iby multiplying it by the correction factor K(gaz): 
w al at Vv, (fp K (jos). 


As already noted, the simplest wey of investigating 
the FAC deformation from multiplication is with tne 
id cf logarithmic frequency~respense characteristics 
{In Chaptor 4, Fig. 4~16 and Table 4-2, ere given 
logarithmic amplitude and phase characteristics cof 
ideal forcing elementa of first anc second order. First- 
ovéexy Slements yield a phase lead up te 90°, and sstond- 
exder elements up to 180° although at the assigned 
frequency it is setuelly possible to obtain considerably 
sioller terms of the PAC W, in tas positive directions 
in ideal froreing elements of first order we sdd to 
tne decibel ~ Loge frequency of the control systan's 
divest, oirouit the esyeptetic breken charecteristio of 
the component; ta the phage characteristic we add the 
compe sent 's phase traced cut folicwing & petterne - 
For reel first-order forciug elements with the 
nafer Puuctiion ie 
K (p= aa » where Poly 
the logarithms characteristics coincide ith the 
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296 Uheir iogerithmic characteristics obteined 
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weak prduoiple of intraducinw phase Jesd 
wes ulready shown in diagram 11-14, ¢. 

Bvgacle) CarcyshS J persen ing | Lat forged 
wOtsen, Tt was noted in Chapter LC that tion duts 
the main path of a vontrol invegratiug cote 
povunts Slininates the static error in the cause of one 
corponent, the rate errer in the case of tea components, 
ete, Phia holis alac true if the Litesratisns cornenent 
An angerted inta tna peralis 
Fig. Li-id, Tateereting copernilel circuit, 
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[Gomnected in parallel with a group of elements of the al 
direst gircuit with the transfer function /i{p). Such an 
insertion is occasionally called forwarding the integral. 
We can easily note that the general transfer function 

of the new open system 


W, (p) = 17,(0) [ 17, (p)-+ S| aCe) 


after reducing all the terms to & common denominator has 
&® zero pole, 1.¢., the eystem as 4& whole becomes astatic. 
This property is noticeeble also without mathematical 
transformations, Indeed, with pO it suffices that 

ene term of the trenstfer function, namely, K/p, tend to 
infinity and that the power transfer function also 
seproech infinity. This fact determines its astatic 
properties. It is assumed that the system is comprised 
in the classee of systems investigated and that its 
transfer function, a8 w2ll as the principie part of its 
(tate) have no differentiating properties, &.@6, 
transmit a constant signsl. : 

Fron the viewpoint of raising the stability, the 
transfer forvsrd of the integral is favorable only if 
the veotors IT, (yc0) (1, (3 are located in the range 
of "dangerous frequencies within the fourth quadrant 
wher the aggregate subsidiary vector 
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remsins in the lewer half-plane. For aomplex FAC these 
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' ‘Thus, for stabilization by means of forcing the re- 
guirements of agouracy and stapibity are not in sontradic- 
tion, tut, on the contrary: are solved similtangougiy. 
This stabilization method, however, should not be 
overrated, Ideal forcing makes the system exceseaively 
"rigid" by forging it te operate under great overloads. 
Moreover, the differentiating elements contained in the 
Parellel branches increase considerably the amplitude of 
nigh-frequency disturbances whenever they oceur under 


actual service conditions (see Chapters 10 and 12}, 


&. Feedhack Insertion 


Degenerative feedbacks are hishly efficient means 
for increasing stability. To forwulate the recommenda- 
tions as to where and what kind of feadback to apply to 
elements of & direct circuit, we investigate a suffi-~ 
ecilently general case shown in Fig. 11-19. Here, as in 
the preceding examples, the direct cireuit of an auteo- 
matia contre: system with transfer function W is divided 
into three ceanade-conneoted groups cf elements with 
trenafer functions i, ip}, [Te (p) and N,(p). Feedback 

eg to the element with the transfer function 
ie}, In the system this element is the second on the 
signa:.'s path but since in a cascade system the position 
of the elements may be changed without changing the 
transfer function, the conclusions obtsined hold for eny 
point where the feedback is applied. 
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[outlines is found to lack clearness at first. pe 
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The influence of feedback will becone more cbvious 
if we proceed to investigate inverse characteristics. 


Indesd, we have for them from formla (11-41) 
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Thus, the initial inverse PAC of an open control 
system shifts, if feedback is applied, by the magnitude 
of the ratio of feadback vectors to the parts in the 
circuit not covered by feedback. 
Woioh shitt of the inverse characteristic should 
then be considered favorable from the viewpoint of 


sttaining stability? 
To answer this question we investigate one of the 
stanisrd inverse PAC of the direct clrouit 1/W, (jo) | 
corresponding to an unsteady closed cutomatic oontrol 
system, as shown in Fig. 11-20, If the basic PAC of 
an wisteady system enclosed the point -1l, 40, then the 





inverse PAC of an unsteady system does, on the contrary, 
not enolose this point and tc ensure stability we must 
deform the o14 inverse PAC so as to have the new inverse 
PAC encompass this point, i.@., in both cases the 
point -1, j0 nas to pass into the unbatched area. 

Thus, in a bané of frequencies close to that of 
thea natural oscillations of the system, the subsidiary 
vectoreld, (jo) » H(369)/ 77, (3@3) Fi (422) mist be in 
the left-hand half-plane ( in the second or third 


| quadrant}. For PAC close to the characteristics snown i 
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This wuet to torne in wind when investigating into this 
problem. 

Folioveup. The application of deganerstive follow-up 
to incividuel components and elements was luveatigates . 
Sn saapters 5+", We remind the reader thet degenerative 


Polleweup raiueed tna constant of time of speriodic cou eS 


gorner1.ts and gimulbaneously reduced the eain, transformed 
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astatio componente Lluto static ones, and so Gne 








Fig. Liesu, SA the inverse PAC santo the stability 
region on acnount of feadibuck vreator 
£8 alrendy noisd.all these meesures are conveniently 
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jAll this can be successfully analyzed on the direot a 


PAC or its logurithmic component. 

Inverse PAC permit 4 stricter determinution of the 
effectiveness of depeneri.tive follow-ups depending on 
the transfer funetion of the components not covered by 
st, 

With « zero-order function [1, (p) /7,, (p), when the 
follow-up does not cover the amplifying OEE 3 alone, 
the subsidiary veotor H/T, is real and positive end, 
encé, the degenerative follow-up displaces the inverse 
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PAC to the right, whieh is unfavorable for the stability 
of most systems. This can ba readily determined if we 
consider thet the direct circuit is entirely enclosed by 
the degenerative follow-up; by adding a second follow-up 
to it increases the gain of the system and, if the system 
waS nosiable, this, as a rule, makes things even worsee An 
exception are systems unstadle in the open state, with 
nigh-o.der astaticism (-» 3) or systems with rostral 
FAC where oceasionally it is expedient to increase the 
Zain within certain limits. 

if we change the sign of coefficient H, then the 
component -H placed in the degenerative feedpacx circuit 
forms u positive feedback. In so doing, vector f], receives 
‘he required displacement to the left, but the positive 
follov-vp disrupts the relations in the fundamental de-~ 


gencrative follow-up of the control system. In fuct, in 
the reprod Siieed system Ry * 1, after application of 
re H Ay —H 
positive feedback K, S| me pee ee 
FEO TTT, ft, 


| ig transformed and the transmission number of the control! 
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Bans Tiguse AS an example ia shown an inverse baG of 
the ddruat solronit of & static thir: 
1/W, (3e2) unetsble in the aloged stat 

géneratice folloveup cavers only one apericdic oom @ 
PeRent, 3.4,, a Tiret-order aonponent, then the ree 

SP QGuiponents will be of second order. Their 

snverse chareoterietia ib slso shown by | dashed iine 

d@, 2heiG, Wieh a asin of featbeck elements 

ow 1 giemetion of che characteristics 1/%, ides) ans 
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which corresponds to a contre] system with » specific 
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‘additional veotor which passes through the point -1,40, | 
and changes in accordance with the gain of the feedback 
circuit. A minim gain corresponds to the displacement 
of the PAC exactly to the point -1, jO at any frequency 
C5 » 1.e@., to a shift of the system on the boundary of 
stability; any further increase of the gain in the feed- 


. hack circuit creates the margin desired. 


With higher orders of function T, (300) /7, (3) 


coverage of the remaining components by the follow-up 
becomes ineffective, since the subsidiary vector with- 
drawe to the lower haif-plane. 

Flexible degenerative feedback. A degenerative 
first-derivetive feedback encompassing the entire system 
except the amplifying components is effective only for 
systems with an inverse PAC of a specific shape. In 
fact, under the conditions mentioned, the subsidiary 
vector is [1 (jw) = jor Nf, and displaces the inverse 
PAC only upward. This can ensure stability only for 
inversa PAC whose real component passes left of the 
point -1, JO, i.e., on cnndition that 


I" t 


figure 11-21 shows such a system where the inverse 
characteristic of the direct cirouit passes left cf the 
point -1, JO and stability is warranted by a rising 
characteristic. The gain of the flexible negative feedback 
cireuitT sec required for attaining the stability boundary, 
lia. determined by the vector modulus jot /I1fl, at a — 
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Pige ileel, Effective stabilization of firet-derivative 
negetive feedtack 


ge at which the inverss PAC passes tnxviugh the 
poant -1, 90, A gain greater than limit ensures the 
Staniiity margin desired. 

The Llexinlie degenerntiva feedback network becomes 
rore effeative if we eliminite it from the cireuit of 
the aparicdic element. In this caae /7, TT ($002) 


R/(l + geoT,), the additional veotor Acree 
de 


Qe i mary, Yn See 2. 
gore CL + jae, and its greater cart is looeted in the 


secon! gugsdrant, asating effectivety in accordance with 
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the 2as¢ shown in Fig. 11-20, 
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“ith non-encompassed elements of « higher order the 
ievivative feedback leads the subsidiary veotor into the 
lower Aeif-plane ani stability ie not attained, 


necond-cerivative negative feedbagk. Whe. a seconde 





derivalive negative feedback encompusses a1] the operator 


elenents of the direst eireuit, the subsidisry vee vor 


i at a «~ ®, . 
ecomes equal to + C2 Byes j.e., Li shifts the 
F) oe 
fentiare inverse ohnuracteristic to the left. ot 
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‘This shift is quite fevorable for attaining stability,| 
henee second-derivetive feedback is a powerful stabilizer 
with tue aid of which we can virtually stabilize any 
unstabie system after properly selecting the required 
eirouit gain 7 of the flexible degenerative feedback 
circuit, | 
The effectiveness of second-derivative degenerative 
feedbacks drops and is reduced to zero if it does net 
cover sll of the operator elements, when because of the 
transfer function 1/11, (3%) M1, (5 } the suvsidiary 
vector is led into the lower half-plane. 
Bffect of feadback circuits on the acouragy of 
forced motion, As a rule all feedback circuits inorease 
forced motion errors, This can be strictly proved 
arilytically by determining the error coefficients of 
the closed system transfer function for various forms 
of feedback cirouits. Here we shall confine ourselves 


sO gualitetively evaluating the errors on the besis of 
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Pie. 11-62. Fractical methods for applying stabilizing 
feedbacks, Key: 1} input; 2) degenerative follow-up; 

3) ontput shaft of control electric motor; 4) speed 
veriator; 5) load shaft: 6) first-derivative degensrative 


iPeedback; 7} geconi-derivative degenerative feedback. |. 
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| encompassing by the degenerstive follow-up circuit the 
new transfer funotion ia 


LY (Pp) 
ae Ad RRR) ee 
_ KeU (py pi (py + KU * 
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This result shows that the astatio system has become 
static, i.@., a new error (statioism) has arisen which 
did not exist earlier. If the system was already static 
then, after insertion of the follow-up cirouit, its 
staticism increases. 

A flexible degenerative first-derivative feedback is 
achieved in the diagram investigated by inetalling a 
techogenerator producing a voltage proportional to the 
rotetional speed of the control electric motor U,» Tid. 
Consequently, cperation of the control electric motor 
requires in addition to the error signal needed to 
overcome the resistance moment in the variator, an 
edditional error voltage value to cover the voltage 
of the tachorenerator. | 

Thus, the regulating system of the contro], moter 
has an incressed rate error. 

The flexible secord-derivative degenerative feed= 
back is achieved in the giver cirouit by feeding voltage 
from the tachogenerator to the primary coli of the 
sreansformer, while em? of the secondary coil is fed 
to the amplifier input. The magnitude of secondary 
enuf with constant acceleration of the shaft cf the 
control eiectric motor is proportional to that 
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transformes anf. hos, the system investigated haa 
an inexeesed errar from the acceleraticn of the control 
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veriator Oni pry Prat ‘) wo Theipis ther in the toval syster 


the order of agtaticism increases by unity es sompared 
to the reguleting system of the centxsoi eisoetxie motor 
wit cotrespondoag erroy variation. 
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finceritea is considgrabiy nore advantageous than direct 
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Fig. 11-5. Structural transformations of a ccouplex 
®@® staniiizging olyauit shown in Fig. 11-13 into a cascede 
eirecuit. 
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No. &, 

Let ua cote that the amplituae murgin obtained by 
the PaC Cligo) shows perwiasible changes in the soeffi- 


cient cf the entire system including the chanaiug ele~ 
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cent. The seme can be said ubout she availabies phase 
Bae 


ct 
> 


rs" 


5 


it 


<L must tbe poloted out thet erter unliccking any 
OLrenit we can find tho gain margin fox each component 
of the system in a like fashion, 

if tae porameters of the contrel systam's elements 
are unstable, osiceulation of phase and amplitude margins 
for various unlocking conditions of the bioex dissran 
yields fairly complete information as to the margins 
availiacilec in the system and the sections oriticsl frem 
the viewroint of stability loss. 

Appiication of the structural metnod for scolvin 
the stabilizstion protliem mukes it possibile te unizy 
8biouLations end to do away with tha heterosensity 
Getwcen graphical structures and analytical osdonlea» 


tions observed in the methods expounded aarlicr. 


In the given Section we investigevted beth types 
ef gtabitising devices which susicsally arfect acvan= 


tageousiy the systems with sufficiently Simple rac. 





Laus with more complex, especially rostral, 


PAC the investigation method remaine the sene tut of 
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The effect cof cixcuits on the acourasy holds i 
bésiculily true for systers with PAC of any type, and 
increased arrera ahould be fought by one of the methods 
expounded in Chapter 10. Regenerative feedback circuits, 
of course, increase the saceursoy and ean even be applied 
in individual special cases but their effect is un- 
favoraple as regards stabilization; they inoreasa the 
constants of time of eperiodica elements, occasionally 
inorease the order of astaticism of the system and 
ereate inner quasistatic elements in the direct cir- 
cuits; in the latter case the queation of the desira- 
bility of shifting the inverse characteristic is re~ 
appraised in accordance with the ‘eflection angle of 
the Nevaotor required by stability conditions. 

We investigate as an example the milticireuit 
System shown in Fig. &-1, e@ which was analyzed for 
coupling coefficients in the form of trigonometric 
functions of angleyin Section li-5. 

We write the transfer function of the system 
unlooked along the coupling circuit, taking tae 
constants of time and the gains to be identical for 
bovh interlocking systems: 
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Wa determine the frequensy at which the Pac 
iutersects the negative real semiaxis from the cone 
dition of equality to zero of the real part of the 


square root from the cenominstor 
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At this frequency the PAC is seal and anounts to 


iy’ PIAS “a siney ea : A 
(je, ye re Se “Kensy ome KT sin { te i 


With respect to the boundary of stability WU Gj) i. 
we Have an amplitude margin 
BAe as a a Po tans 
L. (uy you — 20 te AP siny ty. 
Similar rasults were obtained also in Seetion 1i+5 


we determine rore rapidly and clearly the 


ities of the system or tha meagireas necessary 





liy for the interrelationship leep. If tne 
brcexing of the closed avetem were effected at suy 

Loosl Girtuit, we aould see the restrictions on the 
yaroueters of the immer couplings of eadhn imtarconneated 


Srtrok ayatem, aad so on, 
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iim ee and 2 Frequency Methods for Constructing 
Fae of LONS 





ft the tegimning of the foregoing Section tha 
noving away Prom the stability boundary vas evaluated 
in the form of two generalizec parenueters, viz., vhase 
“8rcia and amplitude margin. If wo evaluate tha margin 
Sy more concrete control system parameters Ccnpriedd 
directly in the coefficients of the equationa ct 
ac 


jupiing, then tha preceding metiicd oaases to be clear 
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| and we require a& more precise definition of the role 
Played by the parameters under study. 
In low-order equations tne definition of individual 
parameters is performed quite easily. 


Let us investigate, .e.%., a third-order equation. 


stability can be evaluated according to the Vyshnegradskiv 


criterion which establishes the required relations be- 
tween the coefficients of the characteristic equation 
of the closed system (11-5). On the basis of this 
criterion we can easily show that to bring this system 
into the stubility region we must increase the product 
of the mean coefficients of the characteristic equation 
SS EE and reduce the product of the limit coefficients 
Pops: , 

It is expedient to give the concept of stability ° 
margin or the moying away from the atability boundary 
determined by Eq.(11-5) a relative evaluation: 

x= 201g, (11-43) 
where #is the coefficient product margin. 

Indeed, according to Eq.(11-4) with a ratio of 
coefficients i, Ps and Sif equalling unity the system 
is on the boundary of stability and the marvin equals 
zeros, und the smaller this coefficient ratio, the 
Sreater the “remoteness” from the stability toundary 
expressed in negative decibels. 

If we evuluate the chunge of any one coefficient, 
oy eciex magnitude not affeoting that of the 
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We con sesily see that if wa invredwae the 


Sithmacs evalustion of the margin for acefficient 
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The concept of a svabality region for one parseter 


ji8 Gcaphicaliy shown by the position of a point charac 





shows the iine j, and on it i3 marked tne point Kya! 
The line segment O - Kan is the stability region, and 


segment Kam ~@ is the instability region on the line 
investigated. 
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Fig. 11-24. Stability regions for one (a) and two (b)} 
parameters 
Key: 1) stable; 2) unstable; 3) stable. 


[terizing the value K,,, on the line #. Figure 11-24,0 | 
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Let us now investigate the structure of the stability 


region for two parameters. 

In the third-order squation given above these 
parameters investigated will be, in the first place, 
again the gain Ks and, in the second place, the ratio 
of time constants m. The analytic relation between 
them is defined by the boundary of stability (11-8 a) 
and is reduced to the form 


t 7 
tose IS 
k_f-+t2= 


By assigning various values to m with fixed T we 
can derive. from this equation the corresponding vaiues 
of X ,. The curve of this relation is plotted in 
ae 11-24,>0 where for the generality of the curve the 


Smee 
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product © |T 213 pintted against the abeoiesda. 
The curve optained divides the purewetar plane inte 
two regions, an unstable one (hetohed!) and a stable one 


without natching/. The ecnerate valoes of the paraneters 


mand K . of the real ayetem ia the parameter plane 
fe 
yisld the image point: ty its distanes from the boundary 


of stability we can judge of the system's stability 
margin. 

Analytical eaioulations relative to the construc 
tion of stebilicty regions are in a number of cates 
feellitated the introduction of an intermediate para 
meter, ee Gene, if we define the houndary of stabi- 
lity ascerding to Mikhaylov, then such intermediste 
pareréter will be the frequency. 

Let us now proceed to  expouniing the frequency 
methods based uprn the generalized method of Tepare 
tioning uceording to Yu. I. Neymark fpiel. of. 

We investigets the relubively compiex case cf 
congtructing stabiiity regions by two paramete ers, & and 
WY, waich enter into the characteristic equation with 


Me Tirst terms in the ferm of ecfuctors with operator 


M ips iQ(p)-bePlp)+R(pia20, 48) 


We write the siability boundsery equationue: 


a (i) ==0a (w) 4 +- & (o») % f~ yr {o) pee ¢) 
r (Pa) == 6 (m) §-4-d (m) a+ s (m) == 0. (Lin4d) 
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In separating the real part from the imaginary one, | 
parameters ue hae as before, in the form of linear 


cofactors although the @J-polynomials have another forn, 
Vides 6; 0 20; 05 19 8, 


resco 


The systen of equations this obtained can be solved 
with respect to & and : 


oan 

Bee — Sl) d toh] 

~~ Fae) 6(@){ * 
| ecard ta) 


1 a (ea) ¢ ken}! 
yee — Leds 
: pera) 
c fea) df (ea) | 
All the remaining parameters of the system, except 
z and 7), are taken to be defined snd invarieble, hence 
the formulas obteined yield a solution in terms of the 
frequency function, If the functional frequency re- 


Lationships are relatively simple, then frequency is 


(11-47) 





eliminated from both solutions and we obtain & stability 
boundary equation in the plane of parameters & and Q: 
i. a) =9. (11-48) 
Hliminat:.on of frequency is optional. We cen dy 


assigning variszus frequency values obtain from beth 





formiias (11-47) boundsd values of parameters & and 
ard construct graph (11-48) in eccordance with then. 


AS &N example lat uz repeat the investigation of 
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the stability regions of «a system examined above 
(Ky “Ei m=), For it the characteristic Mixhaylov 
vector has the following expression; 


he Ml (iw) == mT? (ja) + PL +m) (jo)? + fa + Ky. 
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Calculation of the Boundary of Stability for a Third- 
Order System 














{ 2) r 
or | K.,T m 
0 | : | os 
! ! 
2 | 5 0,25 
3. | 10 0:11 
§ i 26 6,04 
10 101 0,01 


between Ky anid m is established without difficulty, 
and we can calculate at once only the tra last columns 
of the Table, put for more complex systems the intro- 
duction of the intermediate parameter @is sometimes 
absolutely compulsory. 

Above we expounded the methed for constructing the 
boundary of stability. To establish which region ha- 
longs to stable systems and which to unstable ones we 
require only one check for the system's stability at 
any one point interior to the region. 


Frequency methods, Frequency methods for calculating 
stability regions are base3 upon the construction ina 
complex plane of function hodographs obtained from 
stability boundary equations according to Mikhaylov, 
ani on the applicetion to these hodographs of appro- 


ipriate evaluations taken from frequency stability 
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one DArumeter by the Prequency netrod 
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A ocrachor With A&A pert of complex terus: 


M Gabe P (jo) + 8G (fo). 


We coulda gonstruct 3 series of Mikhayviuy hedogrupns 
for various partial values of & and detexmine by the 
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gases, thus we would cbhviousiy iso determine the 
SwabiLlty pegion, but this method is evidently ourmher- 
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fo pedues the valume of conetructions we transrorr 
the chaxecteriatic rector endl divide beth parts of the 
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preceding @quation by the cofactor with c: 
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Now we trace avt in & complex plane the nodceraph 
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of funetion F/Q@ as shown, ¢.g«, in Fle. 11-8%,45 it 
ne 


does not depend upon Fone @e the plotting for the 


mancoe’™ 
LYSLOM anvashipgated is nerformed only once. 


lowulation of various ©, the agecregate 
vector ¥ » F(jgoj/Qlies) is found from a hodowraph 
already plotted by shifting the crigin of coordinutes 
to the Left slong the real axis hy the quanvaty ~ § . 
This is gigo shown in the Figure oy the genersi hodo« 
graph a and the vector triangle 
PORES, 


fn 


% coustructed for cone 


Let us now find to what i¢ equah the deflection 
angle cf the plotted odegrapn F(442)/Q(4)) with 

the shifted crigin of sceordinstes Og: he@e, WitD 
respect to the end of segment - a5 


We denote this angle dy e; and note from the 


draving that it is equal te the defleotion anzle of 
the veotor Uijd}/Gliads). This veator contuins in 
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this case expediently written 


P (fos) +-&Q (joo) = 
== — Tot + jo+-K_,— mTa? (jTo-+ 1). 


Here P (jo) = K_, — Tw? +- ju; 
Q (jm) == — Tot (1 + je?) 


t= mM. 
we form the operator function 


Pip) TR + pt Ke 


Qip) FT hHTp +3) 
and the complex vector 





P(jo) Ka» —-o'T + jo 


Qe) =Tat(i+ jer) * 
corresponding to it. 

The hodograph constructed according to this FAC 
equation approaches that shown in Fig. 11-25,a. 

We now determine the deflection angle of this 
vector with respect to point 0, required for the 
stability of the automatio control system. 

The polynomial Q(p) = pp (1 + Tp) has a zero 
multiple root which determines the constant compcnent 
in the direction of the vectors, and only one lefte 
hand root which actually affects the rotation of the 
hodcgreph when frequency changes. Consequently 
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vequired one 15 evidence cf the existens 
of tuo right-hand poles in the cinsed eutematia sontrel 
sycten, Thus, we hateh the segment of the axis from 
~@3 tO the toucdary of stability on which the veoues 
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the hodernraph of vector = (P(360)/Q(9@)} rather than 


ives 4 vignet-nand reot then, by developing 
mineoy according to (11-49), we find thet 
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‘that of veotor +#(P(§49)/Q(3a)). The change din the 
Bign does not change the direction of the veotor 's 
rotation, it merely sarries all the points of the 
hodograph symmetrically on to the other side of the 
center 0. In 30 doing, all the preceding rules de 
not change and & is plotted against the positive side 
of the real axis, which appears to be clearer than 
plotting & against the negative side of the semiaxis. 

Thus, construction of instability regions for one 
parameter amounts to plotting the hodograph of vector 
a(P(4@)/Q({@)), as shown in Fig. 11-25,¢, and 
hatching on the right which automatically separates 
out the instability regions on the real axis. There 
may be several such regions (see diasramc). If the 
polynomial Q(j@), whioh is a cofactor with ‘S » has 
right-hand roots the rule of hatohing may be infringed; 
then the type of zones is determined by calculating 
the deflection angles ot 

It can be easily shown that the Nyquist criterion 
igs the consequence of a more general frequency method 
of constructing a stability region for one parameter 
(Bibi. 67. To do this, from the pulynomials U(p) and 
Vip) constituting the OTF of the open system, we 
factor out the lower-order terms, By Vy (or Vy)» forn 
from tueir ratio the amplifioation factor k = aly and 
denote the polynomiala normed with respect to the 


lowast term by we (p) and vi (p)s then we have 
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Suppose the earuph 11-25,a doos coincide with the 
noderearh ws &) ef . contre] system. 

In conatmioting this hodograph it will cut off 
cn the negative real sewiaxis socerding to Pig. Ll-85,8 
& segnant OC, by which we determine the boundary 
amplification faster 
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ine artuel amplification faator can in tho given 
ease DA tartan only erveatuar than & .« %iiLn thio 2256 
* “sonnd 
Q 


the Uodograph oa x. ee Will pass with 





Goussenotien of bodogr oe etermining tHe 
Sisvliliy cegicn Ter two parareters. again we investigate 
the churagtecistico sagation Ae Wé pase +70 the 

Bee rr t 


Mikoayviey vector, and by iding it by Q{jeo!} we 


reduce it ta the form 





wowany 





Mijw) os | ie) vel 
Tay ST TA Gay 


Q (fer) ° (11-52 ) 

We construct the hodograph of vector - (R(j@)/Q(4aq>)) 
and, in the same complex plane, the hodograph of 
P(Y 9) /Q(j co). 

With %« 1 the beginning of vector -(Mijed)/Q(i@)) 
wall be at the point 0, obtained by geometric summation 
ef veotors (z + L)}(P(ja@)}/Q(i@)) and its end at the 
hodograph -(R(ja@>)/Q(i@)). The vbonndary of stability 
is found when the point O, hits the hodograph 
~(R($O2)/Qlico)). 


2 “~, 
+ ji Nod sje) A } ae 


i ay 7 









@) b) 
Fig. 11-26. Determination of the stability region fer 
{wo parameters by the frequency method. 
Key: 1) markias 

Figure 11-26 shows for the generel case secticns 
ox the hodograph - (R(jeo)/Q(fa>)) end P(jev)/Qijwm), and 
for » random value of a, the point O, has been formed. 
the limiting values of E for carrying the system on 
the stability boundary are obtained by simply measuring 
LHe horizontal segrent between the hodograph 
~(Rijeo }/Q(j@)) and Plja)/Q(jeo) provided that the 
L frequancies coincide at the poirt where both hodographs | 


ae me oe oer 





jiievsoc: the horisonts. Stiroight Line. Of vourse, such | 
veins must be found peforehand. 

Shus, for one value ‘Tf re l there can be fourd an 
acpropriyte value eorresponding to the boundary of 
Ly. #£ thange in} resulta in & proportional 
change of all the vector radii of bodcgrpph Plgeo) /Qlye), 
Tt is pointless to retraces this hodograph for new 
£% sutviees Lmeteac to mark on the centre. rays vhe 
position cf the points 


o 


f the changed hodograph for 
intearvel valnes of 4] , @9 shown in the Pimsre 


it 


a : > 


Haring suek orepered rays with markings of _y 

nS the frequencies marked on the aodopraphs 

Pita} /Qiscsl and - (kl4@)/G(10))), the bounded values 

nf pewameters E and Y corresponiing to the boundary 

oF etability sen he found in the following faghtone 
Krom ony pointe of hedosrarh ~ (R58 63)/964 62)) wit 

cattain frequency a3, we draw s harizental straight 


Lane total it intersects that ray which has ths soma 


freqeanay @, tox hnososraph P(JG}/Q(icd)-. The Length 
oY the xegaent between hodcgraph - (R(ito)/Qi4ta7) and 


ay 


Ta 
may oe 4 oe a yrrd wet ~ Be, ~ + eg on 5 we ie 
wae Yar As aqpal to ¥ ; marking ct the ray at the point 
a? 


where 25 is intersected by the horizontal streignt lins, 


cts be 


igiexra ined oy Linear interpolation, vislds the bounded 


wale of Ve 
Sy tepeating this precedure wea can aconmiate the 
BFeaaa value of & Bnd a by which we trace the tursve of 
tie atabiiity beunia arp in the oiane of these parsmetere. 
The enaractar of the regions bounded br the 
_ z. 


1 

t 
to 
Eas 


: sos 








| stability boundary curve is determined by calculating < 
“the deflection angles of the vector M(jqo)/Q({@))}. Since 
the position of the point 0, changes with changing 
frequency, this veotor has a moving origin. The charao- 
ter of the zone must therefore be checked for any specific 
point &, % ‘ 

The simplest procedure is to check whether the 
point € # 0, )= 0 belongs to the stable zone. In this 
case we simply use the formulas for the deflection angie 
Gerived fer one parameter (11-51) or the rule of hatching. 

Somewhat more complex is the checking of the 
appurtenance to the stable zone of the point § = 0, HP 0. 

If, in particular, we take % = 1 for this case, then the 
difference between vectors -(R(jee)/Q(j@)}) and P(jm)/Qljw) 
equal to -(M(jco}/Q(j@>)) can be seen in Fig.11-26 without 
additional constructions. 

By tracing the deflection angle of this difference 
vector, as shown in Fig. 11-26 b, we astablish the magni- 
tude of the angle b= €or 

In analogy with expression (11-50) we write for this 
angle: ; 
Pes = Pay Py (11-53) 
If the point ds A = O investigated by us falls 


into the stability region, then a condition anulogous 


to (11-51) 
x 
: = 3-(n2 — g). 
Pen gs 2 ( 9) (21-54 ) 
must de fulfilled. 
= AS &n example we again take the characteristic ee 


—  935— 


sree ete 





9 Pip) -)- 82 (2) 4~ R (ap = 
on Ko, -baml 2t(Tp-+ U--p e ip. 


bed 
eds! 
i 
fog 
& 


oe i tee Pp (Bp) a) ¥ oom Pi, 
Qipyee Tp 7 ptt), R(p== e(T pi). 


Wa write out the reguired polynomial relations and 


the campiex funotaones corresconding to them: 


EE caer ene 


Sete Ere emer celine : 
Gi Tre +D" OGfa arr a fal? 


LOLS o hogegraph 


A 
$+ 
ct 
= 
e 
ae 
& 
i.) 


Bp 
hited) /Qis4}} whieh coincides poodtive 
2444 Naty Seplanis, and on it the frequencies 470 
rsurbarec. dn the second unadrant there 18 4 aodogreph 
Pie) /(gisest with ita own freyueney surmoering. In 


the upper diagran, through points of hodesraph P/G 


4 


corresponding te Creequencies 0.3; 0.4; 0.45; 1 see * 
Peys bave been fraved on which is given the murbering 
(i Ky: Here K_, «2 et the intersection of the ray 
with hodegrapn B/Q, an? further the unit radius-veetor 


ot.ad elong the ray for » number of tines civen 


Xe 


Ip the hottom dingram ere repestad 611 the Lodo- 


a 


-ephs mentioned, with « twenty-fold magniticsd on 


This made it possible te Gover also the hignefecequency ~~ 


a $3¢6._. 








zs 





Fig. 11-27. Construction of 4 stability region for 
two pearareters in 4 complex plane 


part. Additional rays with numbering are traced in the ( 
bottom drawing, through points of hodograph F/G oorre- 
@ sponding to Srequencies Ge < geo”+ and Ge 3 sea” >, 


Upon corpletion of the preparatory work we truced 
horizontal dashed lines from hodograph -(R(4@)/Q(4e0) )x 
= j/@T to the rays so that the frequencies of the ruys 
and the points of intersection of the horizontal straight 
lines with hodogreph F/Q be identical. Lbirect measuring 
of the segments and interpelation by numbering scales 

f the rays yield proportional values of and %. Thus, 
for frequency @= 1 we have: ms 1; Koy «2,3; fora@= & 


| 


have m = 0.25; K_, = 5. We can easily see that these-— 


cee 


Le ae er ee Soe 


we ltes ug Wwe, es the complesentarr cmes Shown in the 
H 


oenwey 
' 
i 
‘ 


Pigure, give the noundary cf stability in the plane of 


a 





peraneters KK, m which ccintides with the surve ir Pie. 


Li-W-64., 


Now there remains only tc verify the chereocter of 


We cheek the repicn in which the point We 1, «0 


Pol 


sg. L)-27 ihe veotor difference - (Rise) /Q(4e))) 
e 9° withéde O, and the 

“p- o o tg tw . + * iFig, thank 4 

PrNse +90 nee total turn » +7 whieh is 


arty Y 


& 


73) 


cheracteristia for vector M4 @I/Qiges) of 2 stabi 
th ne 2 Checause of mn» 0) and gq = 1. 
ALL the apeve constructions were carrted cut in e 


currplex plane, Yat, slsc here we can successfully sppiv 


a 
1s, 


loguritenmie characteristics and nemogrena for teeis 
transTormation utilizing polynomisl structures an the 
cre of sums cf trinomisals,. 

#intd ealoniations by special rors 
tiaenlariy Qonveritent when determining the soundary of 
Stability fer twe persgecers. Wo do this we ned a 


P, Genemosrem corntaini:,g u setilossrithnis reetanguler 


%. 
net " @ (egress? ~ ne ens (the reetilineay net ia 
Plt, Ai-86) and a superinposed net cof igolines of 
resi anl imazinary chersacteristics corresvonding t: 
TG recternguler net. 


The chsrectesastics -{R (167) /Q(462)) Bnd 


PiSGIS/G(3e9} are plotted onto the srocessed rectangular 
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Fig. 11-28, Construction of stability region by logarithmic 
P, Q-nomogran. 


net with isolines. It is borne in mind that the charac- 
teristics are also obtained by means of logarithmic 
nomegrams, 

Farther, the determination of the bounded values 
Gan iY) is quite simple; 

On the curves -(R(jq)/Q(iq@)) and Plico}/Qiia) ve 
werk the points with identical frequencies (2, in the 
eres 


eee 


ie 959 





Oo We cinele mu the ‘amaginery” iecline xnidn passes | 
‘through tue point @s of characteristic -(R(4cw)/P(4ce)) 
(Im, in ths dvawing)} 
” We meseuce the vextioul segnent Letwaen the point 

Ge, on the characteristic P/Q and the singled-out 

"Qhas inary" isoiine; in terms of decibels this segment 

de guuaa te ons parameter 9 ab; 
@ datermine the muueraticn of the "real™ isolines 
sunuing taronga the point &, on the cheuracteristic 
3}, @ud taroeugn the point obtained on the iecline 





ia, €% ine end of segment 1). in the Figure the iso- 
Limes exe dencvwed by Re, and Reo; the difvercence hetweer 
thei: runterizcgs in naturel minvers yielis the scocond 


OE Roar pe 


Bey - Re,» 

CChacwuet ions on tha isgaritanio net are snsloge. 4 
tG 0loee of Fix, Li~#8. an inoreage in tne iwad1lns of 
De eres ar a, ty Y tines (Pig, 11-46) if equivalent wo a 
ot. Te Sleeve eps su. Oe P/Q ny nas] ( hg.b2-c8): 

catel segueat & (Fig, liec6j is 

wyuic mlurt tc dete: vindas the difference téetween the 
ga.tu of reotors -(B/Q) and MP /c) (Fipte Ll+“%8)0 
"3s inoreéane the gain scéle the norogram in Piz. 4<£4 


2 Uboargs 2 DP giving together bianks slong the vertical. 


“er tutormatic control systems witi. variable pera- 
RELOPH cperatizs o Limited time interval tne concest <1 


ARS btoiig atebility is vartueally useles¢g although csces . 
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| can be pointed when such evaluations ure upplied also 
to such systems. 


The cuse of slowly changing coefficients. Suppose 
the magnitude cf coefficients uffect the processes in 


the system, whereas the rate of change of the coefficients 
(and high-order derivatives) have no effect on the charac- 
ter of the processes. Then the checking of automatic 
control systems for asymptotic stability witn rixed 
(frozen) values of coefficients, especially if it is per 
formed repeatedly for a mamber of characteristic points 
(instants of time on the work interval) virtually 
guarantees the damping of the control system's intrinsic 
mction even under conditions of really changing coeffi- 
cients, If the control system is designed with constant 
tuning of the inner circvits, it is convenient to carry 
out the caiculutions for usymptotic stability by con- 
structing stability r.gions for vuriuble parameters. 


Utilization of purameteric phase-amplitude churuoteris- 
tics of close? control systems. Vhen upplying formulas 
(10-73) und (10-74) for sulculating ncise dispersion 
vy integrating, the syuere modulus of PFAC there was 
eapegifically mentioned the need for us sufficiently 
rapid damping of the vo.sresyonding parametric weight 
function teyora Q@> ths This condition is equivssent 
TG un asymptotic stability along argument 6 of u systern 
with a PPAC 
| i 


i ——ee 
od 


i 


ze 


. 
tine v and it is fixed at the gai o? pean 
stability ig evalusted by the usual methods with the 





Mikheylov polynomial 
{ 
Mit, S)/ 


ex Mat “hay lov vectors ee | 
Mit,. 4d) ==/denomina tor FD (fe, {O)} 


aca Upquist veatorss 

M (€,, 7) 
CS) le 

the required damping rate ig atteined with zuitabile 
stability margins, 
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Chapter 12 


. SYNTHESIS OF LINGAR AUTOMATIC CONTROL SYSTEMS AND COM 
oe PUTING FILTERS 
pp 436 - 556 


12-1. General Cases of the Synthesis of Control Systems 


Synthesis cr shaping is one of the fundumental 
Stages in the design of control systems which ensure 
optimim dynamic and accuracy performance of the system 
tegether with the controlled member. 

Optimum muthematical solutions are obtained by 
seexing the maxima or minima of functions of one or 
é number of parameters or by seeking the best possibie 
functions by variation methods. This requires that 
from the overeli stock cf methods and formlas of 
automatic control theory there be chosen the most 
effective synthesis problems best suited for a clear- 
cut solution, In most cuses these prohlems determines 
the entire structure of fundamental works on control 
theory, for exemple, these mentioned in the intreduc- 
tion /3idl. 1-87. In the present book we elucidste 
only structure] and freyuency solutions cf the synthesis 
provlem based upon duta from the literature and works 
of this author, 

AS uny Stuge of technicul designing, the syntiesis 
of . contre]. system cunrot always be performed acecrdin;, 
tO one preassigned seguence. As a rule, the scliution 
of such individual problem does net only determine the 
Sunreeter of the solution of subsequent problems but 
, 


jit frequently forces us to revise recounendutions Wiich i 
ieee pameees 


ee ee 


were alresdy cdopied. hence optimus technical solutions 
are reached, as a File, on the basis of many different 
calculations. 


As 

Gewever, for the general aase of the synthesis of 
control systems we can, nons the less, outline a specific 
sequence of measures which should tossgibiv bs aenmolied 
with unisss there arise some speciai requirements having 


top priority and which,consequentiy,diarupt the adopted 
Senuueanes of synthesis measures. 
Following are the main stages in the synthesis cf 


Systexs in the general ease, 


i. Formaiation of the Task. 


Greatest gctention is devoted in the formurstion of 


ths task to the deicrmination of the necessary charac- 


mt x *, oo yom 4 < ~ 
f@pbltios of the ec ater) t id: sho vember ood io sett Lr ct Torin 
vat See nao, Ath 3: ce 5 4 z aa A 
tas 2 21¢,al reguirements to the quality of contro. ad» 


Tantert by the eontrolled member and the ultizate rrobien 


ness Ge Bip 
wt any Gopenr that the charsoveriatios of the 


controlie: membor wrust always be preagsignes by (be 


opcen estion cesdiening om masulaoturing the moaquer preper. 


0%, TAGs Okra sterictics reguired for Jcasenine the 
aia a ~ , 1 genet ~4e- ne 4 ht Bone 
CORZOL .visen ute osuagioraliy so apecifie thet 1: 
Prema vole i 7; 

Stay 


ér oi O%3e53 they have to be determines hy the 
enftinee: iosiening the gonutrol system, Morenver, «24 
éesiener of tha control system may cet ub couLter-rie 
ju.cesents relating to tine object's cheructeristios 


$Aicb are then chenged sacurrdingly. It should be noted 
le 
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the controlled member and its control system. 

The control quality indices required initially are 
based upon the design characteristics of the controlled 
member und on the conditions for solving the fundamental 
problem assigned to the controlled member. Most important, 
ag a-rule, is to warrant muximum accuracy under conditions 
of specific responses and in the presence of random 
disturbances. : When examining the quality of the transfer 
process, greatest attention is devoted to its duretion 
and to the magnitude of the first maximam of the transfer 
function, viz., overshoot. For such an anulysis of the 
oscillating component see Chapter 3(Fig. 3-11 and 12), 

Subsequently the qualitv indices are refined dy 
the restrictiona applied to the processes in the system 
by all its concrete elements. 


2. Selection of u Power (Actuating) Element 


The eovuating element is organically connected with 
the controlied menber. If there is assigned the mechanical 
displucement of the member, then the actuating element can 
be, Go8., & LYtor - electric, hydraulic, pneumatic, etc. 

The problems concerning the coordinaticn of the 
characteristios of the motor with the load characteristics 
are usually solved hy methods developed by the theory of 
drive or, for electric motors, by the theorv of electrical 
drive, an independent branch of science closely associated 
with automatic control theory (see, eeg.. /Bidl. ¥)) Let 
las now vriefly review the fundamental problens. 
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fas power of tos motor 1s chosen in acscordance with | 

“the load considering losses in transmission and power 
used for accelerating inertial parts. For constant duty 
with constant load, rated power of the motor is always 
set greater than load power. For short-time duty or 
reaurring sliort-time operation, rated power of an 
electric motor capable of short-time overloads must be no 
less than the power equivalent to thermal heating oon~ 
ditions but it may be less than heat load power. 

Power equivalent to heating with constant magnetic 
flux ard rate of the electric motor is equal te - 

RMS load power. Under more complex duties one usually 
seeks RMS armature ourrent and proceeds from there to 
power equivalant to heating. 

Nominal rate of the metor is coordinated with tus 
mé mun rate at the lead shaft by the ratio i. For 
considerations of weight and size it is expedient to 
hav high-rate electric motors, For the linear displace~ 
mex. Of meachanisus and occasionally also for limit 
deflection angles, hydraulic and pnenmatic piston 
engines end draft electromagnets . with limited run 
snd direct trensmigsior to tae load mechanism eve em 
ployed. na moter's rate margin compared with design 
magnitude is taken up to one and « half fold: 


£ oad ™. 
Oc rate 15 = (=) 





from overtaking conditions. If the control system has 
spevuifled short-time drive forcing, the margin in terms 
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lof nominal dataw may be ignored. 

: the monent of the motors is equal to the sum of load 
moment, mailtiplied by ratio i and divided by transmission 
efficlency?), and dynamic moments requirad for the start 
of inertial load parts with moment of inertia J and the 


motor proper witn moment of inertia of the rotor di 


M : ‘ 
M =i(“* 408i )4+40. 


In the above formilas {*) and (**); 


(ts) 


The ratio ig understood to pe gain of the reducer 
lumplifying component) equal to the ratic of output 
rate (losd) to meter rate; 

Angular load acceleration is expressed by the 
aogilar acceleration of the motor shaft iN and in 
calculations for the preliminary selection of the motor 
it is determined for the assigned starting time t up 
to maximun rate 


Efficiency is considered only in the transmission 
of the static ioment assumed to be inhibiting with any 
retation direction of the motor; in the transmission 
of the dynamic moment (gL 4) efficiency may either 
ne igznered or the dynamic moment should be divided by 
it for the case cf starting, and multiplied by it for 
the case of bruking; 
Moments of inertia ccourring at various spots 
| 


‘(in the rotor, the lcad, intermediate transmissions) are | 
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a» 


te. 


2 


wlstions shoe fBivl. xf that it is convenient 


obtain the assigned 4 with several pairs of eears 


2. 


than with one. Warm gear and other irreversible 


lugually reduced to the motor shaft to form u reduced 
“moment or inertia 
Ja Sd, i. 
With thia designation the formalu of coment (**) 
tekes the Tocns 
eds rye 
Sar eae ts ict (im 
‘The nominal moment of the motor in case of econstant 
i¢443 mast be no less tnan the value given srove. Short- 
time peaks of the moment oun be overcore by the moter 
with a lesser nominal moment owing to the capacity of 
most. electric motors te withstand approximately double 
orerisecs also by means cf specisl messures to coree 
tre mode of operation rrevided that the equivalent 
Meas ine torent @oee not exoeés nominal valies, 
The cptimzm reducer mst with a preserived agiure~ 
Reto ratic add a minimin boast st the reduced mement of 


nexnis of the inertial magsea of its own gears. Minimn 


to 
pataer 


reducers 


are not recoumendsuble because of pessivla jena whe: 


braking the drivin;; gear end great inertial mass o 
arive, 


2, Selecticn of Control Methods 


to tne 


The tasie control met shods area: dafleetion sontrel 


. 


i ee 


method, disturbance control method und the combined = 
method, 

In servosystems and program control systems the 
deflection control methed prevails; frequently the com 
pound disturbance method, i.e., the combined method is 
applied, 

Along with the two other methods, stabilization 
systens frequently use the disturbance control method. 


4. Selection of the Structure of Control Systems 


This design control stage comprises the selection 
of the system's astaticism order, the number of circuits 
in « closed system and the elements consituting the . 
circuit, the selection of direct circuits and their 
componsics., Of course, the structure of a control 
system depends preatly upon the control method chosen. 


5. Hnsuring the Quality Indices Relative to a Control 
System's Forced Motion 


First of sll one determines the gain required 
by uccuracy conditicns considering to perform a larger 
program snd .9o overcome the prevailing regular distur- 
bance, 

In static control systems the guin is determined 
both by the sonstant components of the program and 
ali tne disturbances as well as by the variable cone 
ponents varying uniformly, with equal ancelcraticn, etc. 
In control systems witn first-order astaticism 
the gain no longer depends upon the constant components 
the program and disturbances applied at the output — 
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mee DETREI 


jot the integrating element. 


In achtrol systems vith second-ordax astatiocism the 

ae dees not depend upon uniformly varying: components 

of the prosram and disturbances applied at the output 

of two intesrating elements, Disturbance constants at 
the cutpat cf the first integrating element do alse not 
affeat the gain. Thus, 6.ge, & load moment on the 

shart of the actuating motor dces not affect the control 
aystem's forged motion if in the preceding elements 
“here exists a seeend integrating clement in a system 
FLLA sacond-order astaticism. The system's order of 


aStuticism end cain determine tha sicps cof the Low-fre- 





guency portion of the decibel-log-frequency and the 


pohar at which it intersects the zero dt line. 

ror harmonie program and disturbance components 
at ou Pised freguency the role similar to that of the 
ealegrating Slenent is played by the resonance element 


: ( 


to tne saue Prequoncy. 


hime: 
aaa ity indices connected with forced motion @ ( 

unier the <«ffect of stationary random disturbances are 

&efinad, ag i189 seen from Chapter 10, by realetion (10-6) , 

hetweer toe disturbence spectrum and the amplitude-+ 

r:écuancy characteristic of the closei system for ths 

fisturbance., If in the zeneral case cf destan control 

toa task of obtaining optimum resistanse to disturbances 

{regarded in the following «s special cases) is not 

agGigned, then on the basis of Fig. 42-1 it is stati 

posible vo araw conclusicns as te a fuvorabie or un- 


‘fsrorabie matusl position of the disturbance spectrum —~ 





“(8m@) and the AFC of a closed system A(4)) and take ae: 


them into oonsideration when solving subsequent synthesis 
problems, 





fig. lé-1l. Directions of desiratle shifts of AFC of 
closed system and of the speotral density of input 
isturtanoces in design control 


s 
a 
An obviously unfavorable position of the AFC of 

& Closed gontrol system is that where the AFC peak 
coincides with that of the disturbance spectrum; in 
this case an increase in noise leval should be expected 
at the outpu:. 

A favs. sable position of the AFC peak is to the 
right or to tre let of the disturbances spectrum peax, 
&S snown in the Figure investigated. With a considerable 
drop in the curves 65 one moves away from the peak zone 
it is expedient to draw apart as fur ses possible the 
peaks of the AFC end the disturbance spectrum along 
the frequency axis in the dirsctions shown in the 


Figure. 





see | Ce ee 
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6. Seleccion of the Types and Designs of the wlements 
of the Control System's Direot Puth and Frincipal 
Circuits 

The principal elements to he selected are: the 
measuring device, the amplifying and intermediate 

coupling elements. . 

The main specifioation of the measuring device is 

to ensure static and dynamio aseuracy. 

The amplifying elements must amplify the sixznal 
received from the measuring device: 

bY the regulated "reference" quantity in accordance 
with the value culeouluted for warranting the prescribed 
mcaduracy of forced motion; 

SY power, in acoo.dance with load from the controlled 

v proper andi exterior load with respect to the ~~ 
eon’ ollad member, which may be regarded as disturbance. 

“mule asplifying the control signal there may arise 


tk spasm eek? 
the nead of 


Wein s 


measuring tae physi0al dimension and the 
thoeitcter of the reference wuantity; intermediate ¢le- 
nenty wle ciupleyed for this purpose. 
?, Wacrenting the Quality Indices Relutive to the Control 
Sestez's Natural Motion 

This steze of design control oan be elucidated best 
vith the uid of frequency~response characteristics of 
an Cpeén control system. 

+f we hold to this eriterion, then design contrei 


oucuid aim at obtaining frequency-response characteristics 


vitn favoruble margin values. Figure le-2 shows 
{ ‘ 
| 


— 





s 


| logerithmic oharacteristios of an open syste. In the ra 


case where the direct oirouit has ne singularities, a 
favorable feature is the shift of the amplitude characo- 
teristio to the left and the phase response to the right 
or the shift of the PaC downward owing to a decrease in 
gain, and the shift of the phase characteristic upward 
by creating a phase lead. 





Fig. 12-2. Directions of desirable shifts of frequency- 
response characteristics of an open system in design 
control 


Occasiona?.iy these measures are in contradiction 
with other quai,ity criteria, ©.8.3 

A reduction of cutoff frequsnoy leads to a redud- 
tion of quick response /See (4-83}7; 

A reduction in gain increases the error, whioh 
forees us to introduce in the frequenoy-response charao- 
teristics the selective changes disoussed in Chapter 11. 


Gvnthesis on the basis of the damping oriterion 
[proceeds from the assumption that damping time of the 


| 


~~ Semel 
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Se ee 


(ovecall transient proces: of a control system coincides | 
@ith the damping tine of the system's partici weight 
function having the sreatest time constant T 
Came s=DT,. 
Intveducticn in the OTF of 4 close4 control system 


ue 


of artificial divergence 


Pp 
(Pu 
ean. transform (mathematically) a stable system with the 
weisht function 
L-1{@ (p)} = wIE) B® 


ioxo a avstem with artificial divergence and & new 
welent Drnoticn a 
Lh (p—ajp=maelie™, 
which may remain daxped with o< 2/T so may become 
dive. sent wits. S>i/, and become neutral with  1/T 
(*}, The “systen ae axtificial divergence P. (p) x 
JP iy ~ (F3" peorenenting this waight funotion will be 
atabiso, umstocls and on the stability boundary, re- ® 
upectively, The intter stage oan be easily revealed 
hy Means cor the Mikhaylov stability criterion applied 
ta the alosed systen P (p= @), or the Nyquist stability 
oriverion applied to the open systen 
W (p--3)== ed Zeal) 
(p= 9)" 
The frequenoy-response characteristics of tua 
dircet olrouit of systems with artificial dicersonus 


‘art 


are aerived from the frequency-response charaoteriati 


N 


es i 


‘ 
—— 


t 


em sen. 


ee here 





| of the components of the control system's elenents whose | 
transfer funotiona K, (p), K(p),... are respectively 
repleced by dieplaced OTF K(p-G), K(p- 6), 00. 
Although with the above transformations the weight 
of the partial component with greater damping time does 
not become apparent, yet, owing to the simplicity of 
the method it is used in design control and amounts to 
constructirg the frequenoy-reaponse characteristios of 
the direct cironits AFC and FC, but of the artificial 
system (with induced divergence of the weight function); 
moreover, in the synthesie process it suffices to take | 
the artificlel system to the boundary of stability. 
Thug, in many cases the synthesis of the sy tem car be 
garried out on the basis cf attaizing the frequency- 
response characteristics desired. 


8. Providing for OptimumTransient Process With Restricted 
Maximum Acceleration 


We invertigete the operating conditions of 4 
stepped input. Let the starting conditions be known, 
then maximum :;tepped input can be tuken as xi ft). Let 
there also be a restriction for maximum acceleration a: 
this restriction may depend on the permissible overloads 
of the oontrolled member as well as m the permissible 
overloads of the elements of the control system proper. 
We can easily show that the smallest working time of the 
control system's input step is attained with complete 


jatilization of its acceleration capacities, i.@., with | 
[eges — 
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jStuvedey at naximum acceleration up to the middle of et 
the path x ft and subsequent maxinum retarding on the 
secend Luif of the part. Such a process is shown in 
‘is, l2-5,a. Diagram b shows the uecessary law of 


&cosleration variation. 
Bf) a Be 


LO.» = cme i," 
i i a . 
i ' 
i 





ue 


& 
eae 
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leh, Cusvaoteristies of a centrcl sysies with 
rox onick-sespange and restricted ascelerstion 





From these graphs we can synthssivze the cc stxol 


arbi WIE 
Seis GAOCK diseram, 


= % 
bed 


71 &6 this we write the expression fow ecaph Zz 
jin ceame of uisplaced functisna: 


937% 


~ 








EST 


=e 7 Rote e r T * 
[=a 1[)—2-1 [i--a) +167}. 
(12-1a) 
With u unit ouput step the graph proportionally 
decreases £[t)/x,9 this relation being equal to the 
weight fencticn derivative of the control systen sought 


wee aK 2{1 1) ~2. 1 | —4F)4 


2 


We now page to representations, and by dividing by 
P we obtained the OTF 


Tp 
a 


®(p)= Ka( \-- 2e pent), (12-10) 


Indeed, to warrant a constant ageeleration at the 
output with «a stepped input, we need two intezruting 
elements with a total gain 


K 


~2 


—= 
— 


xi: 
#3 


“Oc change the acceleraticn sign ut the instant 
«, » "sé and to obtain & zero value for acceleration et 
the instant t, = T we require two delay components 
with delays T/z and T,j.e., with transfer functions 
~ze7tP/? and en iP, The delay, emplifying and Lite- 
grating components are inserted according to tlock 


[diagram ec of the same Figure. 


genus 


met 
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pee 


| Re can easiiy oheck thet during the time interval | 
‘9 - T/e only the signal +1 x x, is fed through the 
anplitying component to the input of the integrating 
components. During the time interval (1/2) - f there 
existe at the input cof the Integrating elements 4 Fum 
of two signals from the amplifying component and the 
@irst delay component: 


ae 


(12) eo — Lx, (12-2) 
In the interval T -cthe summed signal from thre ry 
components equals zero: 
(L— 2+ 1) x =0. 


Siace the signal at the input of the intezrating 
glerents is equal to acceleration, ¥2 O8N easily see 
tr: t the poxreset acceleration graph Z is actueliy achieved. 

Thue we have optained & system with an o12n stracture 
which theoretically ensures the faultless ask 
of gs constant input progren sinee AO) « Kz ¢n* fe), ard 

a « BLK we hare the condition Snddspensable for 
Any Avovnsytem, via., Dio; e { the Linit is expanded 
after vepested differeatiation of the numeretor and the 
denominator (@-i¢) for p?. Yet, inasmcb as aich,a 
contreid bas an abeelutely unstable performance, 2axr0 
drift in unavoideble; hemce instead cf & theoretical: 


ns 


accurate open structure we have to create @ systex 
virtually chose to it by the transfer function bot with 
a Qlosed structure. 

Liagrem d of the same Figure shews the pressage +o 
ithe structure desired. From the similtanzcus apvlicetion | 


2 


Fe ee 


See gee fos tee 





jot regeneration end degeneration the tote: trensfer ae 
function } (p} dees not chumze, but if we consider the 
part Yruned by the dashed line to be the control system's 
direct cirenit, we can form it first exactly accordire 


to formile 


¢ 


‘ at 
Y (p=) —, ee mae at ee gene 





swan ®3 


pie K cigety Bae yr I 
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and then also approximately. 
The Gegr ee of approximation will be cvalusted by 


the frequency-response charecteristics, In the siven 








case the freguency-response churacteristic of the direct 
circuit cr of the open contro] system is 
wT ‘ 
4 ae: .) 
W ier Tet emit ) 
03} ==. —- ———— —------ 
(jos) “sp =. (12-4) 


= ee eee: “Ey ger 

The above problem was studied by V. V. Solodovnikov. 
He obtuined @ logarithmic frequency-response characteristic 
woich he calied optimum It is: shown in dissran 2. ‘The 
main features of this characteristic are as follows: 
eute ff frequency ~ = 2/T; inclination in the center 
frequency band -20 eyes 

Let us note that optimality is evaluated here by 
the sbsence of overshoot and by a minimum resulating 


time eyusl fer waxinum input to 


2 came 
| a VK =2/ J : (12-5) 
™ 


ee a YS ie ee eee Ne een 





If the input decreases (x, Ox), par rormence 
ae 

gcaelexution dearegages as wellia, = K Rd § 

acaélex.ution decreases as w 1lja, Soak ed /¥,,)) 

but control time remains uncharysed: 


a2) / 2 219 / tie a= 7 2_(12-6) 


a ee sth 


and the systam's acteleration capabilities are not 

tally exploited, Their 111 exploitation with 4s stepped 
inpat of any magnitude is possibie in systens with 
sonlincar circuicae 

. hewever, if conditions of maximum input prevail. 

& Linear realization of the above system is also 
sossadle. iss synthesis mast aim at obteiuiag en optim 
freqnenoy-response characteristic wath ats sev indices: 
elena eo SFeQaercy WwW, = 2/T and Gn inolination an vhe 


vecwer Pregueney bend of -20 db/dea. 


btiag % Bes my a mn titre . ee ty mp 

Ve ¥e tehodovulkos (gee Chapter 1 feivi. 17, usa 
oe ete eat be ir Wad en ape We Sa pO Pa : 
“Youge iaidces alee fer the synthesis 2° egontrel 3Ysiae. 


not ovdy by preset cevtzol tims but also ty nreaset 
overc.nbrol, On eccount cc the Link between ove ereonts 
and tie peaxs of the real churacterioria on the one 
mand, sue, between the real characteristic of a oalosec 
intro system 214 amplitude and pnas: reapensess of 
an opin system on the other hand, there ig estebiisned 
tes required phase margin which prevents the reer 
Oharacteristis of the closed ccntrol systen frox 


aining peaks of undesirable values, Additions 


Pd 
4 
cal 


nomogrAme make it possible to establish quite sinply 


[oF Stander: consrol aysteas the character of whe 


ee 





treqgaemsy response desired. 


9, Synthesis of Compensating Networks 


If by satisfying the requirement of forced and 
natural motion we established the approximate charac- 
tex of the frequency response desired and if, after 
sélecting the power units and the compulsory coupling 
elements, we determined the frequency responses of 
the unaltered s6lement, then the difference between the 
frequency response desired and the response of the 
unaltered element mst be completed by correcting 
networks. 

In Chapter 11 we discussed various methods of 
operating stabilizing networks to ensure stability. 
In solving the synthesis probiem with prescribed 
frequency response these methods remain the seme. 

We expand the sequence of the synthesis of 4 cascade~ 
connected stabilizing device to which, as is shown 
in Section 11-10, any correction network can be re- 
duced, . 

As the desired frequency response of & Servo- 
system we oan take in the first approximation the 
frequency response of an oscillatory component which 
satisfies the prescribed qualitative indices. 

& favorable frequency response during operation 


with disturbances is that cf the’ oscillatory component 


with the value § = { ¥ 2/2) = 0,707 since, as is seen 
bee Table 4-2, the AFC of the component has no peaks 
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Saeed 


ee 


jaan Serene ta 5 te .. ‘ DA ee aes ny ; 
WOnotunivally 68 frequency rises. Over 


~ 





RI al ante Waren eM ORs one uocording to formula (3-19), 


cds 2 2 0,043, ia caso comparatively small. With 


tims, which we take to be the damping 





tdew of Lhe oseililaticn component uy to 1% of maocimr 
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ee 


\disturbance. Then, in the closed state, the transfer 
function of a servosystem reduced to the form of the 
transfer functinn of an oscillatory element, takes the 
form: K 

ee 


The transfer function of the open system i3 


K 
VP) = GREE RPT KR 
, K 
re a 9 cae , 
(QVi+K Pp teeVIEK)(sVI+K) pti (12-7) 
From the parameters obtained 
tet VIER and & = VIER 
with » given k we construct the desired characteristic 
of the cpen system, 
If the control system has a first-order asteticisn, 
then the desired transfer function of the closed system 
is 


| | 
P= appopey (12 Ba) 


and that cf tne open system is 
1 


2 


VO) = sappy (ae) 
Pert 
The desired characteristic of the open system is 


sonstructed to gauge for the aperiodic component and 
is imoressed by the characteristic of the integrating 
component. Since gain k_, = 1/2 affects the 

accuracy cf linearly changing disturbance, indices © 


| ana T may be revised. 
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ro" Zor additdonal changes of some characteristics of “| 
‘the 3ec0:c-orcer demponent we can complicate the numerator 
of the or /Sibl. 37. 
‘hus, the qualitative indices desired are first 
achicved in a system of lower oder, e.g., of second 
order where ¢ they can easily be linked with the 
shape of frequensy~response characteristics, and then 
these @¢haructeristics are taken as the desirec ones 


wien cynthesizing systems of higher order. 





che. ues. Braquency-response curves of «a etebilizing 
Latwors 
¥oy: L} ectual; 2) desired 


het there be assigned the desired logaritraic 
Feequency-resjorse ourves L,(o) and Give), and 
Tne cuarecteristies of the actually aveilable unalterable 
chewert L160) cad @,(&) shown in Pig. le-4. 

The differcnoes cetween them 


wtsere 


| 
{a 
we 
fat 
t 
i 


| | L (a) = Ly (a) — Ls (a) and j9(@) = 9, (a) — 9, (0) = 
are hatched in the diagram. These differences are pre~- 
cisely the required frequency responses of serial 
correcting units. 

Following the methods expounded in Chapter 8, the 

- synthesis of an electric cirouit can be performed either 
directly by the characteristios of the correcting net- 
works cr by the transfer functions constructed from 
approximated characteristics. 

If the passive network is physically unachievable, 
part of its functions should be transferred to active 
components or & solution should be sought in the form 
of a network in another line. Deviation of the charac~- 
teristic obtained from the desired one changes the. # 
prescribed qualtitutive indices of a control system. | 

This is the pattern of solutions for the synthesis 
problem in the general case. Below we shall investigate 
some special cases of the synthesis of control systems 
with more rigii requirements as to noise stability. 


Se ee Pe ae a 2 


le-2. Stutistical Synthesis of Control Systems 


l. Mean-Root-Square Error (MRSE) From Two Groups of 
Signals j 
We investigate such control systems which are 
sctest upon simultaneously by a useful signal and a 
disturbance, The control system designed on the basis 
of senersxl synthesis prineiples dces not suppress all 


oo 


£ the input signal reproduction errors because of its — 


ee ee 





‘limited order of astetiaiam and because of the existence | 
of « speoifio passtand resulting from the OTF of the 
PAC error of a closed system for the case that a useful 
signal is assigned in the form of @ reudom process. 

foe signal reproduction errors (dynamio errors) and 
disturbance affect errors (fluctuation errozs) form 
twe groups. In the following we shell consider oniv 
those Cases where these two sroups are indepyerdent, that 
a6, when the aquare of the aggregate maan-roct-square 
exrvaz is obtained by summing the dispersion cf both 
ayron evcups without introducing cress-vorrelation 
Panotious, 

Practice and caloletions show that various para-~ 
wnetere of the gontrol system variously affect the 
ecmponents of the aggregate MRSE. For exemple, ire 
erec3iug gein of an open syratem reduces the dynania 
exilor and increases the fluctuation error, snd se on. 

mle such clreumstancus synthesis must obvicusly be 
Gigs 2% finding e value for gain (or anv other varv- 
ing parameter) for an assigned control aysten design 
ov, in the wore general case, for any control system 
desisn such that it would warrant a minimun aggregate 


Mase from the two error groups. 


2. input is a Folynomial ani Distyurbences Are #hite 
4 


Lei the usefal signal be reduced to an adequately 


simple Sarms ; . . 

: xa i? (28a 

on eon 
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| The control system is taken to be astatic witha | 
Sinple transfer function of the direot oircuit 


oe ——K- 
VO= see: (12-9) 


Tha statistical data relative to the useful signal 


ard ae 
De 0; D, 0. : 
According to (10-54 0) the rate dispersion of the 
useful signal is transferred to the output by means of 


multiplication by the square of the second error coeffi- 
elent: 


. : j ’ 
D, = 0"? (0) D, = rc D, ry 
o~! 


To colculate the affest of white noise we have to 
ficd the fundarental trensfer function of a closed 
eontrol system 


B= sap EH ER I 
P es 1 Sra ona Gee: mace 





From Tat’ 2 4-10 for K=1l, a, “ lwe find the 
effeotive passband of the second-order element: 


RK oy 


* 
mo Visca 7 ithe OR Fu 


and by formula (10-70a) we determine the noiss 
dispersion 


Tk ! 


_ 368_. 





oa Assuming chat awwilke and veemil signal ace not | 
correlate: we ietermine mee actrezate dispersion: 
D= DD, ry (12-10) 
or for the example under study 
D Nik 
spe icel are DBE 19 
a GprQue stevens Gram (12-11 
Ke, 3 ) 
Yaus, the gain of the direct airouit reduece the 
Gicpersicn of the first error group Dd, acd inoreascs 
thas of the second group D) - 
n 
Optimum gain is detined from the condition 
aD, 
oe =o. (12-12) 
Ty exveniicsg the s@lution of the usarple we find: 
aD oe a, 
pee Lapeer b gtr = ry or K = f vAitd) ry 
OX: Soper ‘ N2 
Minimum dispersion is 
Desig 2b YM yf FIRMS, 
a Mrn,., 4 4 whe camer e : iy 
* 6 -- . “so o... | 1G ; 
12-43) 
Taus, by adopting the direct circuit gain found 
by cilaolation wa attain a minima aS for 411 the 
inzserte of the given system. If tne coutrol svsten 
Services cingleseaetion objects (military objects!, 
9@ T8SCh a Minimum OF aggregate dispersion for all 
the isurcnines of one-type cojects (minimum assrecate 
dispossion for the entire operation or aver “or uke 
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| entire war}, Winimum error dispersion leads to minimim | 
asonsubption af objects. 


Nec 
3. The Effective Signal Is a Polynomial, The Disturbance 
Has a Complex Spectrun 
The expression for aggregate dispersion of a control 
systen with first-order asteticism is 


Er] 


i 
D, == 07D, + — JSout (w) des, *) 


if the changing parameter q is defined in formula 


(") Bevet 


Oo. 
D, = 05" (. 0) pag Dy | F (g) S, (w) da, 


: (22-14) 
then with e limited synthesis, wnen only this parameter 
y is optimized, its optimum value is found from 4 aon-= 


dition analogous t¢ (12-12); 
aD a 
Es w= VU, (32-15) 
oy ‘ 
In the right-nend side of formla (12-14) integra~ 
tion ¢an se performed once, 6ege, With a@ unit cofactor 
¥fgi. This yields the constant coefficient 


i) 
{ 
Q=—(S,(a)de, (12-16) 

hd : 
ani gondition (12-14) with simples functions F(q) oan 
be found anslytioally: 
es 
(ee | po 
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In tore compiex pases integrution shoutd be performed 





grapnically, | 
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— S,(w) ==] D, (joo) © (joo) |S, (w)-+ | O (feo) |*S.(@). | 


(12-18) ‘ 
For control purposes the standard function has @ 
Sinpler form: = 1; then 
S,(0) =| 1 — @ (jw) "S, (@) +19 (Jo) |*S,, (a), 
~*, (12-19) 


We oan easily sea that by changing the system's 
transfer function we can influence the spectral density 
of the error and the magnitude of the mean-root-square 
resulting from integration of spectrum S, (co) in semi-~ 
infinite limits. 

If we take a look at the integration of the spectral 
density of the error we can easily notice that for any 


narrow frequency band Ocrthe prescribed spectral ien- 
sities 5, (a) and S,() can be regarded as constant 
mimbers; likewise, we cus consider constant within the 


band the unknown value cf the complex transfer function 

Piya) sought for. To determine the minimin of the } 

integral of the error's spectrai density it suffices 

to ensure the minimum of its growth in each band. : 
Minimam conditions without considering the physical . 

feasibility of the system are found from Eq. (12-18) by 

differentiating it with respect to real P(@) and imaginary 

Q(4)) with the frequency-response characteristics of 

the system sought for; 


os, 
3p =— 2{1 — P(a)}S, (@)-+- 2P (w) S,, (w) = 0; 


os, ; 
Fy = 22 (0)S, (0) +2Q(e)S, (0) =O, 
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ee LY (ja)} == W (ja) 1 (—~ ja) = Sy (0) +S, (0). J 
(12-21a) 


Accordingly, for minimum error vaiue we find 4 new 


Gapresaion in terme of spectral density: 


a 
‘ ‘% ; 7. 
a. ae | [S,, (0) —~ | (joj i? S_(w)} ds, (12-210) 


WHELs @ ox Xb x, 
Continuing the solution of tne above example teken 
from /Bibl. 87 we caloulate acoording to Sq. (18-20): 
Aggregate spectral density: 
: _ |b beNE AL Nat 
4 ‘ ? a bi Se pees armen yo 
S, (&) > Sy, (ao) === a? <j Ae p Nf = 1 } as w? 


ae VTE NT + fod) (VT NE fon) = 
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auxiliary function 


and optimum complex transfer function of 4 control system 


3 
80) EVER TENS oN) 

In the given axauple the PAC calculated coincides 
with the PAC of the apsrioaic element end, obviously, 
evtireraefyom. tbs 

If the useful signal and the disturbance are applied 
at different points, these points can be jcinsad ty means 
of structural transformations. Transformetion of the 
spectral density of tne disturbance when transferring 


the point of its application mist be direotiy propo ree 
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|12-5. Synieesis of vomputing Filters Operating in A i 
Limited Time Intervai 


1. Hypothesis of the Change of the Effective Signal in 
the Prescribed Interval 

Computing filters can be designed proceeding fron 
the theory of closed control systems or fron that of 
open Girenit, chiefly electric networks. But in this 
case the elements of the computing circuit must have 
& nigh instrumental accuracy, and construction of the 
electric circuit mist be based upon a specific matne~ 
matical formule which takes acaount of the prescribed 
transformation of the input signal and its assumed 
properties. Thus one may cempensate for the léss of 
self-regulation and disturbance stability inherent in 
Glozed comtrol systems, 

if the input signal is fed in a complex form where 
against the noise background the properties of the 
effective component are not checked directly, we have 
to formulate « hypothesis of changes occurring to the 
useful signel in the form of some preset law. 

In tha vresent Seation we investizate cases where 
the effeative signal shungee socording to 4 law expressed 
ty the power polynorial 

t,)? an 
X= Ng fe (Lt) Xo = oo xyes (12-22) 
To start with we Shelli study constant signals and such 


iniformly Gnanging with time. 
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lin many cages, however,ong cannowt count ou presesving | 
4 


iN 


for oo long tine the Law (14-22) in the ePfective com 
ponent. fer example, when 6 radar is tracking 4 woving 
targen (an gircraft) the Latter way maneuver, ani this 
will opvivusly complicate the lay of coordinate variation 


1 


Highspeed alccratt, however, have speci? 


Rate 


2 restrio- 
tions plused upon thelr maneuverability, Acoordingiy, in 
the case of formation flying cr mess reids, waveurerability 
is restricted and, Pinally, the task perforned by the 
aiverarts (bombing, terrain photography, ete.) places et 
ific tine duterrsais considerable restrictions upon 
the airoraftts maneuversvility. 

YRuS, On the oae hand we have a mupber of factors 
of vanlom character uhich change the Law (1é-82) “hile, 
on tha cther hand, there exists a muuber af facuoses 

lafly upon déta from experlence, 

We C&n Pormiate well-founded hypotheses regardins the 
law of exlective signal variation over a 
aetetval, For the exsaple with the aircraft aited sbove 


e 
vhe DYPOLMBselS Most Prequantly applied is that of unie 


formiy changing Uartssian ccordinates of the sircraft 
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» 


uring olservation time or during the flight of the 
snell waoen firing segainst enemy airoraft. 

In a simpler example, eege, in a system in the 
filter smoodthenin;, tne pulsations of rectified 


&-O, WS should holé to the hypethesis of a ernstant : 
oa 


ective signal. With varying lcad and a reietively = ---- 


ve nt 
fs 


eae 


| bigh resistance of the source and the rectifier, input | 


voltage at the filter will elso change; thus, the hypothe-~ 
sis formulated holds true for a limited time interval. 

The problem of determining the effeotive signal against 

a noise background according to the hypothesis accepted 

is said to v@ the smoothing problem. If in the synthesis 
of w smocthing filter there is attained a minimum mean- 
root~square deviation cf the effective signal determined 
from the sotusl aggregate signal (with disturbances), then, 
sooording to the terminclogy in faivi. é/, this is said 

to be naan-root-squaze smoothing. 


2, Mean-Koct-Square Smoothing Assuming that the bYrfeative 
Signal is Constant Over a Prescribed Time Interval 
Mathematical solution of the problem. Let the law of 
aggregated input signal variation be assigned in the form 
of the curve shown in Fig. 12-5 reflecting the history of 
the process up tc the ourrent instant of time t. The task 





ig to reproduce the effeotive signsi during the current 
mstant of time t, but ty utilizing the history of the 
Be 


aa 


ie 


Ke 


LOGE 
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In the first place, we formilsate a hypothesis on 
the conetanoy of the effective signal during observation 
tize T. This nypothesis is ocorroberated by the shape of 
the aurve shown, But the curve studied refleots only one 
realization of the random process, nence before performing 
mathematical orereations and synthesizing the system ex- 
pected to operste repeatedly accoréing to the formules 
lobtuined for various realizations of the random process ,— 


poo. fs ees 


meee omen 


|we mist astertaia thet this ourve is standard from the 
eteatieticai viewpoirt. Thos, observing the aenditions 
cited, we kave the hyvothesis 

| & fe) == @ = const. (12-23) 
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In Fie. le-5 this nypothesia is represented in the 


form of & straight line horizontal over the interval T,. 
The Gegree to waich this hypothesis sorrespends to the 


real curve will be evaluated ty the aquare criterion 
{ Y 
Tees \ ix{i-—2)--alde, (19-24) 
Minimum conditions of the criterion 
tt oe 2 bel ~~ 2) --- ai de x= 
4 pooch | 


| de 


Olen 


wili he considered cptimin, henze 


aed ie -— apaie, (12-25) 
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Fig. je-&,. Inout precess for sucothing filters. 
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It is obvious that the srithmetic mean satisfies ae 
the winimum mean-reot-square 6rror. 


Synthesis of smoothing systema. Suppose we design a 
real system operating eccording to (12-25), i.@., 8 system 
which after input of signel x, ft) prednoes upon expiration 
of time T the output quantity a, The svstem may be re- 
gerced as cetermined once its weight functions, transfer 
functions, blcck diagram or frequvancy-response charac 
teristics have been dsfined. By any of these indices we 
can form an ideal or an approximate system, and it is 
frequently convenient to evaluate the degree of approxima~ { 
ticn by various indices, hence we shali bring a number 
of them below, 

The weight funotion of e sysvem operating according { 
to forma (12-25) can ve defined by juxtaposing this | 
equation and the standard equation of integral coupling ; 
(4-49), Coefficiunt 1/7 in Eq. (12-85) can be regarded ( 
as the weight @unotion sought for if, in order to ooordi-~- 
nate the Limiss of integration (Q - t and 0 - T}, we 
bound its existence domain by the interval 0-T, as shown { 
tn Fig. 1#-6,e end expressed by the formla 


w= FIAT | (eeze) 

The system's transient funation is found by inte- 

grating the weight function. It is shown in diagram b 
ef this figure and is expressed by the formule 


: h[l)a= eff) —G@—T) VET)! oan) | 
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ns ™ 4 oY ty ~ ‘ * i owt *, d on “6 Rae 
‘ig, Used. Time responses aad vlécs diagram of a.filror wit & 
MOAN oquAre averaging of the s?fective gignal over @ 

Linited. intarvsl. 


wer the interval G-T Jt has a constant slope, 


wherogs further on it mins horizont 


DG. ey * 


The block Qiagram is constructed sunording to the 


gh. 


OfF whic, if a transfor of the veight funetion 


Demevle 


B (9) DIL weep, 
ee any, 15% 32 ’ 

Be (ia-2a} e 
We can ase fvow the formule that the black diagram 
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anown 2h 
iagran caf the sana figure. 


& 
Formation of tna trensient Panection can be easily 


Yeliewed on the dlegram. In fast, if wea Psed into the 
“o 


Qizsuit @ unit signal it produces et thea outont of the 
imtesretiny componeat a uniform growth of the et out 
W6lce at a rate 1/f equal te the tangent of the dip 


a3 v 


Ee 


langle oF diegrsn %, Further, after T 260 the acre 


fedh 
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component also lets through the unit signal but with | 


_ inverted signs so that at the output of the integrating 
element there is a zero signal and integration ceases 
while the output value remains at unit level he, » 1/f 
T =k. 

The biock diagram can also be drawn in a different 
fashion by transforming the cirenits through structural 
analysis, . 

In analyzing the circuits in Fiz. 12-3,c it was 

@ noted that cpen systems with integrating elements may, 
under service conditions, turn out to be unstable. Thus, 
Gogo, zero drift of the integrating amplifier results in | 
the distortion of the horizontai portion of the transfer | 
characteristic investigated, and SC Ofte 

Tae system becores more stuble if we close it by 

the method shown in Pig. 12-3,d. At anv rate, we can 
easily obtain that tha steady-state value of the transient 
function be equai to nnity owing to unit negative follow- 


i 


Db up. Bquivalenee of the transient function over the in- 
Gliined portion oan be attained approximately by replacing 
the straight line by exponents, This will be ciroumstan- 
tialivy investigated in Section 12-4 below. 

The frequency~response characteristics of the smooth- 





ins system are found from the transfer function (12-28): 


WD (jar) = {sinw7 — (1 — cosw7)}, (18-294) 


the amplitude-frequency characteristic is 
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ce ee ee Hee ' 
A a) == -- sintal. (Leos 0} ol} mF mc 
i oF ye et (12-29 b) 
Tae phase charaoterdatia orer the frequenmoy interval 
e) ~ 2/2) 3 
1 -- cosa?’ tof 


° (0) eam Grete eng wen mans , 


(1B-29 ¢} 

Tae Last two cheavseteristicsa are shown tn Fir. 18+7. 
The anplitude Cresuenoy characteristia gives « cisar ides 
ef tna gesothing of purely simuseidal disturbances at 


ume Ay Re gay ¢ Wh ty a 
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Fag. Lf-7. KBrequeney ches polerler.ue ef a filter with 
Mean-Souure averaging cver a limited interval 


if osra synthssines a systen o? the closed type, then 
abe 


tas equivalent oksragteristies cf its direct ofirauit ara 


l found ac anstlogy with (la-3}3 


Domaciv — 


Rie 
faa) 
os 


ame 


ie DUC oe eet sue ee 
W else @ier  jaratae? 


(12+30) 
Yor calculation we can use the nomograms given in 
Chapter 4 writing transformation (12-30) in the form 
“W(GQD) » “Pow ja +[-? (30) and considering phases 
shift at Tn the input and outpit values. 
We should aim at achieving these characteristics 
when synthesizing systems according to the gencral - 


method expounded under No. 1 of the present Chapter. 





Considerations resarding the choice of the time 
interval. The greater the time interval T, the better 
the filtration of sign-changing disturbances from a 
steady effective signal since according to (128-25) there 
takes place a mitual demping of sign-changing distur- 
dances. This fact can ulse be easily noted from the 
amplitude~frequency characteristic (18-29 b) ancording 
te which giniscidal disturbances are smocthed in propor- 
tion to the quantity 1/@T. 

Yet, the smoothing time T is also the time required 
by the system to become operating, as we can see from 
the example of the transient function. Only upon expira- 
tion of time T from the moment the system has been 
switched on, the result oorresponds to the sought for 
vaiue a, Thus, as the gmocthing interval increases, tne 
response of the system is siowed down. 


[ If the operating conditions of a system are such | 
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ithe: it can be awitohed on in advance ani the lene time rd 
quired by it to become operating do not affect its 
pexformance, Fe have still to consider the errors of 

the hypotnesis proper in the form of 4 polynomial with 


& linited nusber of term. Thus, e.g., in Pig. 18-5 we | 
gee thst by inereasing the smoothing interval the hypothesis ( 
of the constancy of the effective signal will lead to an é 
error in the moving coordinats since the encompassing 
of the dronping pdrtion by the integrating band (18-25) ‘ 
reduces thé output value and the current instant of tine, 
whica is not justified by the subsaquent course of the © 
process, These considerations bound the smoothing in 
terval, 

In the approximate synthesis of a closed system with 
presoribed power and actuating elements of the direot 
circuit minimum time is frequently due to certain prow 


perties (constants of time) of the unaltereblse component. 


5, Mean-Square Gmoothing Assuming a Uniform Chenge of 
the Effective Signal Over a Prescribed Time Interval, ® 

Tue realization of the random procesa cloge to the 
hypothesis formulated is showr in the initial particn of 
Fle. ics, 

Ths methematioal formation of the hypothesis over 
the interval T counted from the current instant bpask~ 
ward, i.e. fromT= 0 tots ¥, is as follows: 

<p a— be, (12-31) 
fhe square integral oriterion 


= | 


Ly = Ex [ft — +) —- a -4-btP ue 
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ous = 


{ 12-32 ) 
gives an estimate cf the approximation of tne recti- 
linear nypothesis to the actual curve over the interval 
Qe T 

We cen easily see that the minim of T, is associated 

both with the choice of the final value of the coordinate 
accerding to hypothesis a and with the choice of the 
slope of atraight Line b, i,@., with a choice of the 

Bs vate of variation of the coordinate eccording to the 
hypothesis, The required analytical conditions for the 
ninimun of & fanction with two variables 


Oo» 


Gq 08 and “2 =) 


lead te the equations 


~ a 2 [tt —%)— a-+ bt] dt==0, 


& | r 
ae [x {é —-%) —-a-t- be] sds == 0. 
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It is obvious thatthe furction 7,,, investigated has 


“27 
no maximum, and the conditions set forth are also suffi- 
Giant for the determination of the minimum, 

We sizele out the tarmg which can be integrated in the 


preceding equations, leave the more complex functions 


Unier the integral sign and obtsin 
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Solve this system of squations with two unknowns 
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The Linsl resviis are conveniently written in the | 


foliowing form *rere a1l1 the constant numbers are under the 


2 


integral signs 


ig (12-33) 


rT 

= 6 i = x [1 2) de. 

Ny (12~ 34} 
The first formila serves as the mathematical basia 

Sor & reproducing system smoothing cisturbances accord= 

ang tc the hypothesis of uniform effective signai varia 

tion; the second formiia ia the basis for constructing 

a differertiating system operating acoording to the 

+ Let us now take a icok at the techni 


5 
eal features of these systama, 


Reproducing Svstem. The system's weight function 
wt om 


ef£ists omy within the limit fron fx 0 to Ts ge LG: 
its time ource is shown is. Pig. 12-8,a, The analytisal 
expression o* the weight Puncticn has in its base tho 
velue of the integrand of formula (12-33), but it is 
somewhat compiicated owing to the need of reflecting the 
Limited boundaries of the representation. To this end 
erage 4 18 conveniently represented in the form of a 

sum of four elementary graphs, viz., stepped 1 and 
linearly dropping # funetions without delay,end stepped 


S ani Linearly increasing 4 functions with deley accord- 


jing to the formuls 
i ‘ 
p Meeeban ee 
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w [thse \(e-3 +)! {ty + i 


F(t yng 3°54) ee rT). (18-35) 





Za $ oe Time responses and bicek diagram cf a filter 
1 h@aneGqjuere movimg over 1 limited interval according 
eto Meanie a SRL eam of uniform effective signsl variations 


The “vansient function cbtaeined frou integrating 
the weight function has the following analyticai expression: 
er on ee 
jim) 
t— eataas 
apt 7 ee ts? plier! (12-36 } 


and is shown in a@lasram t in Bm sane Pisura. 





the wransiert function has 4 peak at tus instant ! 
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. p 7 a Beek 
t mit ~ 2/3 and emounts to bh 4/3 01.33, Thus, are | 


Breteler syetem optiwal from the viewpoint of disturbance 


smoothing has 6 relatively nigh evershoot which anounts to 


Tae transfer Puneticn ie derived from the weight 


(ples le mat b mye lip (12-37 ) 


The bloe diagran c is constructed according to the 
tranefer function with a minimum number of elements. 


On the blcck diagram we can sasily follow the passage 
of signals through the systen, For example, a unit input 
puise passes during an instant of tiye t « O only alone 
the upper line, and according to Fig. 2-2, b the integrating | 
élenent yields a jump of the cutput coordinate 4/T. At | 
the sane time at. the outpnt of the other Ee neses ele~ 
sent there is a jump -3/f, that is, we establish immediste- 
Ly the rate of cutput value variation which, cn cote 
the gain of the principal integrating element, is equal 
to -8/8", fhca, the output value chenges in accordance 
with diagram s. After T seo the delay component lets 
through ihe ipgout pulse thus bringing about a jump of the 

t acordinste 2/f; at the same time the output cf the 
egratinug element is cancellad owing to whica 


t 
whe ooordinste ena its variation rate take on 2210 values 


nram ontunined can be realized os an 
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lelectrenic model with a gpeciai delay compenent snd 
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Phase characteristic: ; 
ee Im @ (ja) , 

PCO) == arCls Re wio) ' (12-38 9) 
FPhase-~amplitude oharaoteristia (12-30) of the direct 
path of a standard closed control system 

| 2 Ob foe en ieee 

; J oF wt } | 
» PES one 3 4a, EE 
joT —2| 2+ Lop re (\—15F)| (2-39) 

it is useful to note that control systems designed 

according to the nypothesis ef uniformly changing effec- 
tive signals will, of course, control with the greatest 
accuracy also a hypothetically steady signale If, inatead, 


we use a simple system for more comzlex signals, systematic 
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Fig. 12-10, Time responses and bleck diagram of a differ- 
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ientiating-snmoothing filter for uniformly changing effective 
ynal (aceerding to hypothesis). 
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time ohown in Pia. 22610,8. The analytic 
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frequency characteristics of the predictor system are . 
obtained by summing characteristics already obtained 
earlier taking into considération coefficient Ts 
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We investigete the OTF of e filter to ve synthe- 
sized consisting ef the sum of severel partial trensfer 
functions with variable ecefficients: 

(12.53 } 
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woich in the fiven case amounts to determining the 


PpCidients a, we must 
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qwveok number of partial fancticus 
equal to the number of the terms of the hypothesis, and 
we mist ensure the linear independence of all the partiel 
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Ge Satermine “he coefficients of psartiel transfer 
functions we usa tne vestrictione applied to syevens 
th were systemetiec errors. Suppose, @eg., the system 
destgmad to dehormine the rate x of the input precesa 
reduced to the secund-order hynothesia (equally aces erated 
« From the second row of Sabla 12-2 we write ort 
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the first three bounding conditiona in acoordance with 
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: asic of three partial functions 
(LSeS3) woose soeffislents are marked with poinra in order ® 
tO denote tuet the system is designed to cetermine the 


first derivative of tae input law: 
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cOlumus are replaced in the determinant which we find 


in the numerator. 
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forw of transfer Punetions of aperiodic elements with 
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| should be noted that for power systems parallel diagrans | 


can nardly be considered expedient since the power units 
and anplifiers hare to he duplicated for each network. 
For this reagon we shall confine ourselves ta electric 
oLrovuits where the duplication of certain parts cf the 


eircuit encounters no difficulties. 


Resistor<Inductance ¢ gircuits., A resistor-indvetance cirenit 


hh, HK is an apericdic slement if as the input value we 


take voltage and the output value we taxe current with A 
& gain 1/K and a constant of tine T «a L/R. 

4& series of guch circnits connected to terminals to 
which is fed voltage U smoothed according ta the acoepted 
hypothesia, forms tne eleetric circuit > Similar in { 
design and cperation ta biook diagram a. Summation of 
currents or of the voltage drors created ty them on the | 
ohmic resistances for the independent operaticna of ine ( 
@ividuel aros and the possibliity of changing the sign 
of the sumsanda require the insertion of decoupling 


ampaifilers. Suppose that the syst em uses magnetic 4am 


plifiers with a gain between input current and output 
yoliage equal to m,. Then the gain of each amplifier 


i 
with selected i, an? R, (coefficients specific eccording 
> 
te the atove formulas for partial transfer functions 


Kj) gan be caleulated according to the formula 


m,= KR, 


by combining the ghins we oan read frow tae system's 
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of ite fara: and second derivatives, 
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At 6 a 





Sirs ig aiso an syeriodic glenernt if we tasce as 
the input) value the voltage at the circuit and as the 


output value the voltage at the capacitor; the gain of 


gS, 


the element is equel te unity. (m = 1) and the constant 


om fe el gg ee, 6 Tf he 
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We lnvestrgate the simple case of input voltage 


ot 
varieticn udcerding to Pirateorder hypothesis {uniform 
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ariation) whoian eneslas us to abteain electric cirguits 
with ganas auplifiers. For this eerie the CTP of 
the syvtheaized system (12-51) ean se written 
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#rom 4 formula anslogous to pag we Sind ihe 


soetficients For partial transfer functions of tas 


ae ee aes 
: Ty rT, H 
1 j i + 


2h@ a¢tvezate OTF of the smoothing syeten is 


ry 7, 
“ie Beat Aisa T pte. re! 
; Sp mek Tt oe ere, ee ee en Pad i 





— 








* 


Pignyre ife15 shows an eleatric cirenit desiened 


aft 


aacesding to the fortiaias obtained. The first eclireuit 
requires a gain greater than unity; it forms at the 
systenia input ty setting the input aaplifier or by 
véehucing the system to 6 lower sesle, 

In the sé¢cond cireuit the gain mst te reduced with 
reagpect ta t/t, (it is torne in mind that T > Tide 
This is done by installing at the input a valtare sider 
Voltage at the output will te egual to the difference of 
potentials of points shown in tha diegram or to the 
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u 
cone > 
} eabe eae aie ae 
' pte ts 


Ea 2 ofcothing Pilters with successive summation 
tages of pertial components. 


Let us now find the coefficients for partial transfer 
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Circuit with parallel capacitor. (Fig. iz-l7,a}. its | 
transfer admittance can te written on the basis of data 
from Chapter 8 where similar circuits were discussed: 
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Cp el + ae 
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RrCp-+r-+R ° 


Its gain is m = i/(e +R); its constant of time 
T eRrC/(R +x), When designing 4 cireuit with several 
partial OTF we first define the constants of time of 
aperiodica elements and define by them in accordance 
with the formulas abcve the coefficients of partial 
sransfer Sunctions Rye Further, tearing in mind the 
possibility of subsequent amplification, we design the 
electric circuits with amplification factors m, proms 
portional to the calculated coefficients of partial 
transrer functions: 


i vi -} 
! =a oe A P . 
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If resistance r is given, we find R from the load 
conditions of the input voltage source for a certain me 
There remains to determine the magnitude of capacitor C 
from the constant of time T. With r<R calculations 
are simplified. 


The cells a thus calculated are connected ta the 


summing dc amplifier DCA, as shown in diagrams b cr ¢ 
in Fig. le@-17, 


Diagram t hae an input voltage divider and one input , 
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dispensed with, hence the circuits with positive coeffi | 
elents are connected to one DCA and those with negative 
ceefficlents to the other. Difference voltage is obtained 


owing to the corresponding cirouit diagram of their output 
terminals. . 


~- Gireuit with series capacitor (Fig. 12-13,a). Its 
operator admittance is 


oe [(p)=Y (p)== “ei 


If we form the general transfer function from partial 
functions of a similar form, we can easily note that 
after factoring cut the overall factor o, the complete 
transfer function (2-51) can be written 


{ 
®(p)= A 
a Teeth rp ett (1258) 
“s ee | . { 
trp aT Feet I ise : ( 
We can see from the formila that a diagram with 
& similar circnits is always differentiating because of 


tne first co sotor, and that by Varying the magnitude | 
and sign of tne coefficients K, within the brackets we 
may give it additional properties, viz., a simply sub- 
sidiary smoothing or s reiterated differentiation and 
smoothing. 


Pe 


Thus, analysis of d4ifferentiating-samoctihing diagrams 
witn circuits with series capacitors is performed accord- 
ing to formulas for aperiodic elements bearing in mind 


eee each circuit has its proper amplification factor 
owned 
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Fis. Sere e Seon aaa AE a ching diagrams with 
: : = summation of partial elements. 


Cy = By and thut the differentiating clireuit ocefri- 
cients exe found from tne formlee of the smoothiag 
diagran, the eceffielents of the double difverent cating 
diagram uxe found from the forrmles of the singie 
differentiating diagram, and so on. 


Sn2 cireutts are joined up with tne DCA, &S Snown 


ie dissrems » and ¢ of tie same Fisire, 
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Measuring of higher order derivatives, inasmuch as a 
they are assumed to ba constant, can te suffialently 
accurstely performed with an indicating Instrument, 
whereas variable quantities have to be reoorded on an 
oscillograph. Examination of diagrams b ani c in Fige. 
12-1? and 14-18 shows that the correctness of the signs 
of various summands has to be especially ensured, When 
measuring with @ device, the magnitude of the various 
Signs is test avaluated with the aid of a two-frame 
galvancmoter, 





“Pig. 18-13. Cirouit diegram of a two-frame galvanoneter 
for measuring rotation spsed or angular acceleration 


according to the hypothesis of equally accelerated rota= 
tion. 


Let ue irmvaittigate an actual cirovit with suoh a 
devias, a8 sown in Pig. 12-19. Here the circuits are 
calculated following the general rules already mentioned 
when studying Fig. i2-15, 

A two-frame galvanometer is a summing elemant of the 
HOREnts created by the eurrents Of both frames. Since 
the derlection angle of the moving system cf the galva- 
nometer, kept at zero by a apring, is proportional to 
pee nomnent and the latter is proportional to the carrent, | 
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time of the parallel arm, ; = 

In those cases where the exponent with the slowest 
damping has a small coefficient, the damping of that 
exponent may, with prescribed accuracy, not define the 
demping of the entire precess, hence it has to be cale 
culated more carefully. 


“Smoothing properties. The time to become operating 
sisc determines the actual duration of the weight function. 
In &etermining the output by the equation of integral 
coupling with exponential weight function, integration 
beyond the Limit 4.6 T yields, as a rule, a negligible 
integral gain which, under the given circumstances, may 
be ignored, Rut over the interval from T= 0 to 
T « 3-4,6 I the weight function, changing relatively 
slovly, determines when integrsting sign-changing dis- 
turbances their sutual elimination to a spacific degree. 
Conse(uently, nere, as in systens with limited observation 
time disowsased in Section 12-3, conditions for smoothing 
disturbances: improve with increasing starting time end 
observation time. 

But if the smoothing of disturbances by systems vith 
an astablished time interval iwith a delay component) 
above was called optimum, the smoothing with arbitrary 
components (if we hold to the old positions of optimmn 
evaluation) can no longer be called optimum. Earlier it 
was shown, bowever, that systems with parallel biock 
giagrams can be synthesized from elements with random 
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Fiz. 12-20, Anpliniude-frequency characteristics of a 
simplest optimum smoothing filter with a bounded in- 
terval and an aperiodic element; time grapas explaining 
the conditicrs Por obtaining the characteristics. 


We plot in Fig. 1&-20 the emplitude-freauency charace 
teristic of one aperiodic element with a gain equal to 
unity. This element, according to Table 12-2, is 4 
smoothing syetem for a constant signal acccrding to 
hypothesis. Onto the same diagram we transfer from 
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Fig. 12-7? the amplitude-freaquency characteristic of the 
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woiss comparison shewsS that in a certain treqaeney 
band the optionim system smoothes disturbances less 
etficieas.y than the aperiodio elerent. This fact is 
eas.iy explainable, If, e.¢., the preessigned interval 


2emprines a > ae 


oamp precisely an odd rumber of harmonic disture 
mance pariods. ther the mean value of the effective 


sigaal determinei by tha mwathod of least squeres ranges 
jfror zero to che mepgnitude of the disturtence half- 
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Table 1. 


poo. 


[wave area divided by the interval, as shown in diagrams | 
4 and o oF Fig. 12-20, 

It is cbvious that for the given concrete frequency 
inverveal " is evidently unsuitahle and the concept of 
optimality mist be revised. Thus we arrive at the 
frequency analysis of the input signal component; in 
wnis case, in the presence of data relative to the input 
spectrum, synthesis cf the control system should bs 
performed according to the method expounded eariler, 
whereas in the ease of computing filters one should 
resort to speciaiized literature /Bibl. IE 

it appears usefal to stress the conditionality of 
she choice of interval T in optiszum systems and the 
absurdity of aiming at an excessively exact reproduc~ 
tion of optimus characteristics, Apparently, the peaks 
and drops of optimum frequency characteristics need 
not, necessarily be reproduced. 


Noise i spersicn. If we have the frequency charac- 
teristic ar the weight function of systems of various 
types, w@ can compare their properties also by the noise 
dispersion at the output. For systems with preset smooth- 
ing interval, the noise dispersions are given in Table 
l2-1, walle for systems with preassigned aperiodic 
elements investigated in the given Section, the noise 
dispersians ere tabulated in Table 12-3, 

In calculating noise dispersion we can use the 
effective passhbands of analogous elements given in 
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in ite expanded form suitable for designing parallel a 
diesrams (diagram a in Fig. 12-21} as well as in its 
transformed form (right-hand side of the formula) which, 


we write aa follows 


Wee 
D(p)== [T+ Tet pope Pp yET : (18-58) 


Tris wa gee thet the system can be made up of three 
cascadg-connected elements: a forcing element and two 
aperiodiec elements with different constarta of time, 


as is shown in Pig. lé-z1, b. 





Pig. 1£-21, Passage from parallel diagram of a computing 
filter to cascade and closed diagrams. 
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when evaluating quality, it has olready been realized toy 
the desired extent when choosing the starting time for 
disgrar a, 

In point of fact, things amount here to the synthesis 
of control systems by the prescribed roots of the charac= 


teristic equation of closed systems, 


Reducer diagrams. We ove already shown that to 
deternine the smoothed value of the highest derivative 
in an mth order iypothesis for a varallel diagran we 
need n+ L linearly independent elenuents. Let us now 
use formula (12-87) for the system's systematic error 
with an input exceeding the order cf the oar by 
unity, Bor reproducing tsmocthing} systems the error 
formilea is given ic Chapter 10: 


= X PK. | 


Passing to the cperatar form and using formaila 
(l2-57) we find 


Al cp i ‘ | 
o£ (p= “Sia O (XQ). | 


(12-60) 
Taus, the highest eens in the law of (mn + Lj-th 
order can be obtained a gimz & smoothing syster operating 
according to n-th order othesis if from the output 


7elus va substract the fear value and multiply the. 
- , (n + 1) 
airference by the enefficient (n +1}! /@ ‘ (0), 


Figure 18-5) shows the block dlagram d which corresponds 
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‘the three-component diegram. The desired degree of 
smoothing, however, can also be attadned ima reduced 
‘diegram by increasing the constants of tine if the input 
Signal spectrum places no speciol requirements upon the 
shape of Yrequenay churecteristics. 

Fessage from pieck diagrams to teahnicul realization 
yields in weny cases technicalyintercsting solutions. 
Tons, @68., if in s cirouit with calvanometer (Fig. 126-19) 
we have ane purely otmio agtwork with a resistance aqual 
tc that of the second network, then the network with 
resistance forms a negative direct circuit and the 
aggregate OTF amounts to 

l g 
Cree energies 
pel “Tp+t? 
i.@,, the galvanometer crerates as a differentiator. 





the examples investiyatesd give us an idea of the 
possible trends to te fcllowed in the synthesis of 
various linear dynamic devices. Tagether with the 
principles of the synthesis of electric circuits 
discussed in Wispter &, tne procedures iesczsibed here 
disclose virtu.ily inexhaustible poseihilities for 
Tinding various technical solutions of which the 
most economical ones should be chosen. 

Comparison of the accuracy of performance of 
Similar devices under noise conditions can be effected 
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‘mn tne pasis of the output dispersion given for some 
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To obtain a varietion of dispersion with tine in 
the synthesis of variable systems optimin over a certein 
time intervel requires a considerable complication of 
the system of equations investigated as compared with 
the system's initaal equations. This metnod is dise 
cussed by ve in /3iv1. 4] and Chapter oS. 

In mest cases analytical calculations of control 


ey 


systems with varianie parancters are quite diffienlit 
and can only be achieved with the aid of somputers. 

The problem cf synthesizing an optimum system 
amounts in this case to e trial and error method vary~ 
ing the paraveters of the control system whose eave 
tions are set up on en electronic m del. 

Gptinization of control system parameters to chtein 
& wahimum cf the criterion chosen, a.4., of the agysre- 
gate, can else be achieved by automatic "analyzers" 
cormected with en electronic mcdel or a digital « 
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ROMNLINBAS AND SPECTAL AUTCMATIC CONTROL SYSTEMS 


Chapter 13 
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AUTOMATIC SONTROL SYSTEMS WITH NONLINEAR COMPONENTS 


L3-L, Stebic Gharseteristieos of Nonlinear Components 


and the Methecds Waed Pex Their Pransformaticn 


A wonlingar component ,for which tee ralationship 


betvean fhe Lanut and output is expressed by the following 
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(13-1) 
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whlen fuvolyvead oo operations for a mathematical analysis, 


is kuown es 4 gonlinear component of the gero-order, or as 
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between the Empas and output vebucs only during tuesir stats 


of stability. 
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reprasented ove warlety of types and, therefore, wa whl) 
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We will first meke « distinction betwecn single-valued 
ant nultiple-valued statie sharacteristisa of nonlinear 
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but alan by the dirsection of ita change, 
Sivagiee-vaivuied characteriatica are gnown in Pile. 23-3. 


Tn fis turn, we will subdivide wns singtie-valusé 
ehoaracteristiegs secording te their properties near zero 


ané near the maxim value cf the fnput. In secordaner 
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Rane, 
with tnese indications we will distinguish the following | 
features of these characteristics: their sone of insensi- 


tivity and their saturation. 


If, while the controlling gienal increases from zero, 
the output-value doas not begin to change at once but only 
upon reaching a certain minimum input-value of es then 
the nonlinearity sequires the property of a nonsensitive 
zone ance may be represented, for example, by curves 1, 2, 


and 3 of Fie. L5-h,a. 


{If a limited increase In input-value is obsarved when 
the values of the controlling signal area large, then the 
nonlinearity is represented by characteristics typified by 


h, 5, and & of Fig. 13-1,6. 


Both « sonsensitive zone and saturation may ba observed 


tn the same ehsracteristic typified by 7 and @ of Fig, i3-l,c. 


he appecrvance of similar charactéristics in circuits 
ecntainiag iron is determined by the ability of the magnetic 
eireult to reduce its magnetic permeability down to a com- 


ely apail value (permeability cf air) while toe 
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i; Vroy the Veiue sat for the output, tha stats characteristip 


ee bn verre: 
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| becomes & horizontal line which, as a rule, bends at the | 
polnt of reatriction, as shown by the broken line 6 of the 
same figure. 
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ene gingie-vaiued characteristic 7 of a relay also 


pelonga to the saturation type and bends at rignt angles 


at the point of restriction. 


muttiple-valved characteristios sre shown in Fig. lt~2, 





Pig. i3-2. Multiple-valued characteristics of 
nonlinear components. 


An analysis of characteristics located near zero and in 


zone cf large values will again lead to the conceptions 
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eseriving an insensitive gone end saturation. It may add 


to the moititie-valued significance of a characteristic. 


Multiple-valued characteristics are intrinsic in such 


linesritiss as °*free=plav' or backlash 9, multiple-valued 
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Let us sfeaine certaiy adtual units possessing typical] 


neomglinsarities and shown in Flg. £363. 
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>» if*3, Typieal units with vonlinear aharastorigrios. 
key: 1} winting up; 2) final adfustmsnt. 


Nerefriotion moter (Fig. 13-3,a}). The dry friostion 
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the voltees function Ls reduced by the amount of torque 

lost by dry friction and variss in accordanes with the non~ 
Jinsar echavactaristie 1 represented by a solid jine in Fig. 
}4-i.a, £.6., in accordance witn a characteristic asving an 


“insensitive zone, 


AS longs as the input voltage does not exceed tie pickup 
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voltorma desienated in the diagram by e8e, the motor shaft 


will remain at rest and trea network will not respond to the 
control sienal. If a biocking voltage exists it the input 
tube amciifier, an snsensitive zone will 


he likevise oresent in the characteristic as long as the . 
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insut woltuss does sot excesd the tlacking voltage. 


welay amnvlifier (Fig. 23-3,b). Depending on its design, 
a relay accliviar may have varioua typical nonlinearities in 
tee chaaraecbear.scae whieh iinkg§the eontrol signal (voltage or 
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[will bring it to characteristic 10 of Fig. 13-2. ~| 


Transmissions with mechanisal backlash (Fig. 13-3,d-f). 
Static characteristics with backlash are shown by the dash- 
and-dot line 9 of Fig. 13-2. The specific features of the 


backlash are exposed near zero and during the reverse. 


provided that only one-half of the backlash exists at 
its initial position in transmissions using ren (dj or 
gears (e) with a backlash 5 expressed in angular units, 
then the output-shaft will remain motionless over ths range 
of ~o- whilsa the input-shaft moves away from zero in any 
airection and will remain motionless until the proper back- 


lash is selected. 


The transmission continuity of the section is also 
disrupted during the reverse movement until the dog (a4) will 
pass from one side of the yoke to the other, or until . the 
tooth of the dyviving gear (e) will disengage itself from 
one of the te+sh of the driven gear and will become sngaged 
with a tooth located on the opposite side. This event will 
eause in characteristic 9 of Fig. 12-2 the aprearance of 
horizontal ene lvaat which are typical for a backlash. This 
sharantezistic, gesheraliy speaking, may be extended to any 
value of the input by maintaining the slope of the linear 
parts an2 the size of the horisontal sheives, beceuse the 


ey motion itself is not limited by the size of the sai 
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to egatrol the murvrent in the vindines of cus moter and is 
Sasdieaned to turn the "fisal adjustment’ aneit inmediately 
artes the windiaaeupg gsneart bemins to rotate. he contact~ 
part of tris gevies alwaya aontainge a msenenical backlegh. 
Sintiar KP devices are always provided wita a Tlexible ecn- 
2c%10n botween thre driving and driven parts to ayaid breaks 


and to sesumolete un duput value for e stationary motor. In 
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the figure, tus Plexitla cenneotl 


ia ghown do form of two- & 


Uniike tne “backlash” tyoe of characterios, ths "hysteresis 
tyos of characteristic, which ig also muLtiple-eveinued, has 
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gmoothn transitions, unkess sbecial measures are tos; for its 


nonlinser anaracteristies. 


rb 


Aduitionel spestal features o 
Amons the additional propartias of atatia charneteristies ure 


ysiaiiv oresant: tne aymustry @r asymmetry of characteristics e 


tn the rerlon of poealtive and negative valuas of thea input, 
staapnesa of sharceteristies increasing from the initial 
section to saturution, nunber of tends, etc. These syoecial 


features are test to analyse not in their seneral form, out 
usine eonerate ex«mples of componen*s anmp-layed by the acd. 
An example of a sbatic characteristic cepending on two 
arfumenta was analysed in chapter lel. : 
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Let us proceed with the bretlem of transforming static 
phasmorsriavise of several jointly-crerating nonlinear con- 
ponents or, as a specific sase, of nonlinear and linear com- 
ponants included in typical acs fAvtomatic Control System/ 
otreuite, | | 
1. Cascade Connection of Components 
The scheme used in casoading nonlinear components is 

jliustrated in Fig. 13-+4,a. Hach component has ita own static 
characteristic (13-1) reflected by the functions Pp(Xy)> 


Fa(Z,}- ¥(Z,) ~e the functions of the input argument. 
a 


“he genésral statis characteristic will be rapressnted 
ny the following expression: 


xe Fe CPalF eM} 13-2)" 


which can be read ag function F, of function F, of function 
a 
Fe tecause the expressions in the parentheses play each 


time the rele of 4 new argumext. 


2. Nodal Nonlinear szlemeuts 
Bafore proceeding to matehing-parallel and counter- 
baraliel tyres of achames that are to follow later, it is 
necassary to note fhat unlike the case of cascading these 


gekemacs include the presence of nodal siements. 


The angle of the forked nodo 4s tha game in linear and 


{nonlinear eyatems, sowsver, a summator in rionlinear eonemes| 
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a @enernl case of a nonlinear node with two inputs is | 

illustrated by scheme (b) in Fie. 13-4. If the nodal com- 

ponent provides a functional transformation of two arguments 


of form 
oe 2. (13-3) 


and“if functions € = f(x) andy = foly) enter as arguments 


st the input, then at the output will be obtained a function 


gs of a funotion in the form of 


<n [Fy(<}, Fe fy)). (!3-4a) 


Hxamples of application of this formula ars given in 


> 


schemes oc) and aj. 


Among the widely used nodal nonlinear components is 


the multiplying component 


¢ , 4) = 4. 


In fact, the torque of the electric motor was regarded 
in the preceding examples as the product of the current vy 
the flux, or the emf as the product of the velocity by the 
flux, etc. In this case the equation for 4a nodal element 


assumes the form of 


xy Fie) Fuk (13.44) 
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and Hh. Tf the known funetion ® La now used tse daternine 
one of tha arreumants, % fow exanple, it will be necessary 
to introduce the dasignatisn ef the inverse function for 


this argument; 


gee HE (e, 9). 


Pare inverse function neutralizes the action of the given 
funotion, forming according to argument E a transfer coer- 
ficient equal to wnitys 

Hales ae (eo 
and forming according to arsument nh & transfer coefricient 
equal to zero, as shown in scheme (1). If the function of 
the two arguments * and y are in form of a contour in a 
Gartesian soses x, ¥s 9, then the invergae funstion is 
ebtalned by using siinple seometrical sense: intersecting the 


contour by Plane y = constant, the abseissa x is found 


hela, w= sin ty + 9%) ftig.yl== atcsing — y%, 


gle (©, yb, y] = arcsin [sin wy -b y?)i — y? = x. 
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meer: 
ho Neutralization and Duplication 
of Nonlinear Components 


Two casnade-connected nonlinear components (Fig. 13-4,f) 


will newtralize each other if the neutralizing function H a(€) 


is an inverse function with respect to the fransforming 
Punetion of the first component. 

: : ’ og ay a 
xamoles; 1, F(xj= sin x; Be F)= sin fr(y)] = Xe 


2. F(xde= x%, Hp (Fy = F(x) = 2. 


A neutral cireult has only one transfer coefficient 
H ,{F (x) = x. : (13-6a) 


Thanks to the intrsduction of the concept of a 
neutralizing component it is easy to formulate the rule on 
the transfer of a simple node through a nonlinear component 
according to tae course taken by the signal, which is shown 
by soheame ) of the same fisure. guch a transfer should be 
accompanied by introductionof a neutralizing component into 


the dispisced branch. 


Yhe tranafer of 9 simple node through a nonlinear con- 
ponent contrary to the courss of tne signal leads to the 


apoearagnce of a duri 


fen 


oat 


be 


ne nonlinear component, as shown in 


Nodal nonlinear comvonents capable cf functional trangs- 
I 
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ne 


lpormation of two input areuments ean also be neutralized 
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[ whe convept of & Beutralizing component is applied in | 
scheme (k) to transfex: 9 simple node through a funetional 
node arcerding to the course taken by the aienal., The equi- 


yelance of transformed and initial cireuitea is cbtsined sy 


f-" 


ntoducing ints the displaced branch ea neutralising com- 
ponent eat, YI. 

Senene fs s hows the tranefer of a simple node through 
a functional node contrary to the course taken ov tue sienal; 
in tnis cese, into the transferred branch is introduced a 


‘duplicating componsat O £ ,Y). 


5. COUNTEN-PARALLEL CONNECTION OF NONLINEAR COMPONENTS 
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Fig. 13=5. Structurel transformaticna 
Of ecountar-pderallel circuits with 
aoe nonlinear compenents. soca! 
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Scheme {a) of Fig. 13-5 shows a feadback circuit, or | 
a counter-parallel cireult with nonlinear elements, including 
nodal parts, For static characteristics of the straight 
branch Fy feedback circuit Bos and formula for the nodal 
alenent. PE»). the overall static characteristic of the 
elrenuit emoloyvying above functions can be obtained, first, 


in the implicit form of: 
ml Lae - a . Qe t 
Si Fyfg ix. Fatih (12-7a} 


segondliy, by ampioying designations for inverse, l.e., 


ie 
neutralizing functions #H* (Fy 5¥), fs cz = Ha OF), dt is 
) te FENG wu 


hare possible te obtaln an explicit solution with respect te 


Kk 
m) 


inout value: 


xg AH len Fala): (13-78) 


Fineliv, if the right member of (13-7b} 1s taken as a 
singie funstion af one arfument (Xgl s onen, thirdly, the 
golution with resvect ta Kip C9 be expressed by an overall 
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Lovers? function: 
“ae He (X,,) (13-76) 


{ff the ecennection is superimposed through a simple 


ipeaar summator, instead of an addition-formula the inverse 
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las funetionel structural scheses. Thay serve as a graphic | 
examale of matnematical relationshijs obtained during tne 
transformation of rerulated values in control syatems. From 
a functional structures] sehema it isa tossible to proceed to 
its technical realization and, vive versa, given an actual 
honLinear AUSdevice it is possible to construct its 
funetional atruetural soheme, These possiblities are also 


abserved in linear structural schemes 


The intrinaio distinetion of nonlinear cireaits te that 
the orinelole of sunoerposition cannot be acplied for tnem; 
thia makes it obvious that it is inadmissible to apply the 
4yeathadis of structural transformations of tyveas involving tne 
carry of ayvuaetors, convolution of cizswuits, otc., if tase 
otverations Involve nonlinesr elements. On tne otner hand, 
the entire Linear sart of aCS is transformed on tue struc- 
tril cirsuit,es before, which makes it possiole to sisrlirg 
thea girenit by ssocavatins the sections sontaining toss 


4 RCE aes iG eo nae 
NONLLNe4YVLO,4R vniLech sannot i} hes 


ake Aree a Wis 


ry, 


jad, 


RiADLA 
“ Lan: ; 3% : Sree j aac * pee . 

Ts conelusion wa will examine the statics of a ty. ical 
TOL er SR Care a ee erent Oo le ia oO) Woke Conta lm 


Piece ae: Brae : Re Pe bts CaO ge 
cnnonents Saving a zone of insensivitv. as shown in vis. 


ns) 
sa 
us 

‘o 

aes 
Fa) 


- et a “7 re es - — - am - $ Z 
et us assume that tne ayvsteam ls connected » But is at 
reat after the Tinal adjustment of the: insut gis..al and ony 


one of the mentioned rnonlinesrities is prasent in 


— Cian 


toe this noclinear 





ef ingenedti 


in the 


syaten, 


sea 


wht 


oa 


or 


PeGaRisays 





‘tay 
of 


hand 


insensitive 
yametrial igsenwit 


the éz 


S13, 
sf the 


% Sarpyr-ovrer 


2a ghata’ 


or 





Andane-error Gf the 


bhk3 Durp 2038 We wil. 


ZOUue Dy’ & 6leneh sane) 


» 


iva Gone (aa 


cswing), heesiga te avarscme + 


#uoh an *exvangse 


ea aboug che 


Gr cat. 
gone of in 

int the error canaso oy 3 
based on the 


errers to 


aul, to write the follawing ows 
ip’ i 5 
“A nes eens a mee gf ige ‘ 
aha : ae ye :0} 74 (i ee iy 
Wy 
‘ cop nansencomnes a Lye) 
a ete (eee i CY ded 
i i 
oom > {deers 
se Slats SOR ary a, 
Ay &. (bth 
wart asy 
kD 
. c ' baited 
4,-- aH (13.Ue} 
: wr 


eave 


fed 


sensitivity slong 


TO ONne- 
on 


% 


76 ZONG 


Of gi.8nal2! whioh, 


He 


Py Biers 
f an 


can db 





n 


‘ For static systems with large amplifying factors we ae 
have that W(0)-*6@, or that for astatic systems W(0) = eo, 
and that errors 1,2,4, and 5 coincide with the actions of 
Oy, 1.¢., the zone of insensitivity is fully carried-over to 


the output and the error a. becomes equal to zero. 
ae) 


: For irreversible movements and when the controlling and 
output values begin to change from zero, the nonlinearity of 
the backlash type makes its appearance in the same manner as 
the zone of insensitivity. Consequently, from the standpoint of 
static accuracy, a vacklash is harmiess in output circuits 
until the point of superposition of feedback and causes 
errors in the foedback circuit, beyond it at the output 
and at the input, 


&. GRAFHICAL METHODS OF CONSTRUCTION OF STATIC 
CHARACTERISTICS OF CONNECTED NONLINEAR COMPONENTS 


For ths caztcade method of connecting nonlinear somponents 
as in scheme (a) of Fig. 13-4, the overall stutic charac- 
usristics of components given in form of curves is obtained 
more simply by locating the curves in such 4 manner that the 
axis of the oréinates of the first curve X, serves as the 
axis of the absoissa@of the second curves the ordinate axis 
of tne seccid curve becomes the axis of the absoissatof the 
third curve, etc. In this case the equation (13-2) is 


‘jattained by a simple graphical construction, 
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| In tect. let uz locate tas shown in Fig. 17-5} the 2) 
first curve in the first quadrant with axes X,.°X, anc 3; 
the gesond curve -- in the second quedrant with axes Xx, and 


2,3; the wnird aurve -- tn the third quadrant with axes X, 
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and Hout? These axes correspond to tha numbers Pur the 
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gontroiied waives in wle. l3Wh,a. 

Lat Us #e18¢ tb an eroitrary input-value of a° é& and 
lay it off on the first curve. at this osoint, the ordinate 
of the carve ia} = >b ta the armiment Por the second curve. 
his value of argument .b} enters tn4 secand curve to Pind 
the next Punetion ¥ (dD) o which will servs #& toe srgunent 
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or the third curve with whion we finally fins F. 
which is to ts carried cver to the &th guadrant, Plettuing is 
rapssted in tne game manner to Slot in the Lth quedrant ihe 
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overall static sharesteristie with Ky, anak ag coorAinstas. 
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Fig. 13=6. Graphic sonstruetinn of a statia 


characteristic for tha oascade-method of 
eonnecting tonlinear componsute. 


Graphic constructions for matching-paralle] schemes are 
Lilustrative only if a linsss auamator is used as a nodal 


unit. According to equation (13-5b} the problem in such a 


fb 


case 1s reduosd to a graphio swanation of two oksrectaristics 


plotted cn comico axes Xan and < » An example of suoh an 


Ons 
addition of chaxesteristiog with a zene of sensitivity and 
with eaturation ia shown in wig. 13-7. It is not difficult 
to mote that when these features are intrinsic tor only one 
of the pareliel components, they will not appear in the 


overail charastertstioa. 


Orephie ocnstructious for counter-parallel schemes are 
*iso effeativce only when « linear summator is present. In 


jsueh & 6396, use is made of equation (13-74). 
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The ourrent in the clrouit under examination is found | 


by using the equation 
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l= RaVTT: (*) 


It is possible to prove that the obtained expression is 
an exceptional cass of the general equation (13-7a); however, | 
dssiring to obtain an explicit solution, we will reduces at 


ones the obtained ecuation to the form of (13-74) by taking 


into sceount the fact that the input value is here regarded 
as the load-resistance 
é 
ra — Ri). i) { 
With this equation it is easy to construct the functional 
é 
structural scheme (bv) of Fig. 13-3, where in the nonlinear 
components tgs recorded the generalized argument E which then { 


agsunes cornarete values. For the inverse function z= Same 
which is recorded i1 (**), we wlll get a straisht function 


me 
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6-2 ie : i 
i= which in this case is given analytically and is to be 


constructed in the Pirst quadrant of the aquation (dotted line. 
The nonlinear funetion of the feedback clronit R(I) is 

given by a curve in the same quadrant drawn by dotted line. 

The difference of (**) on the curve ts shown for ‘point Ia, 
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jfer(a). This value is carried tc the lower quadrant for | 
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the iinits of current variations ara given. sor the 


een 


input 
value » and output value I it is convenient to rewrite the 


equation (*) as follows: 
ot Fle RUN d) 


@ith this esuatvion Lt is easy to construct ths funectisnal 
structural schema ¢ (Fig. 13-8}. The statia charaateristia of 
such & scheme is obtained by construction or by calculation 


ew ee, (rs  * ns be re ee Sy a ° 
by using the following equation: 


an isolated case of Gounter-Perallel schemes, Let us expMnine 
then sepasvately by using technical examples about which we 


know from the Trreaediing chapters. 


She generator with positive feandoaek. Let us examine 
tns statio thoracteristic of a self-excited generator w 
a Simibtaneous uoomtrol of excitation. Phe electrical 

eir@ilts vere analysed in detail in Gnepter 6, but the nathad 


oY linearization whieh was used thers required & prelininary 
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the funoticns) struetural schemes (4, 14 Fig, i3-9). Bor the 
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Fig. 13-9. Characteristics of a structure 


with positive proportional feedback as 
exemplified by a scheme for a saturated 
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‘Fis. 13-10. Structure and static characteristica 
of a magnetic amplifier with positive fesdhack. 
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Fis. 13-16. Grepnic determination of 
tue cosine-conponent of the rirst 
harmonic of a nonlinsar unit. 


Se SQUIVALENT COMPLEX GAIN FACTOR 


Let us use the operator-form for writting the conditions 
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for tne passaxe of ths first harmonie throuzh a nonlinear 


eonuonent. 
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[teristic (MTACh). Similarly, for the real, imaginary, and | 


phase characteristics we will use respectively the following 


aborevistiona: ReTACh, Imfach, and Phifach. 


The real (Rey) and tho imaginary (ImJ) amplitude 
charagteristics may be represented by separate curves, for 
example, by type of curves drawn on Fie. 13-14: both MA and 
PRIAUh ean be also represented by separate curves, although 
it is possible to represent these characteristics by a single 


plotting orm a complex plane. 


creme ea: 


ahaa A, A; 





Fie. 22-17. Typical plottinzgs of equivalent 
sompiex gwain-factors of nonlinear units. 


Hig. 12+17 shows examples of plotting amplitude charas- 
teristics on a complex plane for single-valued a and for 
mulid ple-vslued b (hystsaresis} tatic characteristics. Tha 
sintle-valued sharacteristics yield no inaginary ocomponents 
ang are s.tireliy located on real axes and, therefore, it isa 


‘necessary to show separately both the ascending and descen-| 
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PHIACH (A) =P (Ar Go) — Py zp). (13-280) 


If it ig desireble to eliminate the phase~shits Op/we) 
introduced by the fiiter, it is possible for one frequency 
to peleot the paramaters of a complex filter in such a manner 
that the hodograph W (ji,) will exactly intersect the real 
axis. The introdugtion into the experimant of a Low-frequency 
filter will, of scurse, other errors due to the inaocurate 
eassumptiona of frequency for amplitude and phase errors of 


the filter, ete. 


B. Gireuits with Resonant Filters 
It ig more convenient to replace a low-frequency filter 
with a resonant filter heving a LAFOn (linear amplituda-~ 
frequency characteristic) shown in Pig. 13~-i@,b and designated 


as RF. 
Then, at a regonsant frequency @,) the importance of the 


fiest harmonic compared to the higher harmenicsa wiil grow as 
fast as the rate with which the resonance peak decreases, 

“his makes it} passivle to disregard the higher harmonics when 
taking down the frequency characteristics NO of nonlinear come 
ponents and resonant filters by using the methods developed 
for linear units, or by selecting a proper threshhoid of 
sensitivity for the teasuring devise. 
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nksracveriatios fv escordance with (15-18). 


“needliationa (see Wig. 4-7) can oe vsasd in experimentiag 
with taking down coe Prequency characteristics cf a none 
Wiaesap gomnponsnt NG . An N@ replociug tha linear come 
ponest ta thie scheme will oause ths transient processas to 
npooeed in a wore gonplez manner, Yan fast, the equivalent: & 
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if the oselllationsa in the experiment have no sslf- ani 
restoring tendancies with resvect to amplitude, it is then 
pessible to change the polarity of both the nO and that of 


the potantioneter. 


La-+3. suLe~ CSCILLATIONS IN SYSTEvs 
WITH NONLINEAR cee Greets 


. Wuslitetive Analysis of Nature of Processes 
in Nonlinear automatic Control systems (ACS) 


¢ 
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> 


In analysing the natural movements of lingar ACS we 
introdnuesd the concepts of a steady system witn damped 
metureal osailiations, of a nonsteady aCS with diverging 
naturel oscillations, and of a system eat the horder of 
ateanility with osclilations of a definite amplitude brought 
about ov initial influences and remaining unchenged oniy 


when the influences are of constant nature. 


an entirely new reawime — that cf self-osciliations -- 
is peacithbie in . nonlinear ACS. Similar to the iinear 
pordéderiine of stability it is also enaracterized by a steady 
gosaillating state, but the amplitude of oscilletions {ts due 
antirelv to the oroperties of the system anc do not depend 
{in & certain limit); on tne Initial disturbances. 

The state of self-oectiletion is reached br ACS auto- 
matiselly, aither as a Liuit-state ealled the limit-cyole, ar 
i4t denartea from this state, l.@., the linit-cyele ina a 
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guch that any deviation of the amplitude of the limit-cyole 

will subsequently cause the process to finally depart from 

the limit-cycle. The process pecomes divergent for a positive 
deviation of tas amplitude; with a negative deviation of 


the amplitude the orocess tenda towards zero. 


fhe appearance of a limit-cycle with « definits ampli- 
tude and indications of steadineeas change somewhat the con- 
cept of the steadiness cf a system aS a whole. Really, if 
in a linesr system a tendency to reduce the amplitude is 
observed at any value of the amplitude of cscillations, the 
system is steady and the motion will end with a completa 
attenuation, In case of a nonlinear system, however, the 
reduction of the amplitude may end not with a zero, but with 
a limit-cysle, 1.9., the system as a whole will remain aga 
gelf-osclilating system. The same duality is observed for 
diverging oscillations; the latter may either increase con- 


tinnally, or end with a limit-cycle. 


Therefore, the concept of steadiness or nonsteadiness 
of a 3yatam as a whole is tied up with the value of the ampli- 
tude of cacillations as compared with the amplitude of the 
jimit-cvele, or with the type of the liiait-cycle itself, 


end this is dlilustrefed by the table below. 


A workable nonlinear so3 may, generally, have no limit- 


peycles ané, in such a casa, ghould be steady in all working 
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| Lnvgnat ang outwvut linea ers excluded from the acheme, but 
the obtained network remains, ag @ rule, the network of 


negative feséback (it changed the phase of the output sig- 


nal by 180°). 
ie eh 


f 4 


rte re fe: 


WA} 
File. 13-20. Closed aGS with one nonlinear component. 


@ The harmenio-balanse method ls based on taking into 
agoount the circulation of only the first hermoniec in a 
¢LOe3a network. Actuelly, at the output of a nonlinear cen- 
ponent in eae regime of self~-osolllation we should expect a 
periodic eurve of complex form containing the hignsr har~ 
monies, i.¢., the nonlinear element appears to serve aa & 
generator cf higher harmonics. Aeing closed througa tha nete 
wore of the feedback, the higher harmonics enter again the 

y imput of the noalinesr element and changes its stete (inte 


gatiaration, eteas. 
Sines the characteristics of the -- linear part of the 
eoubrod aysten ave nearly the same as tone characteristias of 
. Low-frequency fiiter, the conditions requirsd for 1t to 
suppress the second and higher harmonica whioh are generated 


te #G toireide with the conditions described in Table i3-l. 


(The higher the order of the denominetor OFP of the linear i 
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‘part as compared with the order of the numerator, the more ; 


effective is the filtrabion of the hazmmonics. 


The snakler ths role pleyed by the second and higher 
harmonies, the more adgourate is the harmonic-felance method. 


Its average astcurasy ls usually astimated as 10-15%. 


The harmonic-belanee method is based on the work of 
Soviet sclentists, N.M. Krylov and M.N. Bogolyudov, whos, in 
1932, applied equivalent jJinearization for the investigation 
of tne swaying of eleotrical machines and, later, fer other 


fields of technolegy, { 1] 


Let us dear in mind that the squivaient or hurnonie 
Linsarization differs essentially from the linearization 


paged on the first term cf the Taylor seriag vwhioh was 


amployed in the preceding chapters. In harmonic linsarization 


4% i9 assuced, on ons hand, that the sinusoidal oscillstion 
at the output oorrespond to the sinusoidal oscillations at 
the input of a nonlinear componant whieh, strictly speaking, 
constitutes the linearization (actually, the output oseil- 
leaticns are not sinusoidal, but contain higher harmonics 
which are rejected) out, on the other hand,.between the 
amplitudes of the input oscillations and the first harnonia 
the output osalllations is retained a functionsl -- non- 


of 
linesr relationship, 


| having the relation between the input and output of a | 


comers 


;nHonlingar elenent with respect to the first harmonic given | 
ae fern of %& eure or alelytically, also having tne con- 
ditions for olosing which, according to Fig. 13-20, make it 
possible to connect the input and output oscillations of a 
nonlinear slement ty means of the syuation for the linear 
part, it becomes possible to compose, first, an equation 

for balancing the anplitudss and for balancing the phases 
and, secondly, an equation for balancing tha real (sinuscidal) 
and imsginery (coszinusoidal) ocmponeants. Roth the amplitude 
and the frequency of self-csolllations is determined by sol- 
vine any of these systems of equations. IY the appearance 

of a limitecycie is possible in a 409, its steadiness becomes 
apparent latex. i 


The eTorementioned method were further developed by the 
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apritad in problema dealing with the theory of eccntrol. In | 
Aigeprage balanes and eriterta of atavility resembling | 
the Nyquist criterion we can mention tne work of prof. L.S. 


tol'dfarb which he pubiished beginning with i940 [2,3] : 


an the field of anaiytioal solutions which made it pos- 
sitia te sover a wider range of problems by using tha balancing 
ef veal and imaginary characteriatics and criteria of stability 
hased on the ariterion of Wikkayliov, the method of harnonice 
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3. Finding Periodic golutions by the method 
of amplitude-bhass Balanca 


rn to the scheme for a nonlinear ACS shown 


Let APhGh be tre given awplitus-phage characturiatic of 
the linear wart W( ja!) whien is drawn wit the eid of iogaritn- 
Za, 


mic templates. Let us transfer it to a complex plans (ie. & 


Lie21i where the natural.anglés are retaines for record 


bee 


The 
the phase and s soneentrie logarithnie net is draws with a 
shale in decibels and the circle 06 db is distinguished ay a 
thicker Line. 

whe iivesrized aPoCh of the sntire agen aystem will be 


ootlousiy recreseanted by the foliswingproduat: 


C (jm A) ee W (jw) J (4). (13=-14a } 


‘tha Limitecysla of the real sygteu corresponds te the 
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vorderling of stability ‘of tne linearized systom, which is 


observed in puesing the linearized APhCh through poluats L,}O, 


(Y (jw) (A= — I (13-199) 
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i.e., we retain the condition (13-19c) for balancing the 
amplitudes; just as we retain the condition (13-194) for 


balancing the phases, since Q;" 0 and Py ltdp ye. 


Therefore, subtracting from the curves the values of 
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the sought parameters of the limit-cycles. Here are possible 


two limitecycles with amplitudes aA (ascending branch) and 
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A eac (descending branch) and the same single frequency ° 


it remains to determine which of these cycles is stable. — 
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vhe stability of the limit-cycle is checked by drawing a 
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by Bi AL). With a logarithmic net where the modulo is given 
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(1) Position of line 0d6 for (JQ, Ag) 
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point Sdb, Piel, jO}). If the amplitude gets a positive 
inorement, the point © db on the ascending trench will move 
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Linitesycle at amplitude An. O8 the ascending branch #{A) is 
unstable. 

Let ua aov examina tha Limiteeyole for amplitude AL. on 


the Ceseanding beaneb gia}. An inerease Lo amplituds to the 


<i 
’ 


value aud Si will, in cherecteristia Ct Ab Any ee Stites 


the point 0 db. suteside tha network, or to thes region of 
gtabilivy “See anade@ eran, Fis loge iytnis indicsstes a ate 
goquent aecrense of amplitude, as in curva l of Fig. 13-15. 
Th onaracteriatie Ci JW, Az — Jal, the decraasea in amplitude 
ta the value Ay yor Se ahiftes the point 9 40,7 tnside the 
network, ox ae the region of instabliity and the esiedij3 - 
lationa tncvense as in ourve 2 of Pig. 13-19 approaching the 
Limiteoyuie. Theretoara, a limit-cvelea with an amplitude Lhe 
and a frequency i stabie. 


Lat ua sote that in determining the stability of ¢ 


Limit-cyela, tha axauination of the freyuencsy s*haracteriatie 


r is i fess, ‘ly + @ 4) ot W {fe} & (4e + oh, | 


fee ek 





actually means that under investigation is the stability OF 
a certain fictitious linear system (Fig. 13-22) whose direct 
eircuit contains an operator-component W(p) and an ampli- 


fying component B(Ay). 


Hovaven. with the aia of such fictitious system we diss 
close only tha direction of the next ehange in 8A, since 
simultaneously with a change in §A there is also a change 
in the characteristic of the fictitious system which (for a 
stable linit-cycle) approaches the characteristic C( JW, A) 
when $A—* © and moves away from it when §A increases in 


an unstable limit-cycle. 


Let us conclude the analysis of a specific relay-type 
of nonlinearity having a zone of insensitivity by citing 


still another conclusion. 
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no danger for tne system because, in such a cage, the ampli- 
tude either approaches zero as a limit, or is limited by the 


amplitude-value of the second stabie limit-oycle, 


Nonlinearity of the sams type, nowever may affect in 
|_an entirely different manner the efficiency of the ACS Bal 
113 


‘a * ae 





| 

| 

(containing a mcre couplax linear part. | = 
het us examine the chareoteristie of the linear part 

of tha system whish is shown in Fig. 13-23 and which has an 

antaticism of the taird order. Such a characteristics may 

he obtained aise for systems with lower orders of astatician, 

i2 ducing the theoretioal analysis in aooordanssa vith the 

conditions requited to separate tha nonlinear sliement 4% 

becames Reosasary to disrupt the inside Pollow-up type of 


feodhass taat encloses the integrating semponents. 
en 


Yor guoh a syatem, the region of instatility (we speak of @ A 
the location of point 6 db, W) is identified by the shading 
on the drawing {(4f other features are prosent, use is made 


of the rule for angle of rotation to find the stable region). 


ay 





Fig. 13-23. Finding the stability of the linit-caysle 


ef acs having an astatiocism of the third order 
and one nonlinear component, 


| 
| 


= “} eg 


a Ve os ie 


The same charactariatic 


de geet cate tomy ae A : ary tof de 
teristics produce tre shniitu 


4. and the frequen 


NEN Site etree we oe erase 





er the nonlinesr somponent is | 


gbersection of both cgharea- 


2 


deg of the Linit-oycles 4 and 
sate 


ing now the amplitude 4 at 


nse. 
see that its inersasa shifts 


tha point o &b,‘iy te the region of stability, i.e., thet 


Gsayeasyed irs atay, etude 
Tie 8 Oe at 7 Se Y 


Bae tt Ui Boe et vy 








We As 


ab 


SR hbo oe U2 ST 


=? 
re 
be 
$e 
a 
Fs ke 
we 
i 
24 
Cer 
Qo 
cr 
~~ 
cs 
ot 
o 











She te et ee ad 








So ‘ Sar ‘ 
wae ryt = we ey *Y sib bod 
Dae Lhob £4 amplitude and 
‘ rw 8 fe 
Geant a road eget t a> mae ob co Voy, 
gars Otel aed bab A ALE BS Bree Cae a ef 
1,2 fie am Peg ET Dg eS egy ry 
SERN Paha tai te Tot Ae 222 ace ee Che 20 
ae Ae tse PO RAVE Eppes 
ey Hi TPR RIE TRCE Goa kaues | 
i 
4 “ pnt Ge 4 “he, 
Oras . Ager hw 
shu 
fog 
ot 
PO Tere Brie SOS REY 
Noe GLa sabests a BS aes 
} 
i A as ae wf Pd pais sats i 
1 Rashi pian satpiarti Mev Se dye eth Ge Paty Ca lawn 
ft 





\ 
Meee eatt 





Lititecrole dg stable on the sasending tranuca 2g 





LaM hg aes tT ys iB ESC 





Limit-ayola, while a 


mi to the Linmitecyele. 16 means 
, a 
kl Ade 


ampiliuds 4 , lts increase 
esa 


the ungteble region, while its 


the stable region, 1.6., the 


within the 


oh oF ete 


aqwith a steble Jimit-eycie, 





sbie for 


leeds to an unhir ed thereasa 


uda,. whieh esises tre syatem to operate inaf~ 


3S 


“alt wo note in on etartiinetion of the 


\ 
AG Peay ‘ yr are Seah a ne Ae ee ' 
than in tudis cage it is gles ! 


‘creat 
Yen’ 
re 
2 
’ 
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gisoe the evaluation of stabliity made Lt uasessary to uge 
Linerr eriteria. The use of Linear criteria is adviaabie 
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We will now consider ths’ case of "hysteresis-ty pe" of | 


muiltiple-valusd nonlinearity. 


w6 will clot again an inveree, negative (with phase 
shifted by Jf), complex amplitude-oharacteristica of the non- 
linear component. Fie. 13-24 showe an inversa, negative, 
compisx characteristic that corresponds te the multiple- 
ver ea characteristic located in the first quadrant (2 D o, 
b> 0}. 
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using linear criteria, it is again necessary to examine the 
| fietitious ainesr 3ystem in which the nonlinear component 


les 





: 
* t Hee eee a. eee | ye on “ age: 3% 7 ” “ wy 
RY AM Sau Ven Onan Linens Comooneny 


b 








ee ee 


whee AW ere may cmempe Sw can enna rien memes afl epee Bite 
x 7 H : 

Loe PAs i 

i f me, 

u ' - S } Frey é 





ee rama en BU 
teeny pent 
~i feiAg te % : 


Jeanne me meee a ere Meenas 


bj 


prem 


coe 


” . 


+ q wits 4 7 
E LS: ry ae ee 2h, . fata pi. 3 


34 
a 


“ Tae 
Baiysis on a eoupplesx 





te penta t “ . oe 1 * a tS 
OY faraneters of a Llimit-eyeie oP & ash linear 
comeureant wht o multipie-valied 


ae yy aoa rs Pt e 
Soaties ghersoter latina, 


» . ej I POE yal BR Pa aoe f hye Ser « 
OL 14 nolethat tha nenlingsr gombonent iby ercating at 
Y 7 y Se 5 a 2. eg nt § ae, 4 Se Ae 
froaeney a, ant ampiituce & 4% vhasgeahiry and gein-facser 
j 


a . 5 
(3A )palong the Tirst harmonic) acac not 


e 


Nee aa mC 








enanee these varameters when tne frequency changes. such | 
linear components do not exist. an approximate equivalence 
can be obtained, for example, by using 4 lagging component 


with the following transfer function: 
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In this case the gain factor is unchanged and is in 
full agreement with the coeffici:nt of the nonlinear com- 
ponent [7( Ja, lane the phase can be matched only at tie 
frequency of the limit-cycle at p = 14. Continuing with 
this method of disoussion, we raduce the problem to an 
investigation of the stability of the fictitious linear 
system "b" (Fig. 13-24) with a transfer function of the open 


systen 
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To plot the AFCh of an open fictitious system, we will 
turn the ccordinate axis and will shift the dasignations of 
the circle 0 db, as shown in Pig. 13-24. at tais, in the 
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the substitution in (13-16). 
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era ne self-ossiilations in the system, such a regims wag] 
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s4= 9 


tyudisstad Ln Die Last line of Table M-l. If the absense 
of a limit-orycle makes the systean a8 a whole stadle, than 
44 makes senso to Sirive for it by trying to obtaia definite 


veidies of tha paranetera of the aystem, namely, too gain 


ftauvsor, time csanstante, ote. iP any of the parauctara ia 


desizvated by K end the dependency on 20 of tas acuations 


of the system 1A axpressss in form of 
x {A i hay QP K) )e = 3. y (Ay, Ca, KY Pei) a. (13-28) 
then, by sasuming a vumber of values for tas Sorsemeter E @ 


and golving for each values a syutem of equations (the 


by 


grapnie method salls for the plotting of two curves of 
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stability aloug parameter K, 1.9., suoh of ita (Lmit-velus 
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a suffietently simple linear equivalent in form of the con- 
ponent in (13-16). The characteristic equation of a closed 
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The plotting of the nhodograph may be carried out by 


calculatines the real and imaginary components: 
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Let us note that, compared with equetions of (13-27a) 
(which, it ia true, have an entirely differext significance), 
here will appear additional cofactors << when the coef- 


finient is bia.) At Wa a Wy , however, the conditions 
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| the borderline hodograph will bs, as in (4-33,b), written | 


in the Jacobian form of: 


OX, (@, A) AX, ap (Os A) 
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where the partial derivatives can ts developed as follows: 


OX pe (48) —ImU (lo a : 
(<3), Re U (jeg) | : mU (J Ne A 


Yn \ dg\ | do \. 
(st). ine) (¥, » ee voy (2), 


OX, d ate i d Re U iene 
(Fat) ag ROU op) + aly) FREY Xi8) 
ImU 
big | tas Im U ({a,) li 
E at 


oY, 5 d : d ve 
(38), aa Tin V /e5) +8 (Ap) Ae Im U (j_) + 


ReU (Jo) 
+ biA,) Eo + az Rew usp 


{Tne appearance of the last terms in functions ox 
ca 
ay 

and ieee is due entirely to the nature of the additional 
aquivalent linear component. If the nonlinearity is single- 


valued, ws have that b= 0 and all equations become subd- 


pvantialiy gimplified. _ see 
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ROT eee 


ne 


Ti tna Linear eguavelent of the syetan oresant as ahe | 
yorderiina ot stabpllity had no right=yandta soles in its 
OFT but Hud cooly left-handed an@ two neutral ooles, then 
the inereaeag of the angie of rotation of the ventor by +77 
indinetes tue stability of tne Lingar asuivaisnt. with 
the game Linitations, the positive natura ef the gaoobian 


(L3-313 serves as a oriterion of the stesility of tie 
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Liniteocyvela. 
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5S. Phase-Balanca in the vans of 
Single-Valued Nosaiinearitias 
Tt several single-valited nonlinesritisse ave pnuladed 
in g oneeelrsnit (aceoriing to the nonlinear @le-nauss} 


netwerk together with Linear elements, then the 





stimetural gsehens of the systeuw is usually redused te the 


tom: shown in Fig. dite2zd,4. in tala cane the tracsfer 
funsticas of ail linear elements in the span between the 
sonliingirities sre united ond form the operstore wyip), 


Wot), atid Wat ©} and in the spans tetwween tos noniinesavities & 
tha acheme nav contain parallel branches and fredbsaka, 

The ylotiinsar alemants ars epecifiad by taeir atatis 
ahacseteristioa which serve to determine the coeffictenta 


of napusnie iinearszation g,i4), &5(Al> 
oe & 
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Qe 
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Sinee dingle-valued nonlinearities do not proéuse 4 


PEese-sni ft, therefore, te datermine the: frequency of tha 
{ 4 


t i 
Oy a cettteata 3 bso 


ot Eh a ee | 


peaneane 


ee ere it lg sufficient to examine the phese- | 
characterlatic of the linear portion. ‘he overall phass- 

frequency characteristic of all linear elementapt an open .«: 
system is determined in accordance with the simplified 


atructural scheme of rig. 13-25,>d by uaing the equation: 


9 (co) == $4 (0) & ¢s (2) + 9, ©) (13-32) 


made 
and ig usual iy, with templates for typloal components. The 


v 


frequencies 6), OW, , a. » «eee Which furnish the phase- 


p’ P 


halance 


are the frequencies cf limit-cyciles. 


Let us mow-find the semplitude of the limit-cycle. with 
a known frequency Wy ; the linear elements have the . 
wein factors along the amplitude Ay (@,), Aglok), Age) Riaters 
enplitudgeohuse characteristics at frequeacy &.)}. Being 
constant mumbars, they ean be tuoluded dato tha amplitude- 
enaracteristica of the nenlinear componsnts in forn of 
cofactors Por the output values, which wili only change the 


gesie of the nonlinear component. 


Such « unification of characteristics has been carriad 
cut in the schema of Fig. 13-24,¢. To plot the overail 
amplitude-characteristic of an open system with a frequency | 


Cre use can be mede of the same method which was used to__| 
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Hig, 13-26. Structural-functional scheme for | 
S automatic control system ises7 with 
threes single-valued nonlinearities; A 
for calculations by the phase- 
balance metho 
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Fig. 15-27, Grarhic determination of the amplitude 
of a limitecycle for three single-valued 
nonlinearities separated by filters, 
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Chapter Fourteen 


GONTROL SYSTEMS WITH AMPLITUDES MODULATION 


éf 
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esa) ~ 4° 
i po S27 «uCe / 


iL.) PHYSTCAL PRINCIPLES IN OPERATION 
OF BLECTHCMECHANICAL SYSTEMS WITH 
AMPLIQUDE MODILATION 


A. Meaduring Systems 


Tt ig convenient to examine 2ertain properties of Bya- 


Lens with amplitude modulation, first, dy taking as an 


svample agiuple measuring schemes, sith as shown is Fig. da-l. 


Seheme ‘a’ illus teg s rewote-central mathoa for the 
angie cf rotation of core with the aid of a pointer. 
type cof measuring Instrument. ‘rhe trensmiasgion of data isa 
done by an altarnating current; the wesasuring instrument in 


this case i9 of the eLactrcdynamie type, for 2axarole, an 


Let the zntis of rotation of tne shaft te eyusl to (=) 
sad une angie is converted by @ linear potentiometer with 


s geale or Upitn | of tha yoltags 


2U, | 
Tel 8 NO cere pene nd se aati | 
i [th = ~——— EH) sin By, (14-1) | 

a | 
The voltage formed in this manner retains the frequency 





Pe 


jor the uatwork, but ibs paplivute : 
H 





the angis of zrobation of the ahaft, 1.9., tna voltage o 


the networe hed tte amplitude metuisied by tas Law goveruiug 
the enangs of the engic., vhe Dotentionetar tn toate vehenie 


serves a4 % mechanienl meaurator. Phe voltase taken off 
enters bis vetlitmeter-vinding of the wattmeter, walle thea 
currest-windiag is sonnmected through a aiimitius resistance 


the network and through Lt Siowalwitnout change in 


‘ eo ae PB <n 
auplimude} ¢ current 


ith = YS i ein (al — 9) nee 
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sible rhese-shift betwean the 


po 





Fe 
Y 
> 
Mt 
& 
be he 
(2 
ct 
a 
w 

xt 


ct 
yr 
d 
oO 
boa 
& 
io) 
to 
jn 
mB 
ch 


she windings ef the watinueter, whieh is dus 


to the imoomplete gimilarisy of the supp) 





aS it is known £1) , the readiag 


le 
prosestions] to the oversting values oF Gnas CURE ed EAR rode 
Sasa ape tro the eseine of the augle betweon then: 
ftigl x 
1 
Poet}d eos gy ee | A cose, bs th rset} 
a ¥ ie ere 4 “ 
. = i 
er 
En et one cbtaized syuatios are sun. 





stituted the aperating veluas of the current 994 voltage 
~ Lewes 7 - Pe eos) 12] wae eS a * £ ae A bee oo Steck: 4 
water Crom tne elgnt sides of ezuations tatel} and (14-2) 
te 2 iy mee we 9 Pes + rare | “ ova, tenant co moe 

2G Gli Constant paramsters are andlogsed in perentnesed 


Ae form a coetTisient of sraportionality betueen tha angle 


ae 


———— ir 2 


coop 


‘or the shaft's rotation and the angle of rotation of the 


wattmeter's pointer msasured in units of tne power scale. 


‘fherefore, the equation (14-3) contains no more tne 
voltaze carrier-frecuency of (14-1) but converts only the 
envelope of the voltarze of (l4-1), or the demodulatsai vol- 
tage of the potentiometer. In this example, the wattmeter 


acts as an electronechaniocal demodulator. 


Demodulation differs from ordinary rectification 
(detection) by retaining the information on the sign of the 
modulating rule. In Ie of the potentioneter'ts 
wipers to its lower half changes the angle of the phase 
between the current and voltage of tne wattmeter by 180°, and 
since ¢43 (Py. 180°) =. COS p, the wattmeter's pointer will 
in this case deviate from zero ina direction opposite to 
that of the voltage recordings for the upper half of tne 
potentioneter. Therefore, in (li-3) the coefvicient enclosed 
in varentneses should be considered as being constant in 
value and sien, and the change in sien refers to the £he 
modulating angle of rotation during its moving away fron 


tne niddle of the potentiometer. 


fhe simple scale-connection in (14-3) between the 
modulating and demodulating processes is valid cnly during 
tne slow rotation of the shaft and by disregarding the vib- 


eae of the pointer. These assumotions will be given an | 
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cf rotation of the input shaft -" + a Xix,, is kere com | Vv 
« yu ' ' 


pared with the voltage which ia proportions) to the angle 
of rotation cf the compenseting ghaft that is aonnected to 
the recording scale; 2 linear rotary transforner LYT sarves 
here as a converter of the angie into a voltags (Hig. 13<5), 
The voltage UL. of the LV? is tied-up with its angle of 
rotation by a steernes 3. 2Ac/Ax. Bringing it to the 
operating value of the voltage, we will get the following 


axpression for instantaneous vaiues: 


uy (== WE SY x [fh sin Qt ~ 9), (14-4) 


ie reeores there are two modulators in this scheme: 
he potentionster enerctiog in ascordance with equation 
{ih-i} provided eft) je replaced ty X [e) and Uae is 
replaced oy en , 2leo the Lat /Tinear Rotary Transformer] 
whieh operates in accordanos with equation (liek). The 


@ifferenucs tetwean the voltages determined by this equation is; 
Vigra Uke eee “Wf aly. 
Se [= 2 ey {t} sin (Ae — *) Kix, {fain ar} 3 


ang is supplied to tha first winding of the wattneter. 


If the second winding of the wattmeter has, as deTore, 
flowing through it the current (14-2), than, ascording to the 
vactor-diagram 0, to3 readings of ths instrument are dater- 


mined cy thea délfference of tee "Sowers: 
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depends entireiy on the congpaney oF the phace-snifts which, 
at the appearance cl reactance-compoaents in the oireait's 
exzistance, desend mainly on the constancy of the Srequency. 
fhe shift in phases 1s periodically compensated by trimuing 
the acales with the aid of a reeulating rheostet R connected 


in sexies with the potentiometver., 


in the scheme belanced according to euuetions (14-6), 
only the cosine-component of tus mismateb At, te subdected 
bet) damping, put, as shown in diagram "4", the sine-component 
. continues to cireulate in the wattmeter's ciroeuit, since 
tha vecter-difforence of the voituyed Uy and Us is perpen- 
dicular te tos Clrection of the currant's vector and, as 
ber dlasram "4", is equal to: 
| au, Say [Xz sin 9, + Sy sin tg, = ep} 


or, according to (14-66), 1s esual te: 


rd a emeeeyscry Sear (14.7) 


The same result can be easily obteined analytically. 


RPnerefore, thes pointer of the wattmeter in a compensation- 


achome i3 set at zero, not because the mismateh of the modulus 
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to zerc, but bacause the vector of tne mismatch is 


parredcdisy to the vector of the wettmster's second winding. 
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of the ACS shafts belongs to the infra-low group of fre- | 


quencies (units and fractions of a cycle). 


Tne performance of 2 specified controlling shift in 
ACS is accomplishsd upon raceipt of information on the mis- 
match, or when there is a phase-shift of its coaine-component 
to zero. 

sig. 1b+2,4 shows a potentiometer-inductor follow-up 
system in which the modulating part soincides with the mea- 
suring svy:tem of rig. lb-1,b and uses for a demodulator a 
tube-olrcuit also known es 4 phase-discriminator. The plate 


suppl 


ong 


of the phase-discriminator is obtained from the a-o 
roltage of the nsatwork delivered thicugh a sheping dsvice 

(PE) (lisniter! whieh imparts a rectangular shape to each half-~ 
wave of tha voltage. 

#ith such ge plate supply, gue pikte current in each tube 
will for the duration of the positive half-wave of the plate 
voltage contain 2 constant component i, and a Variable com- 
ponent proportional te the network voltage 1, Sia let +P). 
Since ths pmyg voltage has a common phese-shift with res~ 
nent to the network voltage ® and, also, the grids of doth 


tubes 24 mutually shifted in phase by 180°, the difference 


of Lot currents of both tubes during the opersting half- 
period wil be equal te 


ipl, [/, + ey simi! + ¢)} —-[/, — IB sin{aft + ¢)} 
pense) een 
es “ly, Sin (rut 4- g). 
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Po writs plyingphie diftteranss by the vaiwe ef the output | 
yearistance we wlll eat tae voluaze torose the ourpus tere 
minals (1, ~ Li. She vapaaitor gomnected te the cutput 
terminals ie okwrged ty this voltage and, during one-half 
pariol of operation of the clreult, maiatains et the ter- 
minals sm average voltage which is determined ty Integration 


easy 


v 
ia 


Auring the hel?«period and averaged for the pearing 


4 
2R! 2h 
sf ad a 6 Re We a Vive ia 
Uoy Hog | sin teat + ghd Whe 808 g iid-S) 
ee ae 


Here Lb 15 assumed thet the plate~voltuge of the pb: 
diseriminater asinetaes in phase with the veltecn of tie 
potsntlometer, therefore, the projection axis in the vestor 
diseram: (ainihLar as in Fias. la-l,o anc 4) will eetnetde with 
the vertioa] Lise and, instead of angles 9, and chee will 
regsin uhe only angele ? » jgvhe performances by AC3 of the 

ies angle will end wits G * oom when in e@yuation (14-8), 
soutps G, or whan the miswatch veotor is berrendioular ts 


one Yeotor of tus plate voltage. e 


whe coendStions for tuning the follow-up system obsy¢ ths 


equations (liegeS}) at WM = 0, gince the follow-up sarstem only 
+ . i t , « 


aubemeates the moasuring seheme of rig. lu-l,d., 


Tn Fie. %-7,a was shovm a scheme cf a Pfollow-ur syratem 


with medeurine darts made of salsyns and with 9 twee shaae 
Rlinating metcs, wane two selayns , just as the single 


= 


{H8ueter with a mechentosl differential es in saheme of sig. 


: 
| 
4ke?,b gerves ag modulators. aw the demcdulator, it is the 


two-phass electric motor itself which during the period 


e 


davelops on ayerage starting torque depending on sos D, 

with fete qi is the vhasaesnits of tha contrel-voltage with res- 
asct to the woltage located at the exact quadrature with 
the weltege in the axcitation winding (8.2). 
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G, Two-Channel (¥Yector}) Pollov-ur yysatams 
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Fig. 14-3,a shows the measuring part of & tridimensional 


follow<us system of « typieal radar atation for tracking a 


The target ig sontinually swept by beans of hien- 
equency Glectromagnetic energy ; the antenna raceives the 
aienais refleoted from tae turget which, after rectifisation, 


maguire 3 definite level of reseptiaon. wo indicate the 


tig anteannoe and the subsecvent preparation of comand for 
ovenine the antenna in i vertieai andi horizontal planes, the 
lobe of the radiation pattern rotatas (Scans},with the aid 
of 2 movable oscillator moving about the parabcloid of the 


antenna, Over g@ gx0qgie#)] surfece having a comparatively snail 
apaning of av. 

This C&unas the target to be radiated with a periodically 
ghanwine intensity, exeest when the bearing of the target ecin= 


; Se caredias as ee et tee 
eidee with tne axis of the ant 


“y 


anna, in which ease the 


Xa? 


radiation lavel is coustant (3ee point 1 in Pig. 14-3,b}. 


For sn arbitrary bositicn of the target typified by angle 
a the imastea-Dlane hb Por point 7, the refiected signal 

2i3. bava a maxinnm level when the exis of the osolilator 
DeSeae CHa pinne O12 and will heve 9a ssainimun level when the 


ceeillator cnakes ¢ne-helf of a turn. vuring tne inter- 
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Fle. 14-3. Two-channel, uhbres-dimensional 
radar Pollow-aup systen. 
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diagrams of an automatic vector-reader. 


(1) seale; (2) demodulator DM; (3) amplifier. 
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La-2.  UYNAMIC ANALYSIS ct SINGLE-CHANNEL agg WITH “| 
MODILATORS, AMPLIPTERS, AND DEMODULATORS 


1. Mattods of Operator and Frequency Analysis 
Besa om the General Theory of Linsar acs 
with Variable Parameters 


Aecording to Fig. la~2,a the process of modulation can 
be deseribed as a maltiplication of the input signal é[t) by 
the voltage yvaryine ginusoidelly with time, and the prosess 
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of gemodulation -~- as a repeated muittiplioation of the 


modulated voltage by the sinugoldal current to obtain a pro- 
duet properbional te the torque in the movable: system of the 
wattmeter, “hess operations in the fisld of time can be raf- 
Leected in tun fisld of represantations by using the method 

at A.converaton éeseribed in Chapter 3 in anslysing a struce 


tural network with variable aoeffieients, as shown in Fig. 14-5. 
Amplitude modulation (AM) 
Represartation oF the input process 
e [ije- E(p) (14-10a) 


after passing through the block of tne variable coefficient, 
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_ tft) sin ar, (14-110) 
the AM prodess donsista of two harmonics —~ of the total 
and difvferential frejguenciss: 


ie ie ~ [sin (w + Q)? + sin (a — Q) ¢]. {li-110} 


Inertialess Amplification 


vue farther passage of the AK Signal along the network 
ox Fig. la«5,a doas net ohangs its properties, but shanezss 
oniv the seale, which formz a new gignal x it) which nas the 


following representation: 
| yw K ‘ r 
By (Pd a [BE (pt 12) + E(p — fey. (14-12) 


Synosronous and Cophased Demodulation 


she Yreprsesntation at tre output of the demodulator is 
tied up with the representation of the input process by the 


equation (14-100) for new symbols: 
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Vip) [XP + 12) + Xy(p — JQ). (14-132) 
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Sherefare, tha cutput signal of the aircuit coapies the 
the input signal with an ampiifiecation of § aos P and to it 
4o gddeai the envelope of the input signal filled with a 
Agauble frequency with a phase shift p . 

In changing to spectra, we odtein the following from 
eguaticn (14-15¢): 

keose 
Y (fen) = ——y-" Ea) =F" LE [i (@ + 22)] + 


Asing ; ; 
“Ef (oo — 209) 55 {5 Hi (o + 20) — EL (o—29)}, 
(14-16a) 
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Let us compose in accordance with ths electrical sir- 
ouit of Pig. lk-1,8 a structural diagram shown in Fig 14+5,4 
which is nmeeadsd for the analysis. For this purpose and with 
the spscified amplitudes of the current 2i in the wattmeter 
winding sonnested %0 the network and cia of the 
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eurrent in. the control-windinug equal to -—— 2 (oy dis- 


far 


regarding the inductance of the control winding), we will 
preosed to the amplitude of the torque 
tne be cn eat 
f=- Big on ——ateme , 14.173 
P Re ( ) 
fe Value of the frection in Me right side will be 
azactiy aqual to the gain aaron Ke between € and the toraue 


cubput of the electromechanical demodulator whioh 


at ths is 
peeaant in tua eouation (14-150), 


wext, tolg vorgne wlll aet up 


Cc 


m the movable Syst am of the 
wattimeter or of the wattmeter-relay in which the value Ky, is 
in {inverse propertion to the rigidity of the spring and 
Aeterminge the stabliized rotation of coll per unit of 


walle 


hed ° i 
Torque the perameters T and @,which are determined ag the 
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perameters of the system described in Ch. 1, affeot the 
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fa the right pact of equation (14<-15b) and adding it the 
Singla GFP after the demodulator, we obtain a biock in the 
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(12 structural diegram of vis. ib-ise with a 


follovineg OFP: 
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[ he overal2 input influence for anoscillating oon- 


ponent will he: 


yu)= ee ee pcosy —Wsing (14-174) 
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or 


2(p? cos p— pRsin e+ 223 cos 2) 
VU 5 (pt AQ) (14-178) 


The overall representation for the angle of rotation 


& 
of the coil hag, cumbrous written form: 


2 (p? cos g — p&sin ¢ + 29% cos y) MK (le-17f) 
Me) = "a papel) 


however, ty dividing the writing of the input influence 
{iL-17d) among tne components with different polarities, it 
is net é1iffieult to preceed from the representation to the 


foreed motion of the coil, using for this purpose the equations 
{3~35b} and (3+37}) of Ch. 3: 





ae on (COS = 
e a[t)== k,'k" cos ¢! $f) +( 507 P-- sin ¢)X 
kik 
23 (22) J 
{i “ae (2Q2)*}F - + 422-2 (28)? sin [29"—~ ~ arcly es = ay 
(14-184) 


It is eonvenient to specify the input intluence in ,gonvo- 


ate form (l4-17d3;t¢ compute the component of its own motion. 
The intermediate computations. 
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| 3. Dynamios of a Closed AC: with an 
Electromechanical Damodulator 


Let us draw & @tructural diagram which corresponds to 


ct 
og 
ite) 
Oo 
te 
Db 
co) 
ct 
‘3 


ical olroult of sig. 14-2,a. In the straignt path 


of the structural diagram running from the block M.IM we 


will retain only the upper path of the diagram in Pig. 14-5,4, 


and will regard the additional influences as individual dis- 
turbances. The block of the hydraulic motor will be des- 
ribed by a general UFP which will include the additional 
coaffictents of the m.U.DM-biock, Uvon closing with a etand- 
ara negative eeenacl we obtein the structural disersn of 
wig. 14~5,b}. 

An approximates secount of tne second harmonic which ac- 
companies the m,iM-process is possible in form of an indivi- 
dual disturoanca, providésd it is intensely filtered by the 
ASS elements whieh follow the DM. In tris case, tnere is 
practically no seeoad marmonic in the feedback end the sys- 
vem is not closed by it. In a 40S with AM, the process elt) 
computed without taking into account the second harmonic is 
further utilized for another given influence .Re{E(p+2jQ)e"9}, 
which Serves to datermine the ogciliationeanplitudes of the 
aifferent elements of the straight path. in certain cases 


the oscillations have a favorable effect on the acc elements, 


for example, by remevines the dry friction. 
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The structural schema ané the analytical expreesion in 
(15-28! are given in a non-convolute form to retain the olear- 
ness in the necessary inverse transformations from a single 
OFP to the primery weighting funotion (tha original). 
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Single 2-W7E fSperators transfer funetion7 
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in Fig, 15-5,b; 
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to find a1) (N,) poles of Wy+(P}; 
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elanent it is sntirely unnecessary to determine the overall 


Z-O8P of the catire olircuit, because all properties of tae 


prosesses are descriped by equations (15-zia) and (15-270). 
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ZeTRANSFER FUNCTIONS AND ACCONSSY OF 
LOSED a0S3 CONTAINING A POLSE~SLIBIEE? 
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Ple, 25-6,¢ showa a typieal srrancerent cl a siosad Ac3 
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aonsainines a BE /Dulge-elament/. Yo unke it easier to analyse 
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diagram ¢. 1h 2) for the input, wa) for the output, and 
by} for removal of error, 30 that the subsequent oaloul- 
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scheme with 2OT? is fully suiteble for typical structural 


transformations, bacause it contains "separable" PE. 
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Lat us remember that tne zoTF of the open system that 
ie prezert in the lay two equations includes the Ore of 
the .inear continuous part ard the shaping part of PE, 
whiosh takau together are designated by Wip) and then by 


! yr whe). 
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earlier Yor continuang linear systema 


Astatic Pulsa-Syatems 


itt us write tne expression for the error in form of 
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— EX(2) == Baz) We) 115-38) 
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[the order of thea astaticisym of a closed AOS is also a | 
multiple of tne single terminal of the O@rF of an open 
system, Ta chserving the conditions for shaping whic} in 


scordance with equation (15-28) it is easy to note that all 


Fes) 


cascaie-connectad Integrating components that were prasent 
in the straiscnt path are reduced after the resolution into 
para llei-connected eoponeats and, after the convolution of 
equation (15-28), or after reducing all of its terms to a 
common denominator, Lt retains all terminalis of the parallel 
gomponents. Z 

Benes, the order of astaticism ia also eaual to the 
number of integrating components in the ou’? of the hingar 
cantitnuous:part of an:open system. Let us note that one 
integrating component introduced in the ¢ T¥ of the shaping 
part of the puls¢-slemant does not create the (+1) astati- 
cism becsuss. judging from the analysis of a paraliel oir- 
cult, it shapes not the sequence of pulses in the weighting 
function, bui only one input pulse with an effort of K 10), 
fthe tera next to the laat in (15-28)] « ost as in this 
gasa,cin comton with the single integrating cozponent, the 
LNCh which sghases the integrating component in the equation 
for tne differencs {tne laste term in (25-28 }] alao does not 


inersass the asteticisn. 
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_ Referring to the conditions required for shaping the 
OFP of the error, {t is possible to establish that all 
coefficients of error are deoreaging with the ineresas in 
the a@ain factor of a straight path, just as in case of 


continuous ACS. 


15-6. THE ASYMPTOTIC STALILITY OF acs 
CONTAINING A PULSE~ELEMENT 


Indicators of Stability 


Tha pulse-system is aymptoticaily stable if the RPI of 
the waichting function of a closed ACS has « damping 
envelope. 
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if,vy using the characteristical equation M(z) = 0 ofa 
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for the transition from the renge covered by "z" to the 

range covered by "p", then by using the root 23 26 24 Jln z 
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Rep, C0. § =12,..,0, (15-450) 


which coincides with the indicator of atability of linear 


ecntinuous systems. 
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An Analogues for Miknaylovis 


Criterion of Stability 
By substituting P= 9a) in (15-15) end by venying the 
fraquency from 0 to ae it is possible te draw = hodograph 


e 1 if < 
ff the veator a(jw) having tho shape of a semicircle with 
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a uUsaibereding aud formed by a laft (positive) rotation. 
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Fig. 14-6. Flanes of toots 2; and q used 
to determine the criterion of stebility. 


AS ghown in Fie. 15-6,.8, the vector of the difference 


a2— S- within the above range of frequency-Variation turns 


ever two cuadrents in a positive direction if 2: 
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4, 
“gneide ths unit-radius circumference and has 
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,anele oP? satetion that involvas each of the two roots -- j 
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[with a poaltive and negetive imaginary part. Since the * 
poLynom raey breaks up into the produst of dlfference+ 
vectors, the Hodoerath of vector u [zi ja] at the same range 
oP frequeacy veriations wiil obtain an angle of rotation 
that is squal to the sua of angles of rotation of the 


élementary vaubora. 


Since tra loaation of ths roots with raspact to the 
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in a positive direction by 2n quadrants: 


thie, (15-46) 


At AnaLogue for the Nyquist Criterion 


Aeriterioa of atability -- an analog fcr the Nyquist 
eriterion -- ls readily obtained by taking advantage of the 
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which cvoerate in an interaittent regime of sup- 


tutions (3.5 and 3). 
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